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Low-frequency periodic pressure pulsations are sometimes en- 
countered in gas pipelines. These pulsations may cause oscilla- 
tion of the recording pens of orifice meters, making a true reading 
of gas flow difficult. In this paper, general equations describing the 
response of the mercurial-type differential-pressure recorder to 
such pulsations are developed. For the purpose of this paper 
the system of equations is then linearized and a specific solution 
is presented. 


Introduction 


WHEN pressure pulsations are present in a flowing gas stream 
whose flow rate is being measured by an orifice meter, the re- 
cording differentia] pen may be agitated severely if the frequency 
of the periodic pressure difference at the pressure taps is near the 
resonant frequency of some element of the meter system. When 
combined with the low resolution of the 24-hr, 7-day, or 31-day 
chart drive, results may often appear not as a line but as a rib- 
bon of ink, called “paint.’’ The term painting is familiar to 
most gas-measurement engineers. It is possible, however, to 
have pressure pulsations at higher frequencies than those of the 
meter system and the recordings will appear as a smooth line 
and appreciable errors due to pulsation still may result. 

Where paint occurs, one can only estimate the quantity of 
gas passing through the meter. Therefore, in meter design, it is 
desirable to prevent pipeline pulsations from affecting the pen 
motion, and heavy damping of the flow of the mercury in the 
meter is often provided by the presence of a valve restriction in 
the mercury flow channel. Fig. 1 shows a sketch of an idealized 
but typical mercurial-type differential-pressure recorder. 

This paper is restricted to an analysis of the behavior of the 
pneumatic and mechanical system which transforms a differential 
pressure at the inlet and outlet pressure taps to a pen motion 
suitable for recording. The paper represents an effort to study 
the frequency response of a mercurial-type differential-pressure 
recorder resembling those used in commercial practice, and in 
such purpose differs from the work of Williams (1)* on manometer 
gages. 

It is thought that the analysis presented might be of assistance 
to the instrument designer. By using the equations and results 
of this analysis as a guide, he could select design parameters so 
that his instrument would have no natural resonances in the 
region of probable exciting frequencies. 

It is not the purpose of this paper to deal with the orifice and 
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Fig. 1 Essentials of a mercurial-type differential-pressure recorder 


the origins of a periodic pressure difference at the taps, nor to 
discuss the origin of erroneous flow reading even where pulsations 
are not transmitted to the pen. These matters are treated else- 
where in the literature (2, 3, 4) and, in addition, a program of re- 
search in this area is now under way at the authors’ institution. 
It is important, however, to know something of the order of mag- 
nitude of each of the static and dynamic pressures as it might 
appear in an actual meter installation. Data published by Baird 
and Bechtold (5) have indicated the relative change in amplitude 
and phase of the instantaneous pressures at the taps, and meas- 
urements made in conjunction with the program of pulsation sup- 
pression at Southwest Research Institute have indicated that 
line pulsation pressures near compressors range downward from 
+5 per cent of line static pressures in extreme cases. Guided by 
these data, the analysis which follows presumes the pulsations 
to be describable in acoustic terms, and acoustic development is 
employed wherever applicable. 


Analysis 


The general conditions of the analysis presume that gas is pass- 
ing through a pipeline orifice with constant net flow rate. The 
pressure drop caused by the orifice is a small fraction of the 
base pressure. On this steady flow is superposed a disturbance 
which manifests itself as harmonic pressure variations at the 
meter taps. The amplitude of the pressure fluctuations in 
the pipe is of acoustic magnitude in reference to base pressure 
in the pipe. 

These pressure fluctuations generate compressional waves 
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which propagate in both directions in the lead lines between the 
taps and the mercury surfaces, the latter serving as reflectors of 
waves originating at the near tap and as radiators of acoustic 
energy derived from the remote tap.‘ It is assumed that the 
acoustic waves in the lead lines are plane. The validity of 
the plane-wave assumption for small tubes, regardless of how 
the tubes are bent, is discussed by Rayleigh (6), for the case of 
undamped waves. 

Since damping of the waves due to resistance at the tube walls 
is not ignored here, the waves could not actually be plane, be- 
cause the wall resistance would cause a peaked velocity profile. 
However, the plane-wave assumption can be used if the acoustic 
parameters, considered constant at any cross section, are really 
the averages at that section. The partial differential equation 
for damped waves propagated in tubes, using the idea of aver- 
ages, is given by Kinsler and Frey (7) as 
Oz? 
where c’ is the damped wave velocity, @ is the damping factor, 
€ is acoustic-particle displacement, and ¢ is time. From Equa- 
tion [1], the gas volume influxes to the mercury chambers, v, and 
v;, may be developed (see Section 2 of the Appendix). 

The pressure variations in the gas volumes within the mercury 
chambers will be determined by v, and v;. The volume of gas 
in a mercury chamber, if the acoustic disturbance were absent, 
may be regarded as a constant mass of gas that suffers an adia- 
batie pressure cycle due to the acoustic waves in the lead lines. 
The mercury chambers are so small, with respect to the acoustic 
wave lengths of interest here, that they are treated as lumped 
elements. By continuity, then, if the pressure variation in the 
lead lines is everywhere harmonic, it must be harmonic in the 
mercury chambers. The expression for the adiabatic cycle of the 
base volumes of gas in the mercury chambers is developed in 
Section 3 of the Appendix. 

The pressure cycles in the gas in the mercury chambers pro- 
vide the driving forces that oscillate the mercury column. Other 
forces which determine the character of this motion are the re- 
storing force of gravity, the reactive force on the mercury due to 
accelerating the float and float stem, and resistance to the mer- 
cury flow. The equation of motion of the mercury, in terms of 
the motion of the mercury surface in the float chamber, is pre- 
sented in Section 4 of the Appendix. 

Gravity, buoyancy, velocity damping between the float and the 
mercury, and the motion of the mercury level in the float chamber, 
determine the equation of motion for the float which is given in 
Section 5 of the Appendix. 

The pen motion is assumed to be determined by a frictionless 
proportional linkage between the float stem and the pen. Fric- 
tion and pen mass will certainly be small in such a linkage so 
that any motion of the float will be unaffected by the presence 
of a pen. 

The system of equations developed to define the pen motion 
may be linearized, as shown in Section 6 of the Appendix, without 
seriously affecting the calculation of the resonant frequencies in 
the orifice meter. The neglect of the nonlinear terms which do 
come into play in cases of extreme values of applied pressures will 
chiefly suppress the nonlinear distortion frequencies. 

A major problem in an actual solution is the establishment of 
criteria for the damping of the mercury flow. No general ex- 
pression for the resistance to the mercury flow has been devel- 
oped because of the wide variety of instrument configurations. 
However, for any given instrument, one simple test would yield 
information for computing the resistance coefficient in the linear- 
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ized mercury-motion equation. A differential pressure, ade- 
quate to produce full-scale deflection of the recording pen, is 
applied to the instrument. The pressure is withdrawn abruptly, 
and the deflection-time relation that follows is recorded. From 
this information the damping coefficient D,, may be found. For 
the usual case, which is that of an overdamped instrument, the 
method for computing D,, is given in Section 7 of the Appendix. 

For the flow resistance between the float and the mercury, 
Stoke’s law applied to a sphere of the same diameter as the float 
is suggested as an approximation. Stoke’s law for the sphere 
moving in a homogeneous medium is 


Drag force = 3ruWu 


where yu is the viscosity of the medium, W is the diameter of the 
sphere, and u is the velocity of the sphere. Correspondingly, the 
resistance coefficient of velocity for the float would be 


D, = 3ru,,W 


where W is now the effective diameter of the float. See - 


Numerical Example and Discussion OS 


Methane gas at a system pressure on the upstream side of the 
orifice of 1000 psia and a temperature of 100 F was assumed, It 
was supposed that a base flow such as to produce a differential 
head across the orifice of 50 in. of water existed. A harmonic 
pressure pulsation having an amplitude of 1 psi at the upstream 
tap was considered superposed on the steady-state pressures. 
The amplitude at the downstream tap was defined to be °/io 
of that at the upstream tap. A phase shift of 30 deg was as- 
sumed across the orifice. Combining these conditions with a 
set of arbitrary geometrical specifications for an idealized instru- 
ment, the constants tabulated in Table 1 were derived. The 
mercury-flow damping coefficient D,, was computed from results 
of a typical test, as explained in the preceding section. 


Table 1 


3.168 sq in. 
0.196 sq in. 
19.6 sq in. 
1386 fps 
5074 lb/sec 
3.96 in. 
2.04 in. 
32.2 ft/sec? 


Values for numerical example 


= 0.8 psi 
2.04 in. 
0.196 sq in, 
43.2 cu in. 
26.0 cu in. 
2.63 in. 
1.113 
0.785 radian 
7.4 10~ lb/ft sec 
= 0.001 lb/ft sec 
2.68 pef 
849 pef 
2.675 pef 
0 radian 
0.524 radian 


Pom 
Ry 


= 1000 psia 
998.2 psia 
1.0 psi 


Using these quantities, the pen motion was calculated at 
various values of driving frequency, and the resulting amplitude 
of motion as a function of frequency is shown in Fig. 2, for both 
damped and undamped motions. 

The undamped case has three resonance peaks: The first, at 
1 radian per sec, is due to natural resonance of the mercury 
column. The second, at w = 28.75, is due to resonance of the 
float with respect to the mercury. The third, at w = 35, is due 
to resonance in the lead lines. This is actually a double peak, 
but the difference assigned, and usually encountered for the 
lead-line lengths, was not sufficient to resolve this peak into its 
two components. Theoretically, if the scale were explored to 
infinity, an infinite number of pairs of lead-line resonance cases 
would be found; in this example the next pair of lead-line reso- 
nances is at w = 100 and w = 112. The latter pair and all pairs 
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of higher order have been omitted from Fig. 2 in the interest of 
clarity. 

The presence of damping eliminated the infinite peaks. The 
1 was removed completely, as the mercury 
column flow is overdamped. The amplitude at @ = O corre- 
sponds to the static deflection of the system in the usual meaning 
of the term, and this is over and above the static 50 in. of water 
which was assumed. 

The amplitude peak at w = 28.75 is still high. In fact, for the 
quantities used it probably would exceed the limit imposed by 
the chart range. This peak could be a source of real trouble 
and, as the calculation plainly shows, it is not eliminated by put- 


ential pressure of constant amplitude. 


resonant peak at w = 


ting resistance in the mercury flow path. 

However, this amplitude peak can be shifted to above the range 
of probable disturbances by reducing the float mass, all other 
factors being maintained the same. This can be done by going 
to a lighter material, or by using a hollow float. Reduction of 
the mass in the example here, from 5 lb to 1 lb, would shift this 
peak tow = 53.3. 

The damping in the lead lines and in the mercury column re- 
duced the third peak to a low, but not negligible vaiue. The sure 
way to avoid paint from lead-line resonances is to reduce the 
length of the lead lines. This increases the w-value at resonance, 
roughly in the inverse ratio to the reduction in lead-line length. 

The base line in Fig. 2 can be thought of as representing a con- 
dition of steady flow with a head difference across the orifice plate 
of 50 in. of water. This would be at mid-chart on a 0 to 100 in. 
of water meter. Fig. 3 shows the results against the back- 
ground of achart. For pictorial clarity, only the realistic damped 
case is shown. Regions of appreciable disturbance are shaded. 
For any given frequency, the width of paint on the meter chart 
is given by the total vertical extent of the shaded zone, above 
and below the line. 


Summary and Conclusions 


A mercurial-type differential-pressure recorder, including lead 
lines, mercury column, float, and pen has been analyzed with 
respect to pen displacement as a function of harmonic pressure 
disturbances at the pressure taps. After linearization of equa- 
tions, three basic resonances are found. The lowest of these is 
the mercury column resonance which is removed by overdamp- 


Fig. 2 Predicted frequency response of meter of Fig. 1. 
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Fig. 3 Predicted paint on special chart of 100-in. range. Input 
excitation is a differential of 50 in. plus a pulsative differential pres- 
sure of variable frequency and constant amplitude of 14 in. 


ing, according to present design practice. The second is the 
float-on-mercury resonance which can be controlled in frequency. 
The third is lead-line resonance which, with usual lead-line size 
and length, is of small importance. 

Although this instrument as used commercially is intended to 
record only net flow, it occasionally must be used where there are 
pulsations. This analysis has attempted to show the perform- 
ance of such an instrument in response to pulsation pressures of a 
periodic nature. It assumes that the amplitudes of disturbance 
are small enough in practice to permit linearization of the equa- 
tions or that counter measures, apart from the instrument ad- 
justments, would be employed to reduce the amplitudes of pulsa- 
tion to tractable levels. 

The shape of the resonance peaks shown in Figs. 2 and 3 are 
typical of a linear oscillating system. The analysis of the present 
paper accounts for certain nonlinearities, but these were omitted 
in the computations for simplicity by the linearization procedure 
described. Had the computations been based on nonlinear anal- 
ysis, not only would the amplitudes be everywhere frequency 
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dependent, but the resonant frequencies themselves would be 
amplitude dependent. The practical implication of this fact 
is not of importance, however, as meter operation in this range 
of large amplitudes would not be permissible under any circum- 
stances. 

The analysis also shows that, because of resonance, the pen 
will not display different frequencies with equal facility, which 
means that even fast clock operation cannot present a true repro- 
duction of the input wave form. However, as a consequence 
of the assumption of linearity, the time-integrated average of 
the motion of the pen will be a true reproduction of the mean or 
time average of the differential pressure presented to the taps. 
Thus a chart speed fast enough to resolve all wave-form detail 
is the maximum needed for the purpose of obtaining the average 
differential pressure. 
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APPENDIX 


1 Nomenclature 
The following nomenclature is used in the Appendix: 
A = cross-sectional areas of mercury chambers or connect- 
ing tube, L? 
coefficients in lead-line equations, L 
drag coefficient for resistance between float and mercury, 
coefficient of resistance offered to mercury flow in ma- 
nometer, MT 
motion transfer ratio between float and pen 
= lead-line length, L 
= length of connecting tube between mercury chambers, 
L 
= moduli of complex numbers as defined in Section 2 
absolute pressure in gas—no pulsations, ML~'T-? 
radius of float at its base, L 
radius of float at mercury surface—no pulsations, L 
cross-sectional area of lead line, L? 
volume of gas in mercury chamber—no pulsations, L? 
volume of the float submerged at time ¢t, L* 
effective diameter of float, and diameter of sphere in 
i Stokes’ law, L 
_ X = displacement of mercury in chambers or connecting 
tube, L 


B,C 
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a, b = angles in polar representation of complex numbers 
c,c’ = undamped and damped phase velocities of acoustic 
waves in lead lines, LT ~! 
depth of mercury in chambers at no pulsation condi- 
tion, L 
frequency of impressed oscillations, T 
= acceleration of gravity, LT~* 
wave-length constant, 
k’ = damped wave-length constant, L~! 
m, = mass of float and stem, M 
p = acoustic pressure at tap at time ¢, ML~!T~? 
Pp, = acoustic pressure in mercury chamber at time ¢, 
ML~'T-? 
P, = acoustic pressure at time ¢ and any station in lead line, 
radius of lead line, L 
time, T 
velocity of sphere in fluid in Stokes’ law, LT = 
volumetric influx to mercury chambers, L* 
distance along lead line, measured from tap, L 
displacement of float, pen, L 
damping factor for acoustic waves in lead lines, L 
specific heat ratic for gas 
angle between side of float and vertical 
viscosity of gas, mercury, ML~!T- 
acoustic particle displacement, L 
density of gas, mercury, ML~* 
phase angle of pressure variation in mercury chamber 
relative to reference pressure 
@ = phase angle of pressure fluctuation at tap 
® = angular frequency of impressed vibrations = 27f, T=! 


Subscripts 
i, o = lead line and instrument volume connected to up-stream, 
downstream side of orifice 
m = amplitude or mercury 
n = connecting tube 


Nore: Bar over quantity denotes complex quantity, and 
dot over quantity denotes derivative with respect to time. 
2 Acoustic Waves in Lead Lines 

The general solution for Equation [1], see Kinsler and Frey 
(7), is 

Ce 27% (wt — k’x) Bert ei (wt +k'z) [4] 

By making the definition k = k’ — ja, Equation [4] may be 
written as 


E = 4 


Pressure may be obtained from particle displacement by 


From Equations [5] and [6] it follows that 


C and B can be expressed in terms of the applied tap pressure 
and the pressure in the near mercury chamber by writing Equation 
[7] for z = Oand z = L. These pressures are p = f,,e?“' and 
Dy = Dome, respectively. Cand B are found to be 


Pom — 


2we'p(sin kL) 


The particle displacement, Equation [5], times the cross- 


J 
| 
«“ 
[6] 


sectional area of the tube, yields volume displacement. Writing 


this for z = L, and using the coefficients from Equation [8] 


S(Pom COS kL (9] 
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But the real volume inflow to the mercury chambers is de- 
sired. For convenience, the definitions in Equation [10] are 
made 


sin kL = coskL = 

Pm 
— Equations [9] and [10], the real volume inflow, as ex- 
pressed in Equation [11], may be derived 


Prem = 


_ S{[Np,_ cos (wt + ¢ + b — a) — pp, cos (wt + d — a)] 
pe'’wM 


where 


[(sin k'L cosh aL)? + (cos k'L sinh aL)*}'/* 
[(cos k'L cosh + (sin k'L sinh aL)*}'/* 


(== 
arc tan {| — 


are tan [(tan k’L) (tanh aL)] 


With appropriate subscripts, i.e., 0 or 7, the expressions just de- 
rived are applicable to either lead line. Note that either ¢, or 
¢; may be set equal to zero, thus establishing a phase reference. 

It must be stated how k’, the damped wave-length constant, 
and a, the damping factor, may be computed. They are given 
by Stewart and Lindsay (8) as 


1 Qu \'/2 
k’ = w/c’, where c’ = e[1 > ( ) ] . [12] 
2r \ pw 


[13] 


3 Pressure Cycles in Mercury-Chamber Gas Volumes 


The periodic flow of gas in the lead lines imposes a pressure 
cycle, assumed to be adiabatic, on the base volume of gas that 
would be in the mercury chamber if there were no pulsations. 
The pressure in a mercury-chamber gas volume is composed of a 
steady base pressure and a harmonic component, whose sum is 


P + Dim C08 (wi + 


The chamber volume available to the gas at any time is V + 
AX, and the volume of gas (referred to base density) that is in 
the chamber is V + v, where v may be negative, as in the case of 
efflux from the chamber. That proportion of the chamber 
occupied by the base volume of gas is 


V 


The volume occupied by the base volume is then 
+ AX) 
V+o 


For the adiabatic process on the base volume, it follows that 


VV + Ax)]? 
PVT = [P + cos (wt + | [17] 


Simplifying and rearranging yields a 


1 4. Pen cos (wt + 
V+AX 


With appropriate subscripts, i.e., o or i, the foregoing expressions 
are applicable to either chamber. The mercury-level displace- 
ments for the two chambers are related to each other by the 
cross-sectional areas of the chambers. Thus 


where downward displacement is defined as positive in both 


cases. 


4 Motion of Mercury 


Only forces and motions parallel to the instrument axis shall 
be considered. At any time, the velocities of the mercury in the 
two instrument volumes and in the connecting tube are different, 
because of the different cross sections involved. The difficulty 
this presents in writing the equation of motion is overcome by 
writing it for a volume of liquid of constant cross section, com- 
posed of the mercury in the tube and in vertical cylindrical vol- 
umes in the mercury chambers directly above the ends of the tube. 

At any time ¢ the pressure difference causes a force 


sens cos (wt + COS (wt + A, . [20] 


Gravity acting on the unbalanced head of mercury exerts a 
force 


P, 


The reactive force on the mercury resulting from acceleration 
of the float and stem is 


X, + x, | 


—mj(A,/A,) 


A resistance force D,,X, also will be involved. 

Using the four forces given in the foregoing, the equation of 
motion for the mercury is written. After simplifying, and ex- 
pressing all motions in terms of the motion of the mercury level 
in the float side, Equation [23] is obtained 


Der 
[Prom COS (Wt + — Prim cos(wt +a,))A, 
GA A. +1)X, — A. 


— D,Xx, 
aX A; 


5 Motion of Float and Pen 


The float was assumed to be a truncated cope, wider at the top 
than at the bottom, and coupled to the mercury through its 
buoyancy and drag forces. It can be shown that the volume of 
mercury displaced by the float at any time is given by 


V,; = - 


3 — X,+ R,, cot 9)[(y, — X,) tan 0 + R,,]? 


TPm 


8) 
LR 


A 
— +4, + + Avon (1 X,X, = 0 


: 
{ 
Xx 19] 
| 
2p 
— 
- 
— 
and resistance 


mg — V Dy; om x.) 


where V, is a rather involved function of y, and_X,. 


Float and pen motions are related by 


6 Linearized System 


Equation [11] for both lead lines, Equation [18] for both gas 
volumes, Equation [23] for the mercury motion, and Equation 
[25] for the float, form a set of six basic equations that define 
the system. These may be linearized, and a summary algebraic 
equation expressing amplitude as a function of frequency may 
be obtained. The real amplitude of pen motion is 


Ypm = + 
where 


(rgp,,R,,2 + jwD,)X,,, 
7 fe JOD, 


~ — Kmjw? + D,Kjw 


~pm 


» kL, A; cos kL; 


(1 + — An (da + 


+ jwD,, — Acp,,(L, + d, + d;)w? 


and the q's are given by 


S; cos kL; 


cos kL, 
p.c’w sin kL, 


p.c'w sin kL,’ 


P.yvA, 
YGuP, 


yGaP; — V; 
7 Mercury Motion-Damping Coefficient 


The motion of the mercury in the test for determining the 
damping coefficient is free. Equation [23], when appropriately 
linearized, and written without the forcing function, will apply 
to this type of test. Thus 


A, 
A.p,(L,, d, + d;)X, pasa. ( + X, = 0 


For a given instrument, and a set of displacement-time values 
taken from a test, D,, is evidently determinate. The general 
expression for D,, is found to be 

A 

2pmGAn (4: +1 
Ay 


= "In — In 
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where X, (max) is the displacement of the mercury corresponding 
to maximum pen motion, and X, and ¢ are any pair of values from 
a test. Since the test is not exactly a linear phenomenon, D,, is 
best determined as a mean of several values found from Equa- 
tion [29], by using a series of XY, and ¢ data from the test result. 


Discussion 


L. K. Spink.’ This paper should go far to cors:ct one of the 
misunderstandings which probably has caused more poor meas- 
urements and unreadable charts than any other. The state- 
ment that damping a meter will not eliminate the familiar square- 
root error inherent in pulsating flow has been warped to imply 
that a meter on pulsating or fluctuating flow should never be 
damped. 

Every commercially successful meter has certain inherent 
damping characteristics even if the damping adjustment is wide 
open. Attempts to use totally undamped designs always have 
resulted in unreadable chart Measurements on the 
steadiest flows we could produce at our laboratory have shown 


records. 


high-frequency pulses of differential upward of 5 per cent. 

Measurement of flow with high-amplitude pulsation is out of 
the question with our present techniques, so let us eliminate that 
from our consideration of the problem. Measurement of flow 
with moderate amplitude pulsation is a compromise, but can be 
done within reasonable limits. Understanding that it is a com- 
promise, which alternative is better—to try to average a chart with 
a painted line extending 20 to 40 per cent of the chart scale, 
with no time spacing to show how long the differential was high 
and how long it was low; or to damp the meter to give a linear 
average of the differential as it exists at the recording element? 
It is believed the answer can he read from the last paragraph of 
this paper. 

It is the writer's belief that all industries owe a debt of gratitude 
to the authors, and to the American Gas Association which 
sponsored the work behind it, for a realistic approach to the 
problem, with figures representative of an actual commercial 
meter. 


Authors’ Closure 


The comments by Mr. Spink are certainly in order and are 
much appreciated. His statement of alternatives leaves small 
room for doubt of his recommendation for the user. We would 
only emphasize the point that the applied damping must be of a 
kind which will result in the desired linear average of the differ- 
ential. 

The authors would like to call the attention of careful readers 
to an ambiguous arrangement of the expression for ¥,,, in Equa- 
tion [27]. The line of type beginning + jwD,, . . . is part of the 
denominator of the expression immediately above it. 


’ Engineer, Charge of Flow Measurement, The Foxboro Company, 
Foxboro, Mass. Mem. ASME. (Deceased, December 23, 1957.) 
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Fittings and Sharp-Edged Orifices 
ces 

ry. 
Elevated Temperatures 


By A. L. DUCOFFE,? J. R. BENNETT,’ anno C. G. RAY,’ ATLANTA, GA. 7 ; 


This paper presents the results of an investigation of the flow 
through straight-through, elbow, and tee A-N standard fittings 
at negligible approach velocity with approach temperatures up to 
1100 F and head pressures up to 60 psia. The element pressure 
ratio, i.e., the ratio of downstream to upstream static pres- 
sure across the test element, was varied between 1.0 and approxi- 
mately 0.25. Empirical equations for the subcritical and critical 
flow regimes are derived for the rate of weight flow as a function 
of element pressure ratio, flow area, and approach temperature 
and pressure. Empirical equations for a given geometry are 
derived for a flow factor which is shown to be a function of pres- 
sure ratio only in both the subcritical and critical regions. In 
addition, previous work at room temperature on the flow through 
sharp-edged orifices in the subcritical and critical regimes has 
been extended to include a variation of approach temperature 
up to 1100 F. 


Nomenclature 
Tue following nomenclature is used in the paper: 


A flow area through orifice or fitting 

D, = pipe inside diameter 7 
fitting or orifice-flow diameter 
correction for thermal expansion _ 
function 
degrees Fahrenheit 

= gravitational acceleration (32.17 ft/sec?) 

incompressible flow coefficient 
compressible flow coefficient = KY 
static pressure upstream of test specimen 
static pressure downstream of test specimen 
static pressure drop across test specimen 
pressure ratio, 

R = gas constant for air (53.34 ft/deg R) 

R = degrees Rankine 

pV 
RN 
gu 

1 This research was sponsored by the Sandia Corporation of 
Albuquerque, N. M., under consultant contract with the senior 
author and was the subject of two Masters’ theses submitted by 
Messrs. Bennett and Ray in partial fulfillment of the requirements for 
the degree of Master of Science in Aeronautical Engineering in the 
Graduate School of the Georgia Institute of Technology. 

? Professor of Aeronautical Engineering, Georgia Institute of Tech- 
nology, and Consultant to the Aerodynamics Department of the 
Sandia Corporation. 

3 Graduate Student, Georgia Institute of Technology. 

Contributed by the Research Committee on Fluid Meters and pre- 
sented at the Annual Meeting, New York, N. Y., December 1-6, 
1957, of Toe AMERICAN Socrety OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
July 26,1957 Paper No. 57—A-60. 


Reynolds number = 


Subcritical and Critical Flow Through 


aight-Through, Elbow, and Tee 


—- os 


= temperature upstream of test specimen, deg Rankine 
= velocity upstream of test specimen 
” = flow rate, lb/sec 
* = compressibility correction factor 
diameter ratio, D./D, 
viscosity, lb-sec 
= 3.1416 1 
density of air, pef 
flow factor, (deg R)'/?/see 


Introduction 

The rapid increase in velocities of airplanes, missiles, and test 
vehicles has brought about the necessity of more accurate lag 
predictions for pressure instrumentation during high-speed ma- 
neuvers, climbing, and diving. The pressure lag, in some in- 
stances, causes large errors in the measured pressure. 

Until recently linear theory (1-3)* was considered adequate 
for predicting the lag of pressure-sensing instrumentation. The 
linear theory describes the response of a resistance-capitance elec- 
trical system. The differential equation is transformed into a 
pressure equation where the electrical resistance is a function of 
viscosity, diameter, and length of plumbing leading to the 
chamber of the measuring instrument, and the electrical capitance 
is represented as a function of the internal pressure and the 
volume of the instrument. The solution of this equation using 
a step input in pressure makes it possible to determine a time 
constant for the system. However, recent tests (4) show that 
the time constant determined is dependent on the size of pressure 
step being applied. The derivation of a nonlinear, quasi-steady, 
empirical theory (4) shows good agreement with experiment. 
In the nonlinear theory development (4), the plumbing varia- 
bles such as fitting diameter, line length, and diameter, and 
so on, are included as constants for a given system but are modi- 
fied by empirical constants. In addition, the effect of tempera- 
ture has not been verified experimentally. 

The purpose of the present work, being conducted in the 
Aeronautics Department at the Georgia Institute of Technology 
(under consultant contract with the Sandia Corporation, Al- 
buquerque, N. M.), is to gain some understanding into the 
mechanism which contributes to the pressure lag in a pneumatic 
sensing system. It appears that the over-all problem could be 
attacked by isolating the various types of hardware which con- 
stitute the system. Each part of the system such as fittings, 
lines, instrument volume, and so forth, will be analyzed separately 
over a range of temperature and pressure, and the characteristics 
of each determined. Once the individual characteristics are 
known, complete systems will be analyzed and tested; the end 
point of the research will consist of an attempt to correlate typical 
system constants with individual hardware properties. 


‘ Numbers in parentheses refer to the Bibliography at the end of 


thepaper, 


qu 


The present analysis, i.e., the initial phase of the project, con- 
sists of the measurement of flow constants for typical standard 
A-N fittings, such as straight-through, tees, and elbows which 
are usually found in pressure-sensing systems. The A-N des- 
ignation refers to Air Force-Navy standards for tube fittings 
used in the aircraft and missile industries. The parameters 
varied were the fitting inside diameter, approach temperature, 
and pressure ratio across the fitting. 

In addition, the work of Perry (5) on sharp-edged orifices is 
extended from approach temperatures of approximately 70 up to 
1100 F. 


Experimental Apparatus 


A general layout of the equipment used for the present series 
of tests is shown schematically in Fig. 1. The air supply, not 
shown in Fig. 1, consisted of a 75-hp compressor delivering air 
to a 600-cu-ft tank, then through a pressure regulator to a 110-cu- 
ft surge tank which then leads to the test equipment. The de- 
livery capacity of the compressor was sufficient to maintain con- 
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stant regulated pressure in the surge tank for the duration of each 
run. Double extra heavy, 4-in. steel pipe (ID = 3.15 in.) was 
used from the elbow downstream of the quick-acting gate valve 
to the l-in. gate valve at the exit end. A standard ASME 
metering orifice (shown in Fig. 2) was located between the first 
set of flanges. The pressure drop across the metering orifice 
was measured by the use of flange taps and read from a cistern- 
type alcohol manometer with a reading accuracy of +'/. mm. 
The ratio of metering-orifice diameter to inside pipe diameter 
was chosen at 8 = 0.20. The pressure and temperature up- 
stream of the metering orifice were measured by means of a pipe 
tap connected to a cistern-type mercury manometer and a chro- 
mel-alumel thermocouple (0.032-in-diam wire) connected to a 
potentiometer, respectively. The heater section is represented 
schematically in Figs. 3 and 4. Heat was supplied by eight In- 
conel strip heaters with a rating of 1200 watts each at 220 volts. 
The heaters were divided into three banks containing two heaters 
in the first bank and three heaters in each of the other two banks. 
In each bank the heaters were wired in parallel, and mounted in- 
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side the pipe on sheet-steel end plates as shown in Fig. 3. The 
downstream end plate was free to move inside the pipe to allow 
for expansion while the upstream plate was fixed between the 
flanges. Power was conducted through the pipe by means of 
jet-engine igniter plugs screwed into the pipe as shown in Fig. 4. 
Copper leads carried current from the plug electrodes to the 
heater terminals. Current to each bank of heaters was con- 
trolled by an autotransformer having continuous contro] from 
zero to 100 per cent power. The heater section and all sections 
downstream of this section were insulated with 4 in. of high- 
temperature calcium-silicate insulation wrapped externally around 
the pipe. The test specimen was located between the flanges 
in the middle of the test section as shown in Fig. 1. The up- 
stream pressure and temperature in front of the test specimen 
were measured by means of a cistern-type mercury manometer 
and a chromel-alumel thermocouple, respectively. The pressure 
drop across the test specimen was measured by the use of pipe 
taps located according to ASME standards reported in reference 
(6) and recorded on a cistern-type manometer. The back pres- 
sure on the test specimen was controlled by adjustment of the 
l-in. gate valve located at the extreme downstream end of the 
test apparatus, Fig. 1. 

The steel A-N fittings were installed between the test-section 
flanges by brazing them in steel plates as shown in Fig. 5. The 
sharp-edged orifices were machined from stainless-steel plates 
according to ASME standards (6) and were positioned between 
the flanges by means of two locating pins. The fittings and 
sharp-edged orifices tested are listed in Table 1. 


Test Procedure 


With the test specimen placed in the test section, surge-tank 
pressures (absolute) were adjusted to 30, 45, or 60 psi by means 
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Table 1 Test specimens 


Diameter, D; 


Suarp-EpGED ORIFICES 

0.125 0.0397 

0.187 0.0593 

0.250 0.0793 

A-N Firtines 

0.122 

0.169 

0.235 0747 

0.296 .0940 
.119 .0378 
169 0537 
235 0.0747 
.294 0.0933 
124 0.0394 
169 0.0537 
234 

.295 37 


* The designation A- N-815-3, for example, is sbi oken down as fol- 
lows: The three numbers following the letters A-N identify the 
fitting geometry such as tee, elbow, etc., and the number following the 
third dash is associated with the size of the fitting; i.e., size of tubing 
which can be connected and the inside diameter of the flow area 
through the fitting. 

Note: Dy is the pipe inside diameter and D- is the fitting or orifice 
inside diameter. 


Identification Diameter ratio, D,/D, 


0387 
N-81: 5-4 Straight .0537 
v-815-5 through 


N-815-6 


A- 
A- 
A- 
A 


Elbow 


of the pressure regulator. The upstream and downstream gate 
valves were then opened and the heaters activated by adjustment 
of the autotransformers. The downstream gate valve was ad- 
justed to give the desired value of pressure drop Ap across the 
test specimen. Simultaneously, the autotransformers were 
manipulated to give flow temperatures which varied between 
room temperature and 1100 F. Several minutes were required 
before stabilization of the temperature at a given Ap was realized. 
For a given temperature the gate-valve position was changed in 
steps which yielded almost uniform increments in Ap until the 
gate valve was wide open. Because of the time required for each 
run the program was run extensively at surge-tank pressures of 
30 and 60 psi, temperatures of 250, 500, and 1100 F for the —4 
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and —6 A-N fitting sizes and the 0.187-in. and 0.250-in-diam 
orifices. The intermediate pressure and temperatures were used 
as checks on the data for the fitting and orifice sizes outlined in 
Table 1. The smaller inside diameter orifice and the remaining 
fittings were tested to the extent of determining their charac- 
teristics only at the extremities of the temperature range for a 
lesser number of pressure ratios at surge-tank pressures of 30 and 
60 psi. 

The rate of weight flow for the system was computed (7) from 
the measured pressure and temperature upstream of the metering 
orifice and the pressure drop across the metering orifice. The 
characteristics of the test specimen were obtained by the meas- 
urement of the upstream temperature and pressure, and the 
pressure drop across the test specimen. 

The choice of a metering orifice with a diameter ratio 8 equal 
to 0.2 resulted in Reynolds numbers such that standard ASME 
methods (7) and discharge coefficients (7) could be used to 
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evaluate all flow rates except for a small number of low flow rates 
which resulted in Reynolds numbers below 10,000. For the 
runs with RN < 10,000 the flow rates were computed using 
discharge coefficients determined by Ambrosius and Spink (8). 


Theory 

The determination of the form of the flow equations can be 
obtained by assuming a perfect, incompressible flow through the 
fitting or orifice. The resulting equation (7) is given as 

4 
A 2gp:Ap\*/ 


= 
where W is the rate of weight flow, lb/sec, A is the orifice or fitting 
flow area, (7D,*/4), 8 is the diameter ratio, (D./D,), g is the 
gravitational acceleration, p, is the static pressure upstream of the 
test element, Ap is the static pressure drop across the test element, 
R is the gas constant, and 7’; is the absolute static temperature 


PERRY DATA (REF. 5) 
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Fig. 6 Flow factor as a function of 


pressure ratio for sharp-edged orifices 
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Fig. 7 Flow factor as a function of pressure ratio for straight-through (A-N-815) fittings 
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Fig. 8 Flow factor as a function of pressure ratio for elbow (A—N-821) fittings 
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Fig. 9 Flow factor as a function of pressure ratio for tee (A~N-824) fittings 


upstream of the test element. Equation [1] represents the rate 
of weight flow through the test element for the ideal case. For 
the problem at hand, corrections in the form of empirical co- 
efficients (7) are introduced. These coefficients are incorporated 
into Equation [1] as follows 
W = 110 AKYE 


1 


K = C/(1 — 


where 


and K is the flow coefficient, C is the discharge coefficient, Y is a 
compressibility factor, that is, a function of the 8-ratio and the 
pressure ratio, (r = p:/p,), and the coefficient FE corrects for 
thermal expansion of the element. The flow coefficient K is 
shown (7) to be a function of Reynolds number, diameter ratio 
8, pipe diameter D,, and geometry of the fitting. However, for 
small diameter ratios as in the present case, and for a given 


fitting geometry, the effect of pipe size and 8 can be neglected. 
In addition, the discharge coefficient is shown (7) to drop about 
1 per cent for 10,000 < RN = pV,D2/gu < 100,000 and remain 
essentially constant for RN > 100,000. Thus, it is assumed that 
K is constant if the Reynolds number is maintained above 10,000. 
The compressibility factor Y is also assumed to be a function 
of r alone since the 8 ratios are small. Investigation (7) of the 
effect of thermal expansion over the temperature range employed 
in these tests indicates that the effect of E can also be neglected 
Assuming E = 1, and dividing Equation [2] by p; gives, after 
rearrangement 


where 0 is called the flow factor and is seen to be 


1.10 KY (1 — po/p)'” 
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Fig. 10 Comparison of flow factors with ideal nozzle flow 


Since K is assumed constant (for RN > 10,000) and Y is a function 
of the pressure ratio r, 2 can then be expressed as a function of r, 
only. 


Results 


The test data are shown as plots of the flow factor 2 versus 
the pressure ratio r for the orifices, straight-through, elbow, and 
tee fittings in Figs. 6, 7, 8, and 9, respectively. 

In Fig. 6 the sharp-edged orifice data from Perry (5) are com- 
pared with the present data. The present data apply for tem- 
peratures ranging between room temperature and 1100 F whereas 
the data in reference (5) are based on room-temperature measure- 
ments. These results indicate that the rate of weight flow is 
inversely proportional to the square root of the absolute tem- 
perature as predicted by the theory. 

Figs. 7, 8, and 9, representing the straight-through, elbow, 
and tee configurations, show flow-factor curves that are well 
defined by the experimental data. 

Comparison of the flow through an ideal nozzle with the flows 
for the geometries investigated is presented in Fig. 10. In this 
latter figure it is noticed that the flow through a sharp-edged 
orifice is quite different from both the ideal nozzle and the various 
fittings tested. It is also apparent for all test specimens that 
the rate of weight flow increases as the pressure ratio is reduced 
below the critical value of 0.528 for an ideal nozzle. This is 
attributed to the fact that the entrance contours for the sharp- 
edged orifices and fittings are sharp corners and probably result 
in a region of separated turbulent flow near the walls. In addi- 
tion the short lengths of the fittings and orifices do not permit 
the formation of a developed boundary layer. The resulting 
flow through a given geometry then consists of a central core 
of high-speed flow and a low-speed separated flow in an annulus 
near the wall. The resulting mixed flow is probably choked in 
the center core but as the pressure ratio is reduced below 0.528 
the rate of weight flow in the separated region near the wall is 
increased. The net result is a slight increase in rate of weight 
flow as the downstream pressure is reduced. The data in Fig. 10 


also indicate that the efficiency (where efficiency is defined by 
the rate of weight flow for a given pressure ratio) of the various 
geometries compared to the ideal nozzle is a strong function of 
the fitting geometry. As can be seen the geometry efficiency 
(in descending order) is first the straight-through, then the 
tee, sharp-edged orifice, and finally the elbow. An observation 
which is worthy of note was made during the test program. The 
tee tests were made with the single leg of the tee facing in the up- 
stream pipe direction (as shown in Fig. 5) and then the same 
tests conducted with the tee holder-plate rotated 180 deg so that 
the single leg faced in the downstream pipe direction. Plots of 
flow factor as a function of pressure ratio indicated that there 
was no preference in the manner in which the air enters a tee 
fitting; i.e., entering one leg and exiting through two legs or vice 
versa. 

In order to write empirical equations for the geometries shown 
in Fig. 10, Equation [4] is rewritten as 


Q= 11 KY (1 — vr)? 


We now replace KY, the compressible-flow coefficient (for 
small 8-ratios), by the symbol K, and rewrite Equation [5] as 


Q 


Since the numerator and denominator of the right side of Equa- 
tion [6] are functions of the pressure ratio r only, we may write 


[7] 


The values of f(r) for each geometry have been determined ex- 
perimentally (Figs. 6-10). Plots of K, versus r are shown for 
the straight-through, elbow, and tee fittings in Figs. 11, 12, and 
13, respectively. Empirical equations for the subcritical and 
critical ranges of pressure ratio are presented in the Appendix for 
A-N fittings and similar equations for the sharp-edged orifice are 
taken from reference (5). at 
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Fig. 12 Flow coefficient for elbow (A-N-821) fittings as a function of pressure ratio 


Conclusions 


Empirical equations for the rate of weight flow through sharp- 
edged orifices, straight-through, elbow, and tee fittings subject to 
the restrictions of negligible approach velocity, approach tem- 
peratures between 70 and 1100 F, and approach pressures ranging 
between 30 psia and 60 psia are derived as a function of the 
pressure ratio across the test specimen. Two equations are 
necessary to define the rate of weight flow through each test 
specimen; one for the region wherein the pressure ratio across 
the specimen exceeds the ideal nozzle critical value of 0.528 and a 
second for pressure ratios below this value. In contrast to the 
ideal nozzle flow the test specimens all exhibit an increase in 
rate of weight flow for pressure ratios below the critical value. 
The increasing rate of weight flow is attributed to the negligible 
approach velocity, poor entrance conditions, and short lengths 
of the test specimens. It appears that the resulting flow through 
each specimen consists of essentially a potential-type, central 


core, and an annulus of separated turbulent flow near the wall. 
Thus a reduction of the pressure ratio (below the critical value) 
may cause an increase in rate of weight flow in the separated 
region. In addition it is considered likely that this reduction 
in pressure ratio thins the separated region thus allowing more 
weight flow through the central core. 

The data indicate that the rate of weight flow is influenced by 
the geometry of the test specimen. For a given pressure ratio, 
the results indicate that the efficiencies (in descending order) 
of the geometries tested are straight-through, tee, orifice, and 
elbow. On the basis of the present data it is felt that the re- 
sults can be extrapolated to higher approach pressures and 
temperatures. 
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Appendix 


Empirical Equations for Flow Coefficient, K, 

r > 0.52 

Equation 

425 (1 
352+ 0.516r 
310+ 0.298r 
362 + 0.397 r 

> 
0.410 +0.220r 
0.445 + 0.161 r + 0.544 r? 
0.346 + 0.130 r + 0.187 r? 
0.414 + 0.193 r + 0.201 r? 


Fitting description 
Sharp-edged orifice. ... 
Straight-through(A-—N-815). 
Elbow (A-N-821)....... 

Tee (A-N-824) 


Sharp-edged orifice. 
Straight-through 
Elbow 


Tee 


By use of the foregoing empirical equations for K,(= K Y), 
equations for the flow factor 2 can be deduced by substitution 
in Equation [6]. The resulting equations are as follows: 


0.5 0.4 0.3 0.2 0.1 


PRESSURE RATIO, r 


Flow Equations for Flow Factor, 
r > 0.528 
Flow factor 
0.465 (1 — r?)'/2 
(0.387 + 0.568 r] (1 — r)'/2 
[0.341 + 0.328 r] (1 — r)'/2 
(0.398 + 0.437 (1 — 
528 
(0.451 + 0.242 r] (1 — r)'2 
[0.489 + 0.177 r + 0.378 r?| 
(1 — r)'/2 
[0.380 + 0.143 r + 0.206 r?} 
(1 — r)'/2 
(0.455 + 0.212 r + 0.221 r?] 


(1 —r)'/2 


Fitting description 
Sharp-edged orifice 
Straight-through A-N-815) 
Elbow (A—N-821) 
Tee (A—N-824) 


~ 


Sharp-edged orifice 
Straight-through 


Elbow 


Utilizing the equations for the flow factor Q given previously 
and Equation [3] we may write expressions for the rate of weight 
flowasfollows: 


Fitting description Equation for rate of weight flow 
Sharp-edged orifice . W = 0.465 (1 — r?)'/2 ee 
Straight-through 
(A-N-815). W = [0.387 + 0.568 r] (1 
/ 
W = [0.341 
[0.398 + 0.437 r] (1 
< 0.528 
W = [0.451 + 0.242 r] (1 
DA 


Elbow (A-N-821) + 0.328 r] (1 
T 


Tee (A-N-824) W = 


Sharp-edged orifice 
VT; 
(0.489 + 0.177 r + 0.378 r?] 
Vv 1 
(0.380 + 0.143 r + 0.206 r?] 
— 
VT; 
(0.455 + 0.212 r + 0.221 r?] 


pA 


Straight-through 


0.8 
0.6 
| 
0.0 
—— 
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Discussion 


R. Reimer.’ The authors are to be commended for using the 
flow-factor technique of J. A. Perry. This is a bridge between 
compressible-flow theory and empirical flow-measurement 
methods. 

The authors explain that all testing was performed on fittings 
having sharp entrance corners, which probably results in a region 
of separated flow near the walls. This is the reason for nonchok- 
ing of the fittings at high pressure ratio. 

However, these fittings can be used in tubing runs behind piping 
that do not give separated flow into the fitting. Are the data in 
this report valid for such installations, and if not, how should they 
be applied? 

Examination of Fig. 10 at a pressure ratio of 0.68, shows that 
the straight-through fitting passes 88 per cent of ideal flow and 

’ Major Test Facilities Operation, Aircraft Gas Turbine Division, 
General Electrie Company, Cincinnati, Ohio. Mem. ASME. 
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the orifice passes 70 per cent of ideal flow. At a pressure ratio of 
0.92, the straight-through fitting passes 87 per cent of ideal flow. 
The orifice is behaving properly. The straight-through fitting 
geometry is similar to a nozzle except for the rounded inlet, so the 
reduction in flow is largely due to the lack of the rounded inlet. 
It would be very interesting to have data from A-N fittings 
equipped with rounded inlets. 


Authors’ Closure 


The data presented herein are not valid for the condition of a 
nonnegligible approach velocity. Work has been completed 
wherein straight-through fittings have been connected to tubing 
(nonnegligible approach veloctty) and will be submitted for 
publication in the near future. The present fitting data are not 
applicable to any conceivable piping arrangement but do repre- 
sent an end-point for extrapolation when the data for nonnegli- 
gible approach velocity becomes available. At present no work 
is contemplated for A-N fittings with rounded inlets. 


- 
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A Method for Predicting Supercompressi- 
bility Factors of Natural Gases 


By R. H. ZIMMERMAN,!' S. R. BEITLER,? ann R. G. DARROW,? COLUMBUS, OHIO 


_ Accurate prediction of the supercompressibility factor for 
natural gases is of great importance to the natural-gas industry. 
This paper presents a working method for the accurate predic- 
tion of these factors within the pressure range of 0 to 3000 psi 
and in terms of gas properties generally known or conveniently 
determined. This method is the basis upon which the American 
Gas Association Supercompressibility Tables have been de- 
veloped. 


Nomenclature 
Tue following nomenélature is used in the paper: 
F.. = 


yp» = Supercompressibility factor of gas mixture, based on a 
reference pressure of 14.7 psia 
temperature-adjustment factor 
pressure-adjustment factor 
specific gravity, ratio of molecular weight of gas mixture 
to 28.97 
heating value, wet basis, Btu per cu ft at 60 F and 14.7 
psia 
molecular weight 
gage pressure of mixture, psi 
reduced gage pressure of mixture, P/7 
gas constant of mixture, ft-lbr per Ibu-deg R 
temperature of mixture, deg R 
reduced temperature of mixture, 7'/@ 
= specific volume of mixture, cu ft per lbx 
mole fraction of any component, moles per mole mixture 
compressibility factor of mixture 
pseudocritical absolute temperature, deg R 
pseudocritical absolute pressure, psia 
= constants 
q, Q ) 


F(t) = 
F(p) = 


Subscripts: 


adj refers to adjusted value 
c refers to carbon dioxide 
f refers to flowing or actual temperature and pressure 
h refers to hydrocarbon portion 
i refers to any component 
n refers to nitrogen 


Note: The absence of a subscript on any variable indicates 
reference to a mixture of hydrocarbon gases and diluents. 
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Introduction 


The accurate prediction of the density of natural gas by meth- 
ods other than direct experimental evaluation requires knowledge 
of an exact equation of state. The usual procedure in the natu- 
ral-gas industry is to employ the equation of state for a perfect 
gas modified by the compressibility factor Z. The working 
equation of state is, therefore 


All deviations for the real mixture from that of a perfect-gas mix- 
ture are absorbed in the compressibility factor Z. Thus the 
determination of pipeline flow rates, amount of gas in storage, 
and so on, are greatly dependent upon the accurate prediction of 
the compressibility factor from properties of natural gases which 
may be known generally or commonly measured. Without an 
accurate prediction method, it is necessary for gas-measurement 
engineers to rely on time-consuming and expensive experimental 
procedures to determine the value of the compressibility factor. 

A research program was established to develop a method giving 
good agreement between measured and predicted values of the 
compressibility factor over the entire range of conditions en- 
countered in normal gas measurements. This program led to the 
development of an extensive set of working data (1)‘ from the 
basic tables (2) covering the pressure range 0-3000 psi, tempera- 
ture 0-180 F, specific gravity 0.554—0.750, carbon dioxide 0-5.0 
mole per cent, and nitrogen 0-12.0 mole per cent. The working 
methed is designed to permit rapid and convenient evaluation of 
the compressibility of natural-gas mixtures. 

The purpose of this paper is to present the basic data, equations, 
and evaluation methods used in the development of the working 
data ( 1). 

The compressibility data are presented in terms of the ‘‘super- 
compressibility factor” F,, as is standard practice in the natural- 
gas industry. The supercompressibility factor is defined as 


Fy, = 


and all numerical values of the factor are defined and evaluated 
on the basis of F,, being equal to unity at a reference pressure of 
14.73 psia. 


Basic Compressibility Data 


Supercompressibility factors have been determined experi- 
mentally by use of the Burnett-type apparatus (7) for the pres- 
sure range 0 to 4000 psi and the temperature range —50 to 200 
F. The low-temperature tests were conducted on nearly pure 
methane samples. A summary of all tests, excepting the low- 
temperature and high-pressure runs, and the character of all the 
gas samples have been described in detail in reference (3). Mix- 
ture heating value, specific gravity, and a fractional analysis 
were determined experimentally for each gas sample used in the 
tests. 

The basic objective in the research program is to establish an 
accurate method for predicting supercompressibility factors 
which has been confirmed extensively by comparison with experi- 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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mental data. The basis of the analytical-prediction method is 
the “law of corresponding states’ and supercompressibility data 
for pure methane (8). The data for pure methane were obtained 
through extensive correlation of data obtained from the low- 
temperature tests on the Burnett apparatus, the Sage and Lacey 
data (9), and use of the Benedict-Webb-Rubin equation of state 
(5, 6). The latter equation proved to be of great value to the 
study and appears to be exceptionally accurate over the normal 
range of mixture temperature. The tests on methane at low 
temperatures were found necessary because of the inconsistency 
in the low-temperature experimental data available in the litera- 
ture. Table 1 presents an abridged version of the methane 
data obtained from this study. The data are expressed as a 


ro 


Table 1 
temperature and pressure data. 


oR 


Supercompressibility factors of methane; reduced 
Abridged from reference (2). 


educed 

gage 

pressure, 
P 


1.3 
1.0000 
1.0235 
1.0492 
1.0776 
1.1086 
1.1415 
1.1749 
1 
1 
1 
1 


uced temperature, 7,——-——. 
1.4 1.5 1.6 1.7 
0000 
0180 
0374 
0574 
0782 
0990 
.1194 
1382 
. 1542 
. 1664 
.1737 


0000 
0142 


2060 
. 2308 
2458 
. 2509 


function of the reduced temperature and reduced pressure of the 
gas mixture, defined by 


T, = T/6 


and 


P, = P/z 


where @ and x represent the pseudocritical temperature and pres- 
sure of the gas mixture, respectively, as defined by Equations [6] 
and [7]. 

A comparison of the experimental values of the supercompres- 
sibility factor with the data presented in Table 2 shows that the 
supercompressibility factor can be predicted to an accuracy of 
+0.1 per cent in the majority of the cases, and to an accuracy of 
+0.20 per cent for nearly all cases encountered (3). 

Having defined basic compressibility factors which agree ac- 
curately with experimental data, there remains the general prob- 
lem of developing an evaluation method which may be used to 
predict the supercompressibility factor of natural-gas mixtures 
in terms of gas properties which are generally known or conven- 
iently determined. 

bats, 
ihe pressure 


400 -0519 
800 
ole 


Flowing 


ol “1520 
2244 
‘2514 
2665 


. 2699 


Table 2 Supercompressibility factors of natural gas; 
gravity hydrocarbon gas. Abridged from reference (1), volume VII 


Flowing temperature of mixture, deg F 
60 80 100 


Development of Evaluation Method 


It is convenient to consider a natural-gas mixture as being com- 
posed cf two main components; i.e., (a) hydrocarbons and (b) 
diluents. The diluents presently being considered are carbon 
dioxide and nitrogen. Thus 


where X,, X,, and X, represent the mole fractions of the hydro- 
carbons, carbon dioxide, and nitrogen, respectively. The pseudo- 
critical temperature of such a mixture is defined by 


= 2X6; = X,9, + + X,9,.. 
and the pseudocritical pressure by 
= + Xa. + 


[7] 


The specific gravity of the mixture as used in the working 
method is defined as the ratio of the apparent molecular weight 
of the mixture to the molecular weight of air having standard 
composition. Thus 


G = XG, = X,G, + + XG, 


G; = m,/28.97... 


r= 


where 


The heating value of a natural-gas mixture likewise may be 
evaluated from the fractional analysis by 


[10] 


For the assumption of the diluents being inert, Equation [10] 


reduces to H = 


The composition character of the diluent portion of the mixture 
has been fixed as being composed of nitrogen and carbon dioxide. 
The composition character of the hydrocarbon portion of the 
mixture is variable. If the fractional analysis of the hydrocarbon 
portion is known, the pseudocritical temperature and pressure 
as well as the heating value may be evaluated by 

= = Hy = .. [12] 
In most situations, however, the hydrocarbon fractional analysis 
is not known, and an evaluation method which is independent of 
Equation [12] is needed. The most desirable method is one em- 
ploying independent variables which may be evaluated directly 
on a gross basis. Examples of such variables are mixture heating 
value, mixture specific gravity, carbon-dioxide content, and ni- 
trogen content. 

It is possible to circumvent the necessity of employing Equa- 
tion [12] by the use of several empirical relationships for the hy- 
drocarbon portion of the mixture. It has been demonstrated 
(3) that, for hydrocarbon specific gravities of less than about 


base data; 0.6000 specific 


120 

.0108 
.0215 
.0321 
.0519 
.0610 
.0690 
.0762 
.0821 


140 


0094 
.0189 
.0279 
.0366 
.0446 
.0519 
.0585 
.0642 
.0690 
.0724 


‘ dei 
= & 


.0140 


.0430 
.0575 
.O717 
.0851 


.0123 
.0246 
.0370 
.0492 
.0608 
.0718 
.0816 
.0904 
.0976 
1.1027 
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0.75, the hydrocarbon pseudocritical pressure and temperature 
are very nearly linearly related to the hydrocarbon specific grav- 
ity. Thus to a good approximation 


6, = a+ bG,...... 


Furthermore, the heating values for the various hydrocarbons 
in natural gas exbibit an almost exact linear relationship with 
specific gravity of the hydrocarbons; i.e., to a very high degree of 
accuracy 


= + fGi+.. 
so that by use of Equation [12] 


H, = =(X;)\(e + fGi-n) = + fG,.. {16] 


Equation [16] demonstrates that if the hydrocarbon-component 
heating values vary linearly with the component specific gravity, 
then the heating value of the hydrocarbon mixture varies linearly 
with the specific gravity of the hydrocarbon mixture. Equations 
[13], [14], and [16] may be used as substitutes for the three rela- 
tionships listed as Equation [12] to avoid the necessity of knowl- 
edge of the hydrocarbon fractional analysis. 

By use of Equations [5], [6], [7], [8], [11], [13], [14], and [16], 
it is possible to define the pseudocritical temperature @ and pres- 
sure 7 as a function of any selected set of three independent 
variables. The variables most easily determined for natural-gas 
mixtures are (a) mixture specific gravity, (b>) mixture heating 
value, (¢) mole-fraction carbon dioxide, and,(d) mole-fraction 
nitrogen. Thus it is possible to define ‘ 


6 = 9G, X., X,) = 0G, X., H) = o(G, H, X,) 
= ON, X,2.)...... (17] 


te FD 
= X,, X,) = H, X,) = $(G, H, X,) 
= X,) 
from the specified set of eight equations. The resulting four 
relationships for pseudocritical temperature are as follows 


— (a+ |X, + — (a+ 


@=a+G + — a — bG,) 
(e + bG,,) (e + IG,,) |X, 


a+ bG+ — a — bG,) 
—(e + —a 


+ (0. —a — + fG — H)/(e + fG,)..... [21] 


a + bH/f — be/f + [0, — a — bG, + (b/fe + fG,)|X, 
+ (0, —a — bG, + (b/fe + fG,))Xq (22] 


(20) 


The set of four relationships for pseudocritical pressure listed 
under Equation [18] may be obtained directly from Equations 
{19}, [20], [21], and [22] by substituting c for a and d for b, as 
may be observed by comparing Equations [13] and [14]. 

The eight equations for pseudocritical temperature and pres- 
sure contain the twelve constants a, b, c, d, e, f, G., G,, 7, T,, 9., 
and 6,, which have been determined to have the following numeri- 

values 


690.0 

1463 
1072 psia 
216 deg R 


= 157.50 = 
= —31.0 
= 1.5192 

492 psia 


336.60 = 
182.8 

0.96707 

510 deg R 


. . [23] 
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Numerical values of the constants a, b, c, d, e, and f were deter- 
mined from correlation studies based on many gas samples (3). 
The critical pressures of carbon dioxide and nitrogen represent 
actual critical values, but the critical temperatures are adjusted 
values so that the compressibility of nitrogen and carbon dioxide 
more closely agrees with that for hydrocarbon mixtures (8). 

The use of the numerical values for the twelve constants allows 
reduction of Equations [19] through [22] and the companion set 
for pseudocritical pressure to the following form 


A 57.50 + 336.60G — 158.85X, — 267.02X,.. 


26.95 + 92.07G + 243.17X, + 0.16711H. 


6 
6 .43 + 239.98G + 0.066030H — 161. 51X, 
6 


45 + 0.23004H + 394.55X, + 100. 54X,,.. 


690.0 — 31.0G + 429.1X. — 168 OX, 

670.8 — 184.8G + 682.0X, + 0.10515H 
mw = 722.6 + 230.06 — 0.17837H — 453.0X,,...... [30] 
mw = 693.9 — 0.021187H + 378.1X, — 201.9X, 31) 


Equations [24] through [31] define values of 8 and 7 to a number 
of significant figures such that the supercompressibility factor is 
affected at most only by about 0.0001 as a result of rounding off 
the various coefficients. 

The reduced temperature and pressure of the natural-gas mix- 
ture may be defined by use of Equations [3] and [4] and know]l- 
edge of the mixture temperature and pressure once the pseudo- 
critical pressure and temperature have been defined by using the 
two appropriate equations in the group [24] through [31]. The 
supercompressibility factor is defined from the basic data as pre- 
sented in Table 1 as a function of reduced pressure and tem- 
perature. 

The specific gravity as defined for use in this analysis differs 
by a negligible amount from the standard definition of specific 
gravity when the specific gravity is less than about 0.75. A 
measured specific gravity first should be corrected to the specific 
gravity as herein used whenever the values are much above about 
0.75. 


Development of Working Method 


For purposes of maximum convenience, the working method for 
predicting supercompressibility factors should be designed for 
minimal calculational effort for mixtures most commonly en- 
countered and also, avoid excessive calculational effort for any 
other mixture. 

The majority of natural-gas mixtures associated with pipeline 
flows have a specific gravity in the vicinity of 0.60 with negligible 
amounts of carbon dioxide and nitrogen. It has been considered 
desirable, therefore, to develop the working method around a 
natural-gas mixture of this type. A reference gas mixture is 
used which has a specific gravity of 0.600 and pure hydrocarbon 
composition. The pseudocritical temperature and pressure of 
this reference mixture are defined by Equations [13] and [14], or 
[24] and [28], and have numerical values of 359.46 R and 671.4 
psia, respectively. On the basis of this reference mixture, the 
basic supercompressibility data as presented in Table 1 may be 
redefined as a function of the flowing pressure and temperature of 
the mixture. Such data are presented in Table 2. These data 
represent the working data and are used for the evaluation of the 
supercompressibility factor for any mixture through the method 
developed in the following. 

_ Any natural-gas mixture having an actual mixture or flowing 


ca. A 


[27] 
a 
| 
d 


temperature 7', and a pseudocritical temperature # has a re- 
duced temperature 7'/@. The same reduced temperature may be 
used to define an adjusted temperature for use in Table 2 by the 
equation 


Tsai; = (T,(359.46/0) — 460 


The adjusted temperature 7',4; defined in Table 2 is the same re- 
duced temperature as would be used for the basic data in Table 1. 
Similarly, an adjusted pressure may be defined for use in Table 2 
by 

= 


where P, represents the actual or flowing gage pressure of the 
mixture. The difference between the corrected and mixture 
temperatures and the corrected and mixture gage pressures de- 
fine temperature and pressure adjustments which are related by 


Taj = Ty + AT aj... 


and 
P = P, + AP sa; 


Equations defining the temperature and pressure adjustments 
may be derived directly from the group of Equations [24] through 
[31] and Equations [32] and [33]. 

The general equations for the temperature adjustment AT 44j 
and the pressure adjustment AP,q; are 


AT.ai = T, — F(T))/[k + F(T)].... . [36] 


and 
AP.a; = P 


where F(7) and F(P) are temperature and pressure-adjustment 
factors, respectively, and K, k, gq, and Q are constants having 
values fixed by the selected group of independent variables. It 
may be shown, by use of Equations [24] through [31] that the 
temperature-adjustment factor and the constants k and K are 
defined by the following set of equations 


F(T) = G — 0.4719X, 


— + F(P)) 


— 0.7933X,, 


with K = 0.6000, k = 0.4679 [38] 


+ 1.815(H1/1000), 
with K = 2.525, k = 


F(T) = G +2.641X, 


1.379 . [39] 


F(T) = G + 0.2751( 41/1000) — 0.6730X,, 


with K = 0.8919, k = 0.6060 [40] 


F(T) = (H/1000) + 1.715X, + 0.4371X,, 


with K = 1.0607, k = 0.5019 [41] 


Also, by similar derivation, it may be shown that the pressure- 
adjustment factor and the constants qg and Q are defined by 
F(P) = G — 13.84X, + 5.420X,, 
with Q = 0.6000, q = —22.60 
F(P) = — 3.690X, — 0.5690(1/1000), 
with Q = —0.00335, q = 
G — 0.7755(H/1000) —1.970X,, 
with Q = —0.2226,q = 
+ 9.529X,, 
1.0620, q = —32.75 


—3.630..... . [43] 


F(P) 


3.142 . [44] 


F(P) = (H/1000) — 17.85X, 


with Q = . [45] 


The choice of equation in each of the two sets would be dictated 
by the selected set of independent variables. 
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factor is now reduced to the following procedure: By knowledge 
of the numerical values of any three of the four independent 
variables (a) specific gravity, (b) heating value, (c) carbon dioxide 
content, and (d) nitrogen content, the temperature and pressure- 
adjustment factors, F(7') and F(P), may be evaluated. These 
factors along with the mixture flowing temperature and pressure 
define temperature and pressure adjustments by Equations [36] 
and [37], and the adjusted temperature and adjusted pressure 
by Equations [34] and [35]. The adjusted temperature and ad- 
justed pressure serve to define the supercompressibility factor by 


use of the data shown in Table 2 a a 


The AGA Supercompressibility Tables 


The working method described in the previous section has been 
used as the basis for developing the AGA Tables on Supercom- 
pressibility Factors for Natural Gas (1). These tables cover the 
following ranges on the independent variables: Pressure, 0-3000 
psi; temperature, 0-180 F; specific gravity, 0.554-0.750; carbon 
dioxide, 0—5.0 mole per cent; and nitrogen, 0-12.0 mole per cent. 
Volumes I through VI are for pure hydrocarbon mixtures. Vol- 
ume VII contains the base data for the reference gas mixture of 
0.600 specific gravity and temperature and pressure-adjustment 
factors for diluents. 


Future Work 


Continuing research is designed to increase the usefulness of the 
basic data by extending the range on all variables such as pres- 
sure, temperature, hydrocarbon specific gravity, and diluent con- 
tent. It is desired to extend the specific-gravity limit to around 
0.90, the pressure limit to about 5000 psi, and the diluent-content 
limit to about 30 mole per cent. 
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Discussion 


D. L. Katz. The authors are commended for their efforts to 
improve the accuracy and facility for determining the com- 
pressibility of natural gases. The following comments or ques- 
tions are raised on the subject of the paper: 


1 Many engineering problems in the natural-gas industry re- 
quire compressibility data at conditions beyond the scope ot this 
paper. Methods often employed involve the computation of re- 
duced temperature and pressure from composition followed by 
finding the compressibility factor from a chart or table.*:’ Have 
the authors compared their compressibility-factor data with the 
charts and table in common use in the industry? Assuming that 
the authors’ results are an improvement on earlier methods, have 
they considered presenting a compressibility-factor chart using 
reduced temperature and reduced pressure, which could be used 
for gases having compositions outside the limits of their equations? 

2 In metering gases, there are three factors which are func- 
tions of pressure, temperature, and gas gravity. It was suggested 


some 15 years ago that these be combined into a single factor as 
follows® 


520 \'/2 


Ap 


It was shown that the variation in F,,, with pressure and tem- 
perature would be no more severe than for F’,, and that the com- 
bination would omit two steps in meter calculations. Did the 
authors consider this combination of variables? Do they see any 
reason why it would not be possible to correlate F,,, with pressure, 
temperature, gas gravity, and composition? 

3 The last comment is a remark to the profession and gas in- 
dustry and not to the authors alone. For those who have worked 
at pressures of 6000 psi or above, the use of the prefix ‘‘super’’ on 
the “compressibility factors’’ has been questionable. Presumably, 
the prefix is intended to connote that the gas is more compressible 
than an ideal gas. At higher pressures, common in natural gas 
reservoirs, natural gas is less compressible than an ideal gas. For 
those using the prefix super, it would be necessary to change 
the name to “subcompressibility”’ factors when the gas became 
less compressible. For this reason, elimination of the prefix 
super is urged, for the term compressibility factor is adequate to 
cover conditions at which a gas is both more compressible and 
less compressible. 


H. B. McNichols.* The authors have presented a very in- 
teresting approach to a subject which has great importance to 
the natural-gas industry. 

It should be pointed out that during the infancy of the gas in- 
dustry, delivery pressures were of the magnitude of 200 or 300 psi 
pressure and the commodity itself was rather inexpensive. How- 
ever, today the field price of natural gas has tripled and the 
metering pressures are around 1000 psig. The supercompressibil- 
ity of natural gas was considered a straight-line function with its 
slope varying with temperature and specific gravity. Operating 
supercompressibility factors were developed to cover a pressure 
range up to 500 psig. As flowing pressures began to increase, the 
tables were extended to 1000 psig only by changing the intercept 
constant of the straight-line equation. 


5 Professor, Chemical Engineering, University of Michigan, Ann 
Arbor, Mich. Mem. ASME. 

*‘“High Pressure Gas Measurement by T. A. Mathews, C. H. 
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America, pp. 41-42, Petroleum Refiner, vol. 21, no. 6, 1942, p. 58. 

7**Black Pressure Test for Natural Gas Wells,”’ by J. K. Baummel 
and C. A. Breitung, R. R. Commission of Texas, Austin, Tex., 1950. 

*Columbia Gas System Service Corporation, Columbus, Ohio. 
Mem. ASME. 
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In recent years there has been a great need for a method of de- 
termining supercompressibility factors for natural gas which 
would more closely duplicate actual test results. The method out- 
lined in this paper, being developed and correlated with actual 
test results, gives very accurate results. 

Some of the larger gas companies have been making compara- 
tive studies with actual test results on natural gases having con- 
siderable amounts of carbon dioxide and nitrogen present. The 
results of these comparisons seem to indicate very close agree- 
ment. 

It should be pointed out that owing to the number of parame- 
ters, this method of determining supercompressibility factors does 
not lend itself to a reasonable equation and therefore necessitates 
the use of the seven volumes of the “AGA Operating Tables.” 
With the advent of electronic computers and their application to 
gas-measurement calculations, the use of tables rather than an 
equation became somewhat of a problem. However, with the 
advance in data-storage capacity in the newer computer equip- 
ment, the basic 0.600 specific gravity table in AGA Gas Meas- 
urement Committee Report No. 3 can easily be adapted to de- 
velop supercompressibility factors by interpolation rather than 
by equations. 

The method outlined in this paper permits the determination of 
supercompressibility factors without having to make complete 
gas analyses which are time-consuming in themselves. Proper- 
ties of the gas such as specific gravity and heating value are al- 
ready known for other computations; therefore, it is necessary to 
obtain only the amount of carbon dioxide or nitrogen or both to 
develop the factors. 


E. E. Stovall.* 
fine presentation. 

A method for more accurately predicting supercompressibility 
factors throughout the normal operating range of conditions in 
the natural-gas industry has been needed. 

The method described in the paper has proved to be the 
answer to that need and has been widely accepted by the gas- 
industry engineers. Actual tests in operating practices have 
proved the accuracy of the method. 


The authors are to be complimented on their 


Authors’ Closure 


The authors appreciate the comments by Dr. Katz. A formal 
and detailed comparison of the results of this method with 
other methods has never been completed. The authors should 
complete the comparison. A study to extend the range of appli- 
cability of the present data is now in progress. It is expected 
that a compressibility chart will be developed which could be 
used for gases having compositions outside the limits of the 
present working method. 

Relative to the use of a combined correction factor for tem- 
perature, gravity, and compressibility, the authors have given 
much thought to this possibility and feel that there is no sig- 
nificant advantage to the combined arrangement. The com- 
bination would have a basic disadvantage in that the flexibility 
of use would be reduced. It would be necessary to evaluate 
F,, only as a function of the specific gravity. The present 
method which separates the factors allows the use of any method 
in defining F,,, e.g., a fractional analysis, or gravity and heating 
value, etc. The authors agree in principle with Dr. Katz’s 
remarks on naming of the deviation factors. However, these 
names have come to have certain specific meanings and it is 
doubtful if change would be of any benefit to natural gas industry. 

The authors are grateful to Mr. MeNichols and Mr. Stovall 
for their comments. 


* Superintendent of Gas, Transmission Division, Lone Star Gas 
Company, Dallas, Texas. Mem. ASME. 
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_ Dimensionless Correlation of Coefficients 
Flowmeters, 


of Turbine-Type 


A 
By H. M. HOCHREITER,' HATBORO, PA. 


The principles of dimensional reasoning are applied to a kine- 
matic flowmeter of the turbine or propeller type. Experimental 
results are correlated over a wide range of fluid conditions and 
geometric variations, and coefficients compared against those pre- 
dicted from a one-dimensional design equation. a“ 


Nomenclature 
THE 


C = flow coefficient in practical equation, _ 
dD, rotor hub diameter, in 
dD, rotor blade tip diameter, in. 
= meter bore diameter, in. 
fluid elasticity, psi 
any force, other than fluid forces, Ib 
flow coefficient in design equation 
rotor lead, in. 
number of rotor blades 
rotor angular velocity, rps 
viscosity parameter, nD*/y 
rotor axial length, in. 
volume flow rate, cu in. per sec 
radius of a rotor blade section, in. 
rotor blade thickness at blade tip, in 
= fluid velocity at rotor, ips 
= relative velocity of fluid with respect to rotor blade at 


radius r, ips a 


following nomenclature is used in the paper: 


ratio, D,/D, dimensionless 
= rotor blade angle at radius r, dimensionless 
fluid viscosity, lb per in. sec 
fluid kinematic viscosity, = u/p, sq in. per sec 
= fluid density, lb per cu in. 


> PR 


Introduction 


The kinematic flowmeter described here is of the turbine or pro- 
peller type manufactured by the author’s company. It is an axial 
flow displacement type device, Fig. 1, in which the flow passes 
from a flow straightening section, past a rotor with helical blades, 
mounted in antifriction ball bearings lubricated by the flowing 
fluid. The rotor turns at a speed essentially proportional to 
the fluid velocity. Each blade passage induces a small alternating 
voltage in an externa] magnet and coil assembly, the signal being 
read out on an electronic pulse counter. 


Dimensional Parameters of Kinematic Flowmeters 


For any device in which the fluid produces a continuous motion, 
and where there is no significant bearing or gearing friction, or 
shaft or other power input or output, the following dependency 
statement can be made, for incompressible flow 


1 Research Engineer, Fischer & Porter Company. Mem. ASME. 

Contributed by the Research Committee on Fluid Meters and pre- 
sented at the Annual Meeting, New York, N. Y., December 1-6, 
1957, of Tae American Society oF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 25, 
1957. Paper No. 57—A-63. 


Fig. 1 A 2-in. turbine meter with sketch showing basic reference 
dimensions. Courtesy Fischer & Porter Company. 


Q depends on n, D, p, u 


Since there are five variables, with three fundamental variables, 
there will be two dimensionless parameters, one a function of the 
other.? Choosing for example, as a matter of convenience here, n, 
D, and p as basic variables rather than mass, length, and time, 
the remaining variables may be expressed as functions of these, 


thus 


L)(ML 


Since the IT’s are to be dimensionless, it is seen immediately that 
a=l1,c = 0,b = 3andd = 1,f = 1,e = 2, 80 that 


Q 
n, =m, ( 
= 


= Il, (=) | 


The relationship of the variables is then 


2 “Model Experiments and the Forms of Empirical Equations,”’ by 
E. Buckingham, Trans. ASME, vol. 37, 1915, pp. 263-296. 
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For incompressible flow in a turbine meter free of nonfluid fric- 
tion, defining IT, as the flow coefficient C, and IT; as the viscosity 
parameter V 

en [4] 

nD* v 

becomes the simplest and most practical flow equation for all cor- 
relation and flow calculation purposes, and C may be correlated 
against \V in just the same way that conventional orifice coeffi- 
cients are correlated against Reynolds number. 

Had other variables been included in Equation [1], such as an 
external force F, arising from, say, bearing friction or power out- 
put, or fluid compressibility £, or additional geometric variables, 
d,, dz, and so on, each new variable would have added one more 
parameter. In the same manner as before, the result can be 
shown to be 

[5] 


These dimensional relationships are equally applicable to any 
type of continuous motion device, such as any of the various de- 
signs of positive displacement and turbine and propeller-type 
meters presently available. They were first derived’ in an at- 
tempt to correlate data from a rolling-ball-type flowmeter. Suc- 
cessfully applied here, it led to the use of the parameters C and .V 
in the development of the present meter, as well as the realization 
of the necessity of freedom from influence of the nonfluid force 
parameter F'/pn?D*. It is only when the effect of this parameter 
is large compared to that of N that corrections for fluid density® 
are applicable. 


(= F E d, 


Derivation of the One-Dimensional Flow Equation 


In a metering application, where friction is kept to a minimum, 
the angle of attack between fluid and blade will be small and here 
will be neglected. Since power requirements are small, the fluid 
need be deflected very little in passing the blade and a flat plate, 
as “seen” by the fluid, represents a satisfactory geometry. The 
similarity of the velocity triangle and the geometric triangle for a 
helix in Fig. 2 shows that a helical blade will present to the fluid 
a flat plate geometry at a constant angle over the total blade 
height. In this way, opposing torques and radial flow components 


are minimized. Thus : 


Qrr 


2mrn 
tan 6, L 

3“*The Kinematic Flowmeter,” by V. P. Head, Fischer & Porter 
Company Research Report FX7-106, 1950, unpublished. 

4A Rolling-Ball Flowmeter for Hazardous and Corrosive Liquid,”’ 
by P. I. Wood, ISA Conference, St. Louis, Mo., September, 1949, Pa- 
per No. 49-8-5. 

§“Fluid Meters—Part 1, Their Theory and Application,’””’ ASME 
publication, fourth edition, 1937. 


Fig. 2. Velocity and helix triangles 
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Equation [6] neglects the actual area obstructed by blades of 
greater than zero thickness. Based on an assumed constant blade 
section cut by a plane perpendicular to the flow axis, the area of 
blade obstruction is 


D,\? 
(D, — D,)t E + (= ‘) 


Subtracting this from the annular flow area of Equation [6] gives 


Obviously the complexity of this equation, compared to Equa- 
tion [4], limits its usefulness to design purposes. 

Since this result is based on the assumptions of fully turbulent, 
incompressible flow conditions and no external or nonfluid power 
input or output, it does not show the dependence of the coefficient 
on the viscosity and force parameters of Equation [5], but it does 
show dependence on other geometrical parameters, L/D (or blade 
angle), a(= D,/D), and soon. It remains, then, for experiment 
to show under what conditions and to what extent Equation [7] is 


valid. & 


m 
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Experimental Results 


All tests were made with the calibration facilities of the 
author’s company. The test stands utilize the change in height 
of a mercury column to determine th> change in mass of fluid in 
an accurately measured standpipe. ‘The fluids used were hydro- 
carbons ranging in viscosity from about 0.7 etks to 700 ctks. 

Meter Coefficient as a Function of Fluid Conditions. Figs. 3 and 
4 show results on a meter of 1 in. size when calibrated over a wide 
span of N-values, with five hydrocarbon fluids whose viscosities 
ranged from 0.70 ctks (gasoline) to about 700 ctks (SAE No. 50 


GASOLINE, 2*0.7CTKS 


© KEROSENE - OIL MIXTURE, 
*2.2 CTKS 


KEROSENE - OIL MIXTURE, 
vy *60 CTKS 


1000 0000 160,000 
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Fig. 3 Meter coefficient versus viscosity parameter in linear region 
for a l-in. turbine meter 
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oil). Fig. 3, with an expanded scale, shows the low viscosity linear 
region; that is, the region of constant coefficient where flow is 
proportional to speed, with calibrations with fluids of three vis- 
cosities, 0.70, 2.2, and 6.0 ctks. Except at the lowest rotor speeds, 
all points for each fluid lie essentially on the same curve, showing 
the validity of Equation [4]. At the low speeds deviations occur 
because bearing friction, enhanced by the radial loading of the 
magnetic pickup, is no longer negligible compared to the fluid 
forces. The degree to which friction affects the coefficient de- 
pends on the lubricating qualities of the fluid. Thus gasoline, 
with relatively poor jubricating qualities and low viscosity, devi- 
ates 1.8 per cent at 0.05 of maximum rated speed, while the more 
viscous (2.2 ctks) kerosene-oil mixture deviates only 0.7 per cent 
at the same speed. 

Fig. 4 shows the entire range, with additional calibrations at 70 
and 700 ctks. The ordinate here is plotted on a log scale in order 
to show the approach to a straight line relationship, of slope ap- 
proximately —0.190, at high viscosities. Here, even at the lowest 
speeds tested, about 0.025 nmmax, there is no observable deviation 
from the curve due to bearing friction, since the fluid viscosity is 
so high that the fluid forces remain large compared to the non- 
fluid forces, such as nonviscous bearing friction forces. 

The slope of the coefficient curve of Fig. 4, and hence the 
viscosity sensitivity at high viscosities is quite favorable compared 
to many other meter types under similar fluid conditions. At 
high viscosity a severe penalty is imposed by the pressure drop, 
illustrated in Fig. 5. For a given flow rate in a given meter size, 
the pressure drop may be increased by a factor of from 3 to 100 
with a 100-fold increase in viscosity. This is, however, a limita- 
tion of the particular meter geometry, which was chosen for 
optimum performance under turbulent conditions. Typical loss 
at maximum flow of a jet fuel is 7'/2 psi. 

Geometrical Variations. In designing a full range of meter sizes, 
it was not feasible to maintain strict geometric similarity for all 
For example, since the basic design 
criterion was one of constant pressure drop (or flow velocity, or 
rotor tip speed) at maximum rated flow, it was necessary to 
change the number of blades in each meter size in order to maintain 
a constant frequency output of 600 cps at maximum flow rate. 
Similarly, to obtain various maximum flow rates in each size, @ 
was also permitted to vary. 


dimensional parameters. 


Because of the number of geometric parameters involved, it 
was impractical to attempt to determine the effect of each in 
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Fig. 4 Meter coefficient versus viscosity parameter over a wide 
viscosity range for a 1-in. turbine meter 
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PRESSURE DROP (TURBULENT FLOW=1.0) _ 
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Fig. 5 Pressure drop at maximum rated flow at high viscosity re- 
ferred to that in turbulent flow. Typical pressure drop at maximum 
flow for jet fuel is 7'/> psi. 
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turn, as is required by Equation [5]. However, it was found 
possible to obtain a satisfactory correlation with (p/D) X (D — 
D,)/D as showw in Fig. 6. The effects of the geometric variables 
can be isolated from the force and viscosity parameters of 
Equation [5] by maintaining rotor speeds high enough to keep the 
effect of the force parameter negligible, while considering data 
only at specific values of NV. The value of N chosen for Fig. 6 
was 16,000, this point lying in the linear region for all meter 
sizes. Each point represents the average coefficient of a number 
of meters of the stated size, and the ratio C to K was used since 
the latter was not the same for all sizes. Because most of the 
meters had values of @ in the neighborhood of 0.47 only this line 
is firmly established. Nevertheless, only the smallest meters, in 
the '/:-in. body sizes, fail to correlate reasonably well. 

It will be noted that, although blade number varies from 2 in 
the smallest size to 10 in the largest, its effects are adequately ac- 
counted for in Equation [7], since the correlation of Fig. 6 does 
not require it. Similarly, there appears to be no effect of blade 
angle or rotor lead other than that accounted for in Equation [7], 
although the range of values investigated was quite small, the 
blade tip angle ranging from about 42 to 50 deg. 
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Fig. 6 Effect of geometric variations on meter coefficient. Meter 
designations refer to connection size in inches and maximum rated 


flow rate in gpm; (NV = 16,000). 
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: 
The foregoing of been successfully 


ates to one form of “kinematic”’ flowmeter. 

2 Correlation methods involving the fluid density are appli- 
ie and valid only where the effects of the nonfluid forces are 
ite compared to those of the fluid forces and are, at the same 
time, repeatable. 

3 Use of the proposed methods can serve as a valuable tool, 
both to a potential user of this class of flowmeter in evaluating 
various design geometries, and to the manufacturer as a guide to 
improved design. 
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Discussion 


C. B. Haughton, Jr.* The following questions are submitted: 


1 What progress is now being made in correlating turbine-type 
flowmeter coefficients for the compressible-flow regime? 

2 Will the attempt be made to compare the meter coefficients 
with those predicted from a two-dimensional, and perhaps a three- 
dimensional flow design equation? 

3 Oris it obvious at present that a one-dimensional treatment 
will be satisfactory for most design purposes? 


H. W. Iversen.?' The author’s Fig. 4 shows a correlation of 
meter parameters that is useful in the application of a particular 
geometry of meter when the meter response speed and fluid 
properties are known. With similar correlations of other meter 
geometries a set of comparative values is available to determine 
the optimum meter for a particular fluid and desired meter 
response. 

However, rapid evaluation from Fig. 4 to determine the meter 
indication in response speed for given conditions of flow rate and 
fluid properties is not direct since the response speed appears in 
both the meter coefficient and the viscosity parameter. A corre- 
lation to enable direct determination of the response speed may 
be made by noting that the viscosity parameter of the author 
is in reality a Reynolds number; that is 


where Vz is proportional to nD, and V is the linear speed of the 
rotor at the diameter D. The author’s Reynolds number is 
based upon the rotor size and upon the speed response from the 
action of the fluid on the rotor. 

This fluid action on the rotor is related to the fluid inflow pat- 
tern immediately upstream of the rotor. The flow in the upstream 
conduit has a nonuniform velocity distribution with laminar or 
turbulent flow as the case may be. The state and distribution of 
the upstream flow is characterized by the conduit Reynolds num- 
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V. = fluid average velocity in conduit, and D, = conduit 
For convenience, the prime variable of volume flow 
rate is introduced from the definition of V, 


Substituting in the expression for R,, and dropping the constants, 
a Reynolds number is formed in terms of the flow rate 


(R,’ and R, differ by the factor 7/4, a constant which does not 

have to be carried in the numerical evaluation for correlation. ) 
The author's correlation of C as a function of N, Fig. 4, may be 

transferred directly into the correlation of C as a function of R, 


( Q yr") D 
v D. 


The ratio D/D, is unity if the conduit and meter bore diameters 
are equal. 

For a given flow rate, fluid, and meter size, R, is known. The 
corresponding value of C permits direct determination of the 
meter response speed. This correlation may be convenient 
for meter selection for a particular application. 

Pressure drop across the meter may be correlated by consider- 
ing the Euler modulus which includes the pressure drop, flow or 
response velocity, and the fluid property of density. 


Euler modulus = E = = « a « aPD 

pV? pn?D? pQ? 
where AP is the pressure drop, p is the fluid density, and V may 
be either the meter-response speed or the fluid velocity as shown 
by the last two forms of Equation [10]. 

The author’s Fig. 5 is a representation of the proposed correla- 
tion of Z as a function of R, since Fig. 5 is a ratio of pressure drops 
at constant flow rate as a function of the Reynolds number. This 
can be shown as follows 


pQ? 2 pQ? i 


. [10] 


In Equation [11] the subscripts 1 and 2 refer to different operating 


conditions. With Q and D both constant, this reduces to 
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Equation [12] is the ordinate of the author’s Fig. 5 except for 
the density ratio, which is apparently nearly constant for the 
fluids used. 

It would be interesting to see the test results of pressure drop 
related in terms of Z as a function of R,. Comparative correla- 
tions of the proposed type would be of value in meter selection on 
the basis of pressure drop for a specified application since R, may 
be evaluated for a given flow rate, fluid, and meter size. The 
corresponding value of £ from the correlation then gives the pres- 
sure drop. 

One further point is of interest. The turbine-type flowmeter is 
a hydraulic turbine with a shaft-power output that is essentially 
zero under the condition of minimum friction. The turbine 
model laws are 


Da 
> 
a 
3 
—- ber, or 
V.D 
= — 
q Q « nD* [13] 
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H « n*D? 


where H is the turbine head. 
The author’s definition of C is the proportionality coefficient in 
Equation [13], or 


C = Q/(nD*) [15] 
The proportionality coefficient of Equation [14] is the proposed 
Euler number since the head may be expressed in terms of the 
pressure difference divided by the fluid density, p 


> 
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Then 


E 
pn?D? 


As stated by the author, if the external friction, such as from 
bearings, is large, the turbine no longer operates at zerc power 
output and the foregoing proportionality coefficients do not depend 
entirely upon the flow forces as characterized by the Reynolds 
number, but depend also upon the external forces which may not 
be characterized by the Reynolds number. 


M. R. Shafer.* The author is to be congratulated on an excel- 
lent presentation of a very timely subject. Turbine-type meters 
are commonly used as transducers in applications requiring flow 
rate as a function of an electrical signal. Examples are telemeter- 
ing, digital and analog indication and recording, and process con- 
trols. Because of the continued rapid growth of the instrumenta- 
tion field, a considerable increase in the use of turbine meters is 
expected in the future. 

The writer takes this opportunity to make a few observations 
on the dimensionless relationships presented by the author, not 
from the viewpoint of meter design, but rather from that of appli- 
cations in which precisions of about '/, per cent are desired. It 
must be understood that, whereas only a particular design and 
make of meter are discussed in the paper, the comments which 
follow are general conclusions encompassing all makes and models 
’ of turbine meters now available. None of these comments is to be 
construed as applying specifically to a particular make or model. 

As a first observation it is of interest to note that under prop- 
erly controlled conditions very precise results can be obtained from 
turbine meters. With meters which are performing correctly, the 
standard deviation obtained from five successive calibration runs 
is always expected to be within 0.1 per cent and frequently this 
value is 0.05 per cent and less. Also, a repeatability within +0.1 
per cent is to be expected when comparing the average results of 
calibration tests run at monthly intervals. Fig. 3 of the paper is 
a good example of the precision expected in that the points are 
grouped very closely to the characteristic curve except for the 
deviations caused by mechanical forces. 

The relation Q/nD* = f(nD*/v) is useful for evaluating the 
general characteristics of a given meter, especially for a deter- 
mination of viscosity sensitivity. However, those interested in 
specific applications may well ask, “Is this relation generally true 
for all of the different makes and sizes of turbine meters now 
available?”’ 

Generally speaking, in the viscosity range 0.6 to 6.0 centistokes 
which we have investigated, turbine meters may deviate from the 
general relation expressed by Equation [4] by several per cent, 
especially in the lower portion of the flow ranges. Such devia- 
tions are caused by the mechanical forces which frequently are 


8 Research Engineer, National Bureau of Standards, Washington, 
D.C. 


1367 


not insignificant as compared to the fluid forces. Thus we can- 
not expect to apply this relation to turbine meters in general and 
obtain the same precision as results, for example, from the co- 
efficient of discharge versus Reynolds number relationship for 
orifices, nozzles, and other fixed metering devices. 

Another matter of interest concerns the effect of the upstream 
flow conditions upon the performance of turbine meters. These 
meters are sensitive to rotational flow or swirl in the entering 
fluid stream. Thus flow straighteners consisting of vanes or 
tubes, as illustrated in Fig. 1, are always installed within the 
meters. The effectiveness of these varies considerably among the 
different turbine meters available. Preliminary tests at our lab- 
oratory with an induced-swirl apparatus have shown that a 
fairly severe swirl may influence the calibration constant within 
the range 1 to 20 or more per cent depending upon the flow rate 
and the meter design. This particular point is mentioned to il- 
lustrate that the d/D ratios of Equation [5] define the geometrical 
configuration of the external upstream piping as well as those of 
the meter itself. 

Finally, it should be noted that Equations [4] and [5] are ap- 
plicable only when the meter is completely filled with the fluid 
being metered. This very obvious requirement is sometimes over- 
looked in applications involving liquids of high vapor pressure. 
In such instances, cavitation may occur at the impeller resulting 
in very erratic performance. Cavitation can be detected by in- 
vestigating the sensitivity of the meter to pressure level, and can 
be eliminated by maintaining a sufficiently high back pressure as 
compared to the vapor pressure of the liquid being metered. 


Author’s Closure 


The author wishes to thank the discussers for their interest and 
comments. In reply to Mr. Haughton’s questions, some work is 
now being done on gas flow applications. Results show that bear- 
ing friction will not be small enough to permit correlation of co- 
efficients against Reynolds number alone, at least at the speeds 
studied to date. However, as flow rate (and hence rotor speed) 
is increased, compressibility becomes important and the expan- 
sion factor must then be determined unless an appropriate pres- 
sure tap location can be found which will make its effect suf- 
ficiently small. 

The one-dimensional approach, combined with experimental 
determination of the effects of geometric variations, has proved 
adequate for design purposes. The ultimate in accuracy of flow 
coefficients must depend on precise experiment, so there is no in- 
tention, at present, to refine predicted coefficients by use of more 
rigorous two or three-dimensional treatment. 

As Professor Iversen points out, the parameter N may not be 
most convenient for determination of meter response where flow 
rate is known. Rather, it is the parameter most convenient for 
determining flow rate from an observed meter response. The 


parameter 2 = CN has been used in Fig. 5 to give a pressure 
v 


drop variation against Reynolds number (neglecting the factor 
m/4) and is the same as that given in Equation [9], where the 
meter bore and conduit diameters are equal. Fig. 5 is meant to 
show the relative increase in pressure drop as viscosity is in- 
creased. However, no error is incurred if the reference turbulent 
flow loss of 7'/ psi (at a specific gravity referred to water of about 
0.8) is converted to head loss (Ap/p), in which case the ordinate 
will be precisely Professor Iversen’s Equation [12]. 

Mr. Shafer’s question concerning the validity of the dependency 
of flow coefficient on Reynolds number (or N) alone is well taken. 
It is the author’s position, however, that the low-speed regions, 
where such deviations with viscosity variations are not negligibly 
small, lie outside the useful range of the meter and should not be 
used in high accuracy work. These deviations are functions of the 


z 
epi 
di 


parameter F/pn?D4 (Equation [5]), but it is felt that the non- 
fluid force F is not repeatable enough to permit a reliable correla- 
tion. 

Upstream flow conditions do have an influence on the meter co- 
efficient. Since a flow straightener integral with the meter 
necessarily represents a compromise between effectiveness on the 
one hand, and cost and bulk on the other, upstream piping con- 
ditions cannot be ignored where good accuracy is expected. The 
author has tested a 1-in. unit connected immediately downstream 
of a pair of 1-in. right-angle elbows, closely coupled and oriented 
in separate perpendicular planes. Tests were also run using a 1- 
in. gate valve, with varying degrees of throttling immediately 
upstream of the meter, and in neither case did observed coefficients 
deviate more than #/, per cent from those obtained with a long 
run of straight pipe. As Mr. Shafer points out, the geometric 
ratios of Equation [5] must be interpreted as any geometry 
upon which the coefficient may be dependent, whether contained 
within the meter or externally in the piping. 

Single phase liquid flow has been tacitly assumed by the 
author, The possibility of cavitation taking place can be 
minimized by designing to deflect the fluid as little as possible 
consistent with good performance. If local velocities within the 
meter do not greatly exceed the velocity in the conduit, a knowl- 
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edge of the vapor pressure of the fluid is usually sufficient to set a 
safe minimum back pressure, since errors due to cavitation will 
not occur, if the static pressure in the region of highest velocity 
exceeds the vapor pressure. 

One other point of interest may be mentioned here. As the 
operating temperature of the meter changes, thermal expansion 
will cause an apparent coefficient change unless a correction is 
applied to the characteristic dimension D. If all components of 
the meter are made of materials having approximately the same 
thermal expansion coefficient, the geometric ratios d/D of Equa- 
tion [5] remain constant when thermal equilibrium is reached. 
Thus the coefficient will remain precisely the same if D, in the 
expression for C in Equation [4], is the actual diameter at the 
flowing temperature. This is most easily done by multiplying 
the flow Q by the factor 1/[1 + 5k(7’ — T.)] where k is the 
linear coefficient of thermal expansion, 7 the extreme tem- 
perature, and 7’) the reference temperature for which the original 
calibration curve was drawn. 

The author is indebted to Messrs. R. E. Gorton and G. J. 
Lyons of the Pratt and Whitney Aircraft Company, East Hart- 
ford, Conn., for experimental verification of this correction in 
tests run with a hydrocarbon fuel at temperatures up to 400 
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Liquid-Flowmeter Calibration 


Techniques 


By M. R. SHAFER! ano F. W. RUEGG,? WASHINGTON, D. C. 


Calibration techniques for liquid flowmeters are discussed 
with emphasis on problems which are known to influence the 
accuracy of calibration procedures. Also, reference methods 
which have been used to evaluate the comparative accuracy of 
different calibrators are described. The results of comparative 
accuracy tests on four calibrators of different designs are pre- 
sented and it is shown that the agreement between these is 
within +0.15 per cent in the test range of 10,000 to 100,000 Ib 
per hr. The many precautions necessary to approach this pre- 
cision from the traditionally accepted ‘‘plus and minus one per 
cent’’ are given in detail. 


Introduction 


IN THE course of a continuing program of research and develop- 
ment at the National Bureau of Standards on aircraft fuel- 
metering-accessory test equipment, conducted under the spon- 
sorship of the Bureau of Aeronautics, the performance of various 
liquid flowmeters has been investigated as well as equipment and 
techniques for their calibration. Experience has demonstrated 
that absolute accuracies better than +0.3 per cent are possible 
in the calibration of direct-indicating flow-rate meters. It is 
believed that the calibration techniques used to attain such 
accuracies are of sufficient general interest to warrant presentation 
here. Thus the objectives of this paper are to present a discus- 
sion on flowmeter-galibration techniques; to present data 
obtained at the National Bureau of Standards and elsewhere; 
to demonstrate the present state of the flowmeter-calibration 
art; and to describe some of the limitations of existing calibra- 
tion equipment and procedures, 

The techniques discussed herein are applicable to totalizing 
meters for which calibration procedures are established and de- 
fined (1). However, our primary interest and experience have 
been restricted to direct-reading liquid flowmeters operating 
under steady-flow conditions in the range 5 to 100,000 Ib per hr. 

A meter calibration may be considered accurate only for the 
conditions existing at the time the calibration data were taken. 
Thus those quantities Which can influence the performance of 
the meter must be known, measured, and controlled during pre- 
cise calibration work. Factors influencing the performance of 
the different type meters have been investigated and reported in 
numerous papers, among which are (2 to 7). These factors are 
the density, viscosity, and temperature of the liquid; upstream, 
and to a lesser extent, downstream flow disturbances; the vapor 
pressure and absolute pressure level; and the orientation and 
scale sensitivity of the meter. Of course, the influence of these 
varies widely among the different type meters. 

Summarizing the possible influences on meter performance, it 
may be noted that the influence of density usually can be pre- 
dicted through analysis. The erratic effects of viscosity are 
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most pronounced with the smaller sized meters and can be 
established only through calibration tests. Temperature exerts 
its influence through its effects upon the configuration of the meter 
and upon the physical properties of the test liquid. Vapor 
pressure and pressure level should have no appreciable influence 
provided compressibility of the liquid is not significant and the 
pressure level is sufficient to prohibit vapor formation. Finally, 
meters are sensitive to external flow disturbances, and this 
effect generally increases with meter size and flow rate. In fact, 
inadequate control of flow disturbances is one of the greatest 
sources of error in precise work. 

Although meter characteristics may seem a separate problem 
from that of calibration, it must be stressed that precise calibra- 
tion work cannot be performed unless these are given ample con- 
sideration in specifying and controlling the conditions of calibra- 
tion. 


Selection and Calibration of Instrumentation 


Extreme accuracy is now possible in the measurement of 
mass, time, and those other quantities required for the flow- 
meter calibration. Perhaps some thoughts regarding the selec- 
tion and calibration of the separate instrumentation items 
may be of value before discussing representative calibration sys- 
tems. The calibrator will require a timer, scales for the 
measurement of mass or prover tanks for volumetric determina- 
tions, thermometers, density-measuring instruments, and perhaps 
a viscometer. Each of these must have sufficient sensitivity and 
accuracy to serve its intended purpose. 

Electronic-counter timers are preferred for measuring the time 
interval. Many different makes are now available which operate 
on the principle of counting the pulses from a tuning fork or 
quartz-crystal oscillator. These usually indicate in units of 
0.001 sec and have provisions for electronic actuation. They 
are considered to be better suited for this application as compared 
to synchronous clocks and stop watches which are dependent 
upon the frequency of the power supply, have minimum scale 
divisions of 0.1 sec, and utilize mechanical methods of actuation. 
Standards of time and frequency are broadcast by the National 
Bureau of Standards over station WWV in Maryland and WWVH 
in Hawaii (8). These precise signals, accurate 2 parts in 100 
million, are adequate and convenient references for the calibration 
of timers. 

Volumetric calibrating systems will require prover tanks. 
Specifications and calibration procedures for these are given in 
(1). Aceuracies better than 0.1 per cent of the nominal tank 
volume can be attained with prover tanks provided adequate 
and proper temperature corrections are applied. 

For the gravimetric-type calibrator a scale of conventional 
design, equipped with weighbeam and counterpoise is recom- 
mended. The addition of quick-weighing or automatic indica- 
tion devices is not considered necessary and possibly might 
prove detrimental to over-all accuracy as compared to the free- 
swinging lever system. For smaller capacities, a straight lever 
system or even the equal-arm balance should be used. Balances 
of the torsion-tape and/or flexure-plate type also will prove 
suitable because of their inherent stability. Features influencing 
their selection and use will include capacity, smallest weighbeam 
graduations, and sensitivity which can be adjusted by the manu- 
facturer as required. 

Before placing the scale in service, two tests extending over the 
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ead range at which it will be used should be conducted. The 
first should be made before, the other after installation of the 
weigh tank and its connections. If the two are not in agreement, 
connections are likely interfering with proper functioning of the 
scale and the conditions should be corrected. This calibration 
should be done with test weights that meet C tolerances (9 and 
10) and not by the comparison of one scale with another. 
Test weights may be secured from state or city Weights and 
Measures Departments, or if these are not available, the services 
of the scale manufacturer should be secured. The National Bu- 
reau of Standards will certify test weights in Washington, D. C., 
or at the National Bureau of Standards Master Scale Depot 
located in the Clearing Industrial District of Chicago, Ill. A 
self-contained or built-in type scale is desired to prevent damage 
to which portable type scales are subject during moving and 
handling. Also, the scale must be protected from wind and air 
currents while in use, even light air currents produce 
weighing errors of appreciable magnitude. 

Temperatures should be indicated preferably with mercury-in- 
glass thermometers usually of the range 0 to 120 F graduated in 
single degrees and accurate to one degree or better. Standards, 
specifications, and methods of testing liquid-in-glass thermome- 
ters are reported in (11) for the range —110 to +750 F. This 
reference lists the range, subdivisions, maximum permissible 
scale error, and installation instructions for the numerous types 
of thermometers used in test work. 

In those calibration applications requiring a conversion be- 
tween volumetric and gravimetric units, the measurement of 
liquid density is of extreme importance. Instruments for deter- 
mination of liquid gravity or density include the hydrometer, 
pycnometer, and Westphal balance. The hydrometer is the 
simplest of these and it yields fairly accurate results. Speci- 
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fications, tolerances, and methods of certification for hydrom- 


eters are described (12). If the test liquid is a petroleum prod- 
uct, any necessary conversion from specific-gravity units to 
density and corrections for temperature differentials can be made 
conveniently on the basis of Petroleum Measurement Tables 
(13) which contain conversion and thermal-expansion factors for 
all liquid-petroleum products within the specific gravity range 
0.46 to 1.10. 


A Static Weighing Calibration System 


Calibration of a liquid flowmeter involves a determination of 
the time interval required for a measured mass or volume of 
fluid to pass through the meter, at a constant indicated rate, 
under the specified conditions of calibration. As extreme 
accuracy is possible in the measurement of mass and time, the 
limiting factors in the procedure are the technique, the sensi- 
tivity of the meter, the constancy of the indicated flow rate, the 
mechanics of collection of the fluid, and the method of timer 
actuation. 

In presenting this discussion of a representative flowmeter- 
calibrating system, an apparatus which was designed and con- 
structed at the National Bureau of Standards will be described. 
This was developed to obtain a precision of about 0.1 per cent with 
two basic features in mind: (a) A way was sought to collect the 
fluid with a minimum disturbance to the steady state of flow 
through the meter; and (b) a method was desired whereby 
the mass of the liquid collected could be measured under a 
“static’’ condition of no flow into the collection tank. In this 
way the problem of accurate measurement of mass and time could 
be reduced to a minimum as nearly all dynamic considerations 
were eliminated. A schematic diagram of the apparatus is pre- 
sented in Fig. 1. This particular system was used for the 
evaluation of flow rates in the range 5000 to 100,000 lb/hr, 
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Fig. 1 NBS static weighing calibrator = a. 
which can be extended through the techniques described herein. 
Essential components are the flow-rate supply and control, the 
meter under calibration, a flow-diverter valve, an electronic 
timer, and a platform scale and tank, 

The function of the flow-rate supply-and-control system is to 
deliver filtered liquid, of known physical properties, at a closely 
controlled temperature to the meter under test. Additional 
functions are to eliminate surges and pulsations within the 
fluid and to provide a convenient, sensitive method of control 
whereby all desired flow rates may be set and maintained to 
within 0.i per cent of the desired value. Also, this system must 
contain provisions to assure positive elimination of all gas and 
vapor from the liquid before entering the meter with special 
consideration being given to the possibility of vapor formation 
during the throttling action of the flow-control valve. 

Quantities influencing the performance of the meter under test 
have been discussed briefly. Of these, the upstream flow dis- 
turbances are the most difficult to detect and control when work- 
ing to tolerances of a few tenths of one percent. Such disturb- 
ances include flow distribution, pulsations, and rotational flow 
which originate within the pumps and fuel-supply components. 
They cannot be conveniently eliminated completely by placing 
a straight length of pipe upstream of the meter. 

Some success has been obtained with a flow straightener con- 
sisting of bundles of small tubing and screens placed within a 
larger tube installed at or near the entrance of the meter under 
test. This helps in defining the calibration conditions. Also, 
the flow straightener in conjunction with master meters provides 
a more stable secondary reference for evaluating the comparative 
accuracy of different calibrators. As a final remark on this 
subject of upstream disturbances, the throttling valve should 
never be installed at the entrance to the meter as erratic dis- 
turbances may be introduced which will impair the precision of 
calibration. Rather, this valve should be located on the down- 
stream side if possible. 

The function of the diverter valve is to direct the flow as 
desired to storage or to the weigh tank without disturbing the 
rate of flow through the meter. Leak detectors should be pro- 
vided to assure that none of the metered flow can bypass the 
weigh tank during the weigh-time interval. Also, in the static 
test method, the diverter valve should actuate the timer during 
its traverse and divert the flow quickly. 

The particular diverter used in our apparatus was made of 
0.035-in. cold-rolled steel in the form of an inverted V, each side 
being 15 in. long and 12 in. wide, with an included angle of 30 deg. 
The center of rotation was 2'/, in. above the base. Angular 
displacement was performed by a pneumatic-piston device having 
equal speeds in both directions with pneumatic cushions provided 
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at the end of the stroke. Time of positioning of the diverter was 
such that about 30 millisecond were required to cut through 
the liquid stream. 

The counter-type timer should be actuated by electronic means, 
and in our apparatus actuation was accomplished by the diverter 
valve at the mid-point of its travel. This timer indicated in 
units of 0.001 sec and was calibrated against the standard ref- 
erence time signal. 

The platform scale used in this work was purchased on the 
open market. The scale is a self-contained, straight-lever type 
equipped with suspension main load-bearing assemblies and a 
single bar weighbeam graduated to 100 lb in '/2-lb divisions. A 
complement of counterpoise weights provided a total capacity of 
5000 lb. Modifications performed at the National Bureau of 
Standards included the installation of a vernier scale on the main 
sliding poise to give readings to 0.05 lb. Also, concrete supports 
were provided for all main-lever-fulerum bearings and for the 
weighbeam assembly to give a “‘built-in’’ scale. Thus the pos- 
sibility of damage to which portable scales are subject during 
transit was eliminated. 

The balance-ball elevation was adjusted to give a sensibility 
reciprocal of 0.1 lb at a load of 1000 lb. Sensibility reciprocal 
is defined as the amount of weight required to shift the weigh- 
beam from an equilibrium position at the middle, to equilibrium 
at either extremity of the trig loop. Immediately prior to the 
flowmeter-calibration work, a scale calibration was made using 
50-lb test weights known to be accurate within Class C main- 
tenance tolerances of +40 grains. Both ascending and de- 
scending loads were used in the range of loads to be encountered 
and no hysteresis was observed. Considering the sensitivity, 
precision of calibration, and constancy of the scale as determined 
by the tests, it was practicable to determine minimum net weights 
of 400 lb to an absolute accuracy of better than 0.05 per cent. 

The weigh tank had a capacity of 64 cu ft. No connection of 
any kind was attached to the tank when weigh determinations 
were being made, and the tank was emptied by inserting the 
inlet hose of a transfer pump. However, a drain valve would be 
adequate if the tank has sufficient elevation with reference to the 
liquid reservoir. In installations requiring permanent, flexible 
tank connections, tests must be conducted to assure that these 
are not interfering with the proper operation of the scale. 

Calibration of a meter at a selected rate of flow was performed 
by first determining the tare weight while the diverter valve 
directed the flow to “return to storage.’’ The diverter was then 
operated to direct the liquid into the weigh tank and this opera- 
tion automatically started the timer. After collection of an 
appropriate amount of liquid, the diverter was repositioned to 
return to storage, automatically stopping the timer. The gross 
weight was then measured and the net determined for the indi- 
cated time interval. It should be noted that weight determi- 
nations were not made while liquid was entering the scale tank 
Weights determined by this method require a correction for air 
buoyancy (1) magnitude 0.1 to 0.2 per cent, to obtain the true 
weight. 

Another important consideration in precise calibration tech- 
niques is the piping between the meter and the weigh system. 
This must be such as to assure that all of the flow and only that 
flow indicated by the meter is collected in the weigh tank during 
the calibration run. Aside from the obvious requirement of no 
leakage or bypass from these connections, complete elimination 
of gas and vapor must be assured so gas compression or expansion 
cannot occur. Always remember, one of the greatest sources of 
measurement inaccuracy is improper gas elimination. Thus the 
meter-discharge lines should be as short and small as possible 
with vents provided at high points for gas elimination. As a 
general rule, the volume of the discharge piping should not exceed 
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5 or at most 10 per cent of the flow collected during a calibration 
run. 

Discharge connections of small volume also reduce the effects 
of thermal expansion and contraction of the liquid if an apprecia- 
ble change in temperature is encountered during a run. For 
instance, the coefficient of cubical expansion of petroleum 
products is about 0.06 per cent per deg F, and 10 deg F change in 
temperature during the test could introduce an error of 0.06 
per cent if the volume of piping is only 10 per cent of the volume 
of fluid collected. 

Volatility of the liquid is an important consideration because 
of loss by evaporation. Our weigh tanks and diverter valves 
were provided with covers to reduce loss of vapor and the test 
liquid was a naphtha having a Reid vapor pressure of less than 
0.1 psi. No measurable evaporation loss was detected. How- 
ever, for high vapor-pressure liquids, such as gasoline, considera- 
ble refinement of the techniques described herein is required to 
eliminate both loss by evaporation and vapor formation in the 
meter-discharge lines. The ideal solution appears to be a 
pressurized weigh system, but this will introduce many additional 
complications. 


Examples of Dynamic Weighing Calibrators 


The static weighing method of flowmeter calibration is time- 
consuming and thus not well suited for those applications in 
which convenience of operation is important. Thus dynamic 
weighing is utilized frequently. This determines the time in- 
terval required to collect a preselected weight of liquid, the 
weighing being performed while the liquid is entering the scale 
tank or other weight-determining collector. Although experi- 
ence has demonstrated that the accuracy of dynamic calibrators 
can be just as good as the static method described, additional 
dynamic factors must be considered. 

Three different dynamic calibrators will be considered briefly. 
Method 1, shown schematically in Fig. 2, utilizes a free-swing- 
ing lever scale. With this arrangement, the weight of the fuel 
in the tank increases until it overcomes the resistance of the 
counterpoise weights on the end of the weighbeam which then 
rises and actuates the timer. At this time an additional weight 
is added to the pan depressing the weighbeam. When it rises 
again the timer is stopped. This procedure requires acceleration 
of the scale just prior to both the start and stop actuation of the 
timer. 

Three important dynamic phenomena take place during this 
weigh cycle. They are: The change in the impact force of the 
falling liquid between the initial and final weigh points; the 
collection of an extra amount of fluid from the falling column by 
the rising level in the tank; and the change in inertia of the scale 
and weigh tank with the resultant change in time required to 
accelerate the weighbeam past the timer trip point. 
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Fig. 2 Dynamic weighing calibrator 1 
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It can be demonstrated that the decrease in impact force is 
essentially equal and opposite to the additional weight collected 
from the falling column. Thus, even though each of these may 
be appreciable, they cancel each other. The effect of change in 
inertia between the initial and final weigh points can become ap- 
preciable and should be considered whenever the weight of liquid 
collected contributes significantly to the inertia of a scale system 
requiring a relatively large travel of its weighbeam to the point 
of timer actuation. This method of weighing is used frequently 
in other situations, and an explanation of the inertia errors in- 
volved may be of interest. 

Consider a scale consisting of a single, massless lever, as illus- 
trated in Fig. 2, having arms of length / and L. When fluid is 
added to a tank at a mass rate k, the collected weight W even- 
tually will balance the counterpoise weights w. A further col- 
lection of liquid will then deflect the lever past the point of timer 
actuation as a result of the unbalance ki and its corresponding 
torque ktgl, where ¢ is time measured from the instant of balance 
and g is the acceleration of gravity. 

As a first approximation, this torque is equal to the product of 
the moment of inertia of the fluid and counterpoise weight and the 
angular acceleration d*6/dt?. If the scale ratio L// is large, the 
moment of inertia is essentially that of the counterpoise weights, 
and the equation of motion of the seale may be written 
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as w is approximately equal to W1/L. 

Integrating twice, using constants of integration equal to 
zero, and rearranging, gives the time required for deflection 
through an angular displacement @ 
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Thus for a constant deflection and flow rate, the time re- 
quired for deflection should be approximately proportional to 
W'/, This was tested on one dynamic weighing calibrator having 
a scale ratio of 50:1 and constant values of 6 = 0.007 radian and 
k = 6.4 lh per sec. The results, plotted in Fig. 3, give a least- 
squares curve of 
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This value of 0.43 for the exponent of W is in reasonable agree- 
ment with the derived value of 1/3 considering the precision of 
the experimental work and the approximations used in deriving 
Equation [3]. 
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Fig. 3 Scale deflection time 
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The error of interest in dynamic weighing is the difference 
At between the time required for the deflection of the weighbeam 
at the final weight W, and at the tare weight W;. Referring to 
Equation [3] this is derived as 


2 i= 


which is the inertia error in the measured time interval 7’ = 
(W2. — W,)/k required to collect the net weight of liquid. Divid- 
ing by 7’ the percentage error is 


Per cent error = 


— 

The relation expressed in Equation [6] was checked by com- 
paring dynamic calibrator 1 with the NBS static calibrator using 
a method to be described later. The results are plotted in 
Fig. 4, in which different symbols are used to designate the various 
flow rates. Values obtained from Equation [6], with L = 2.2 ft 
and @ = 0.007 radian, are shown by the solid line. Equation 
[4], transposed to the co-ordinates of the figure, is shown as a 
dashed line. 

The data of Fig. 4 are in reasonable agreement with Equations 
[6] and [4]. Thus it is believed that these are a measure of the 
inertia errors involved in this form of dvnamic weighing. When 
the deflection of the weighbeam was reduced from 0.007 to about 
0.0004 radian, the inertia effects became indistinguishable from 
the other small errors of the system 

At the time the tests were conducted to obtain the data of 
Figs. 3 and 4, we were not attempting an evaluation of the 
inertia error, but only demonstrating its presence. W), was not 
determined and it was necessary to estimate its value in these 
analyses. Thus the data should not be considered precise. 
However, it is believed these data are sufficient for the purpose 
of demonstrating that significant inertia errors may result from 
this method of dynamic weighing. 

Dynamic calibration method 2, shown in Fig. 5, collects the 
liquid in a tube or cylinder of known cross-sectional area and 
uses the pressure existing at the bottom as a measure of the 
weight of liquid collected. The vertical rise in liquid between 
the initial or tare and the final weigh positions is usually in the 
range 2 to 20 ft. Thus it is necessary to measure and/or indi- 
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Fig. 4 Inertia error of dynamic method 1 for (L@)'/s = 0.249 
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cate this pressure difference of 1.5 to 15 in. of mercury to a pre- 
cision better than 0.1 per cent. The majority of installations 
use mercury manometers as the pressure-measuring device with 
electrodes, corresponding to different collected weights, spaced at 
accurately determined intervals. Contact between these and the 
mercury, in conjunction with electronic circuitry, provides the 
impulse for actuation of the timer. The contact spacing in these 
manometers must remain constant and any dirt or oil film which 
may effect the contact closure must be eliminated. 

Important considerations for method 2 are: Effects of thermal 
expansion on the standpipe cross-sectional area and on the density 
of the manometer fluid; incomplete drainage of the cylinder 
walls before commencing the weigh-time determination, a sig- 
nificant factor in working with high-viscosity liquids; and changes 
in air pressure within either the cylinder or manometer column 
during the timing interval. The line between the cylinder and 
manometer well must never contain air or vapor. Also, the 
difference in elevation between its connections to the cylinder and 
manometer should be small so changes in the density of liquid 
within this line will have no influence on the height of the mercury. 
This is especially important when test-liquid temperatures differ 
from either that of the room or the mercury. 
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Fig. 5 Dynamic weighing calibrator 2 


Dynamic considerations applicable to method 2 are first to 
ascertain that the pressure-measuring device has completed its 
acceleration and attained a constant velocity before the weigh- 
time interval iscommenced. Also, oscillations resulting from the 
natural frequency of the pressure indicator must not exist. The 
other dynamic consideration is that of air compression in the 
collection vessel, especially at higher flow rates, resulting from 
restrictions such as flame arresters placed in the vent. It is 
readily seen that appreciable errors indicating higher than actual 
flows can result when such restrictions exist. 

Dynamic calibration method 3, Fig. 6, employs bench dial 
scales for the measurement and indication of the weight of liquid. 
Nine light-beam intercepting paddles were added to the indi- 
cating dial, each corresponding to a predetermined weight. In 
operation, when sufficient liquid has entered the weigh tank to 
overcome the selected tare, the indicating mechanism of the 
scale commences to move around the dial. The first interrup- 
tion of the light beam, occurring when the tare weight is balanced, 
starts the timer. An adjustable time-delay relay is provided 
whereby the phototrip circuit will not stop the weigh cycle until 
a selected time interval has been exceeded. Thereafter, when the 
next paddle intercepts the light beam the timer is stopped, the 
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Fig.6 Dynamic weighing calibrator 3 


weight corresponding to that paddle is recorded, and the time 
is observed and recorded. 

Dynamic considerations of method 3 are impact force and 
decrease in height of the falling liquid column as explained for 
Another consideration is the acceleration of the scale 
and its indicating mechanism to a constant velocity prior to the 
starting of the timer and maintenance of this velocity until the 
end of the weigh-time interval. Also, bench dial scales usually 
have constant sensitivity which, even when adequate at full 
scale, leads to larger percentage errors at the smaller weights. 
Thus good precision cannot be expected when the lower portion 
of the dial or range of the scale is used. 

No attempt has been made to reveal all possible sources of 
dynamic errors in this discussion. These, of course, vary con- 
siderably with the different methods utilized. However, an 
attempt has been made to demonstrate that a static check and 
calibration of the instrumentation are not sufficient to prove the 
absolute accuracy of a dynamic-weighing method of calibration, 
as the response of the instrumentation used under transient 


conditions is a very important consideration. ie 


Evaluation of Calibration Procedure and Equipment 


The evaluation of calibration procedures and equipment in- 
cludes a consideration of the ease and convenience of operation. 
Features which may be considered here are: The sensitivity and 
stability of the flow control; the temperature control; the time 
required to perform a weigh-time determination; and the time 
interval required to empty the weigh system between successive 
runs. All of these are of interest to the engineer in deciding 
whether a particular unit meets the general requirements of its 
intended purpose. These are not always the same for different 
applications, as more emphasis upon calibration time is necessary 
in a stand designed for production tests as compared to one used 
occasionally for high-accuracy tests of reference meters. 

However, after these general performance characteristics are 
deemed satisfactory for the intended application, there still 
remains the all-important questions as to the precision of the 
measurement procedure and the absolute accuracy. The term 
precision as used in this paper refers to the variations or dif- 
ferences between repeat measurements. In the construction and 
operation of any calibrating unit, considerable attention will be 
directed towards refining the measurement procedure to reduce 
the variation so that it becomes insignificant. Unfortunately, 
this state is not always achieved and it may be necessary to 
evaluate the magnitude of the variations obtained. 

The methods of statistics (14) define many units of variation 
by which the precision of a measurement procedure may be 
expressed. Among these are the “standard deviation,’’ the 
“standard deviation of the average,’’ the ‘“‘confidence interval,’’ 
and the “difference between duplicates.’’ These are extremely 
useful to the engineer concerned with measurements and should 
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be used more extensively in flowmeter-calibration work. The 
ISO/TC-30 Committee of Fluid Measurements has recommended 
the use of twice the standard deviation as the tolerance limit in 
fluid-metering. An application of this tolerance is discussed by 
Jorissen (15). 

It is beyond the scope of this paper to explain and demonstrate 
the application of statistics to precision of flow measured. 
ever, the precision of the calibration procedure must be evaluated 
and the standard deviation provides a useful comparative unit 
for this purpose. A few representative statistical values will be 
presented to demonstrate the precision of flowmeter-calibration 
procedures attained in our laboratory. When data for ten 
successive runs are compared, using nominal timing intervals of 
60 sec, the following representative values of precision result: 
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Standard deviation = 0.08 per cent 

Standard deviation of the average = 0.03 per cent 

Ninety-five per cent confidence interval = 0.06 per cent 

Difference between duplicates does not exceed 0.12 per cent 
80 per cent of the time 


These data were obtained during calibration of sensitive float- 
type flowmeters. Naturally, they are dependent upon the sen- 
sitivity of the meter under calibration and meters with low-scale 
sensitivity will reduce this precision considerably. 

Large differences between duplicate runs will be encountered 
occasionally. These are caused by insufficient time in bringing 
the meter and the liquid to operating temperature and incomplete 
purging of the system of gases. This happens frequently when 
small meters are calibrated on large-capacity stands. Other 
causes of large differences are insufficient tare time, with dynamic 
calibrators, and continuous readjustment of flow when such is 
necessary to provide a steady flow indication. In fact, expe- 
rience generally demonstrates that minimum variability results 
when the flow-control valve can be left at a constant setting dur- 
ing the calibration time-interval. 

After the calibration procedure and equipment have been 
adjusted to give satisfactory precision of measurement, a check 
of the absolute accuracy is desirable to detect the presence of 
constant errors. The best method for such a check is to use two 
or more different experimental procedures to measure the same 
quantity. Errors are then noted when averages disagree by an 
amount larger than is to be expected from the precision of the 
measurements. Perhaps our experience will be of help to others 
concerned with this problem. 

In 1954 the National Bureau of Standards was requested to 
evaluate three dynamic weighing calibrators, one each of the 
designs of Figs. 2, 5, and 6, to determine whether their absolute 
accuracies were within the tolerance of +0.25 per cent. Two of 
these stands, A and B, were in our laboratory. It was decided 
that the best method of detecting constant errors in these would 
be through the use of a different experimental procedure to 
measure the same flow rate. A static weighing stand, NBS, 
similar to that of Fig. 1, was constructed for this purpose. The 
third calibrator, C, is installed at another facility and some other 
technique was required as moving the NBS stand was not con- 
venient. Thus it was decided to use direct-reading flowmeters as 
secondary references. 

The following procedure was used for the determination of the 
accuracy of calibrators A and B at our laboratory. The cali- 
brating stand under evaluation provided storage of liquid, pumps, 
filter, and flow and temperature control. In operation, the un- 
known flow rate was maintained constant as indicated by a sensi- 
tive float-type flowmeter operating at a constant temperature 
with a liquid of constant physical properties. This constant 
flow rate was evaluated alternately by the calibration stand under 
test and by the NBS static weighing method, the flow being 
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directed as desired by ‘‘on-off’’ valves placed downstream from 
the meter as shown in Fig. 7. The averages of four or five flow 
determinations made by each apparatus were then compared to 
obtain the difference between the calibrator under test and the 
NBS apparatus for the particular flow rate. This method has 
two important advantages: (a) The same quantity was being 
measured by two different procedures; and (b) upstream con- 
nections to the meter and downstream connections for a reasona- 
ble distance are never disturbed in directing the flow as desired 
to one of the two calibrating methods. Thus the conditions of 
calibration at the meter are identical. 

For the evaluation of calibrator C, two secondary reference 
meters were selected. The first, range 7000 to 27,000 lb per hr, is 
of the float-type design having a logarithmic taper, a constant 
scale sensitivity of about 4 mm per per cent of indicated flow, 
and a stainless-steel float. All liquid passes through the metering 
tube. The larger meter is an experimental prototype design, 
range 35,000 to 100,000 lb per hr, and consists of the foregoing 
meter in parallel with a fixed orifice. As will be demonstrated 
later, this was not suitable as a secondary reference and a third 
meter was used. The third meter has a range 30,000 to 100,000 
lb per hr, is a float-type having a 500-mm scale, and all of the 
flow passes through the glass metering tube. This served as an 
adequate secondary reference in the determination of the accuracy 
of calibrator C with a single exception. 

Prior to the initial calibration of the three reference meters, 
the inlet and outlet connections were standardized. This in- 
cluded a 2-in. orifice upstream discharging into about 6 ft of 
4-in. tubing connected to the meter inlet. The orifice was used 
in an attempt to obtain identical entrance flow conditions on the 
different calibrators. The meters were calibrated first at a few 
selected test points with the NBS apparatus and were then taken 
to calibrator C where the tests were repeated again by the same 
operator. Test fluids having a Reid vapor pressure of 0.1 psi 
and a kinematic viscosity of 1.10 centistokes were used at each 
location. Corrections were computed and applied for the differ- 
ent specific gravities of 0.783 and 0.779. 

The final results of the tests are given in Fig. 8 which shows 
the per cent deviation of the individual calibrators from the 
average results for all four. Different symbols are used to de- 
signate the calibrators and each plotted point is the average of 
four to six separate determinations of rates of flow. Since some 
of these data may be considered proprietary information, we are 
not attempting to present the specific performance of any par- 
ticular method other than the NBS static weighing apparatus 
represented by the open circles, Rather, the primary purpose 
is to show the extent of agreement obtained between four differ- 
ent methods of determination of flow rate. Where two identical 
symbols are plotted for the same flow rate, they represent the 
use of two different weights with corresponding timing intervals 
of about 30 and 60 sec. The average from which the deviations 
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were computed was obtained from the data within the +0.15 per 
cent band with each calibrator assigned an equal weight. 

As can be seen, the great majority of points are within +0.15 
per cent and the exceptions will now be discussed. Three devia- 
tions of about 1 per cent were obtained in the range 40,000 to 
70,000 lb per hr with calibrator C. It must be understood that 
these are not, an indication of the accuracy of this calibrator. 
Rather, they have been included to demonstrate difficulties en- 
countered with the secondary reference meter of the orifice-by- 
pass type. These deviations represent a change in the per- 
formance of this meter as a result of different upstream flow dis- 
turbances between the two calibrators, NBS and C. It has been 
concluded that a significant swirl or rotational flow difference 
existed between the two stands which was sufficient to affect the 
performance of the orifice-bypass meter by about 1 per cent. 
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Still referring to Fig. 8, good results were obtained on cali- 
brator C in the range 50,000 to 100,000 lb per hr with the third 
A low reading of —0.35 per cent was obtained 
at 40,000 lb per hr, the lowest float position where sensitivity of 


reference meter. 


this meter to upstream disturbances is a maximum. Thus it is 
demonstrated that two different calibrators can both be accurate 
and yet give different calibration results because of the influence 
of different upstream flow disturbances on the meter under test. 

The other three low points of Fig. 8 were obtained using small 
test weights on a weighing mechanism of insufficient sensitivity. 
It is also possible that some unevaluated dynamie effects were 
present here. 

Excluding the extreme points of Fig. 8, the resulting agreement 
between the four different methods of flow-rate determination 
may be considered quite good as it is within +0.15 per cent. 
The program also enabled the detection of inertia errors of about 
0.5 per cent and influences of disturbances upstream from the 
meter of about 1.0 per cent in one case and 0.4 per cent in an- 
other. Thus, through the procedures described herein, it has 
been possible to detect and correct errors in calibration equip- 
ment and procedures having magnitudes of less than 1 per cent. 


Conclusions 


Precise calibration of flow-rate meters requires a knowledge and 
control of each parameter which may influence the performance 
of the meter under test. Among these are the physical proper- 
ties and temperature of the test liquid, at times the absolute 
pressure level, and the influence of upstream flow disturbances. 
The latter is perhaps the most difficult. to specify and control 
when working to accuracies better than 1 per cent and is one of 
the primary reasons for apparent discrepancies in results between 
different calibrators. 
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Extreme accuracy is now possible and certified standards are 
available for the measurement of mass, time, temperature, and 
density which a calibrator is required to control or indicate. 
However, in designing a specific calibrator, an intelligent selec- 
tion of the instrumentation for range and sensitivity is necessary 
if adequate precision and accuracy are to result. Also, provi- 
sions must be included to insure that all of the liquid and only 
that liquid which passes through the meter will be collected in 
the calibrator. 

Examples of both static and dynamic weighing calibrators have 
been presented. For the particular calibrators and flow ranges 
investigated, there is not a significant difference in the absolute 
accuracies. However, dynamic weighing methods are subject to 
errors which are not exposed by a static calibration of the instru- 
mentation. Thus it seems desirable that dynamic weighing 
calibrators of new designs should be evaluated for accuracy by 
comparisons with other calibration methods, 
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Discussion 

R. L. Galley.‘ A most interesting and thorough exposition of 
the pitfalls awaiting the novice in calibrating flowrate-measuring 
devices, this paper is one of the most practical treatments of a 
long-neglected subject that has come to the writer’s attention. 
The authors are to be commended on their work and on this 
paper. It deserves wide circulation. 

As one engineer who has devoted over a quarter of a century to 
the measurement of flow, the writer has seen the pitiful results of 
many amateur calibrators who did not know of all the precautions 
that should be observed, as the authors point out. The following 
comments are offered: 


1 
not with the so-called “mass” or gravimetric flowmeters. 
course, the same techniques would apply with either. 

2 The problem of vapor pressure in testing hydrocarbon fuels 
is well explained, but the user is well advised that in calibrating 
certain turbine-type flow sensors in the same fuels, even a satis- 
factory line pressure does not always preclude the possibility of 
local cavitation in the region of the turbine blades. This can 
throw results way off, and one would never suspect the reason by 
the vapor-pressure criterion alone. 

3 The authors do not mention Reynolds numbers, and the 
reader is left to assume that flow conditions at the test meter are 
sufficiently turbulent. 

4 Gravity flow through the test rig is much safer than pumped 
flow, as this provides a better test condition. 


One assumes that the work deals only with volumetric and 


Of 


S. R. Grotta. A flow-correlation program similar to that de- 
scribed in the paper was carried out by the writer’s company. A 
different approach was made, however, in the type of meter used 
as a reference. 

It was felt that a reference meter should feature portability and 
ease of installation. Since the turbine meter fills this requirement 
Woodland Hills, 


4Consulting Engineer, Flowmeter Specialist, 


Calif. 
5 Experimental Engineer, Pratt & Whitney Aircraft, East Hartford, 
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in the higher flow ranges (above 250 lb per hr) better than the 
variable-orifice meter, an investigation was conducted to evaluate 
its suitability for this application. The program involved tests 
of flowmeter repeatability under various conditions which 
probably would affect all types of volumetric flowmeters. 

Most of the tests were conducted with matched pairs (same 
make and size) of turbine meters installed in a recirculating flow 
system. The output signal of each flowmeter was fed into a 
separate electronic pulse counter. Since the output pulse is a 
measure of volumetric flow, permitting the counter to totalize 
these pulses for a sufficient period of time a direct indication of 
the total volume of fluid passed through the meter was produced. 
When the two turbine meters were placed in series and the count- 
ing sequence started and stopped simultaneously, the total counts 
from the two were nearly equal, with a slight difference being due 
to manufacturing tolerances. The ratio of the total counts (meter 
A divided by meter B) was found to remain constant over a wide 
range of flow. The standard deviation for 15 observations was 
0.02 per cent. The maximum deviation from the mean was 0.03 
per cent. By interchanging the meter positions in the pipeline 
and repeating tests we found that the effect of the initial plumbing 
configuration was less than 0.05 per cent. 

The effect of flow-system-plumbing configuration on meter 
performance was investigated using this test procedure. Valves 
and elbows were placed in the pipe at the locations shown in 
Fig. 9. An elbow immediately upstream of a l-in. meter pro- 
duced an error as great as 0.9 per cent. The addition of a straight 
pipe 6 diameters in length ahead of the meter reduced this 
error to less than 0.2 per cent. The different makes of turbine 
meters tested were all affected by the flow pattern set up by the 
elbow. The degree of effect, however, varied from make to make. 

After the selection of turbine meters suitable for reference use 
was made, a correlation program was carried on between the NBS 
calibrator and the Pratt & Whitney flow-calibrating standpipes. 
These standpipes, as company standards, are used to perform 
several hundred calibrations per year. Fig. 10 shows a portion of 
the correlation data. These data are plotted as pulses per gallon 
versus frequency (eps). As can be seen, the results of the correla- 
tion were very encouraging. A distinct advantage of the turbine 
flowmeter for correlation studies is that the accuracy of the data 
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beam. Neglecting tare weight, and noting that W/k is the dura- 
tion of the run 7’, and denoting per cent error by e, Equation [6] 


becomes 
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Fig. 10 Nationa] Bureau of Standards flowmeter correlation with 
Pratt & Whitney Aircraft 


is not affected by small flowrate variations during the run. The 
flowrate is, in effect, averaged by the totalizing counter and 
timer the same as it is averaged by the weigh tank or standpipe 
used for calibration. 

Turbine meters are not immune to all problems, however. 
Great care must be taken to keep the turbine rotor free of lint or 
other foreign material and protected from being nicked or 
scratched by hard objects. The observations made by the 
authors, emphasizing the importance of specific gravity and tem- 
perature measurements for the float-type meters, are even more 
important for turbine-meter applications. We also have found, 
as has been stated with regard to float-type meters, that air or 
vapor in the system causes serious error. Cavitation at the 
turbine-meter outlet also has been a source of trouble. This 
difficulty was eliminated by the application of back pressure. 

It is apparent that many pitfalls have to be avoided both in 
calibrating turbine flowmeters and employing them for correla- 
tion studies. We feel that a document setting forth recommended 
procedures in the installation and use of turbine flowmeters 
would be very useful to those industries requiring a high degree of 
accuracy in flow measuremenis. 

Finally, consideration should be given to means for conducting 
calibrations and correlations at elevated temperatures, up to 
500 F and at pressures to 1000 psi. 


V. P. Head.* Every fluid-mechanics laboratory should profit 
from the authors’ treatment 0: imertia error. Beam travel from 
rest to timer operation is often or '/2in. Note in Equation [6] 
that L@ is the displacement, y, of the counterweight end of the 
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Using g = 386 in./sec*, an average 60 sec time run requires y to 
be less than 0.00023 in. for 0.1 per cent, or 0.028 in. for 0.5 per 
cent, or '/; in. for 1.3 per cent inertial error. Diverse beam scale 
dynamic rigs prevalent in university and aircraft test labora- 
tories in past years are at best 1 per cent devices, and increasing 
use of the diverter, authors’ Fig. 1, is to be encouraged, es- 
pecially with water at low temperature where evaporation rates 
are negligible. 

After a year of dynamic weighing experience at General Elec- 
tric’s A G T Division, we were using two scales and timers with 
pump and flowmeter between, and with 50 to 200 lb actual weights 
moved from receiver scale to supply scale after timers were 
started. Flexible hoses were hopeless. Small vertical pipes of 
outside diameter d extended almost to the bottom of both cylin- 
drical liquid tanks of inside diameter D. Buoyancy of the volume 
of pipe plus its contained liquid was corrected by 


{8) 


This system served only to detect gross errors in damaged meters 
and provide meter corrections, accurate within about 0.5 per cent, 
for the effects of large viscosity variations. Otherwisé, meters 
were probably more accurate without the supposed corrections. 

The writer then undertook the development of a new primary 
standard for liquid-mass measurement, and a number of other 
aircraft laboratories contributed to its perfection. Known as 
the standpipe liquid weigher, and illustrated in the authors’ Fig. 
5, this new primary standard is not proprietary, and educational 
as well as industrial laboratories are encouraged to construct 
their own. While dynamic weighing is almost always used, static 
weighing by means of a single micrometer-actuated contact also 
could be employed, with a synchronized diverter-timer switch as 
in the authors’ Fig. 1. When regarded as primary, with the mass 
per inch of mercury W/H calculated from Equation [9] (which 
follows), performance has consistently been +0.15 per cent. 
Attempts to determine W/H by weighing withdrawn fluid on con- 
ventional scales has led to errors as large as 0.6 per cent and 
proved that conventional scales are secondary devices in need of 
constant restandardization. 

Let png = mercury density at 70 F, o, and p, = average liquid 
and atmospheric densities, grams per cc. Let A; = stand- 
pipe area, Aw = manometer well area, and A, = manometer 
tube area, all in square inches at 70 F. The constant including 
atmospheric-buoyancy correction is 


W actual = W indicated (: 


A 
W/H = 0.0361276 
p 


Small thermal corrections, Fig. 11, are used when necessary. 
Variations of p; and p, from assumed average values have trivial 
effects. In the writer's opinion, this primary liquid-weight 
standard is as reliable as any in the world, though, of course, the 
many factors affecting flowmeters as well as those producing dif- 
ference between flow at the meter and flow into the standard, so 
capably emphasized by the authors, always must be kept in 
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mind. 
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Fig. 11 Thermal-expansion corrections for standpipe liquid weigher 

T. M. Morrow.’ The authors are to be commended on the 
clear, concise presentation of the problems encountered in the 
calibration of flowmeters with dynamic weighing calibrators. 
They also are to be complimented on the conservative evaluation 
of the effect of these problems on the state-of-the-art of liquid- 
flow measurement. 

Obviously, it is impossible to discuss in detail each source of 
measurement error noted in the paper. This discussion, there- 
fore, will be limited to the presentation of an over-all picture of 
the effect which the results of this study can produce in the art of 
liquid-flow measurement. 

The techniques used in the comparisons are obviously the re- 
sult of careful study and planning to achieve more accurate flow- 
meter calibrations. Each problem is discussed with clarity noting 


the effects produced not only in the flow range tested, but also in 
the higher ranges of flow. 

The careful planning and execution of the tests should be noted. 
Only through closely controlled and monitored test conditions 
could such significant results be obtained. Such tests are neces- 


sary to detect errors which many manufacturers of flowmeter- 
calibrating equipment consider insignificant. 

To evaluate fully the extent of these errors it is necessary to 
have very accurate information concerning all the factors influenc- 
ing the test. Only when each of these tests can be repeated a suf- 
ficient number of times to determine the existence and extent of 
the error, can a true evaluation be made of total error effect. By 
repeated tests and quantitative analysis the authors have deter- 
mined that these errors are significant and their effects should be 
considered in precise flowmeter calibrations. 

The Naval Bureau of Ordnance calibration program is con- 
fronted with accuracy requirements increasing from the nominal 1 
or '/, per cent at industrial level to a primary standard level of 
better than 0.1 per cent. This accuracy is not only required at 
the flowrates at which the National Bureau of Standards tests 
were conducted, but over the range of flows from 15 lb per hr to 
more than 2,500,000 lb per hr. This paper, therefore, represents 
a step toward the achievement of the required accuracy over this 
range. The limiting factor, until now, has been an inability to 
determine the rate of increase of these potential errors at higher 
flowrates in dynamic weighing calibration systems. 

The tests and results presented in this paper are being studied 
carefully by the Naval Bureau of Ordnance to find a means of 
applying the equipment and techniques found therein to the area 
of high-flow, high-accuracy, liquid-flow measurement. Before 
further progress can be made in adapting present, or developing 
new, flow-measuring devices to newly developed fuels, hydraulic 
fluids, and liquid oxidizing agents, the characteristics peculiar to 
these liquids must be determined and evaluated. 

These evaluations and the errors discussed in this paper should 
be considered for their effect on higher accuracy requirements. 


7 Measurement Standards Division, U. 8. Naval Inspector of Ord- 
nance, Pomona, Calif. 


TRANSACTIONS OF THE ASME 


It is suggested, indeed urged, that the authors continue their 
program of research and evaluation of the errors of liquid-flow- 
meter calibrators and that it be expanded to meet existing and 
future requirements of increased accuracy and higher flow ranges. 


E. A. Spencer.* It is interesting to compare the equipment de- 
veloped by the authors with that used to test flowmeters at the 
Government’s Mechanical Engineering Research Laboratory at 
East Kilbride, Glasgow. 

This laboratory, which is one of the research stations of the 
Department of Scientific and Industrial Research, has a number 
of circuits, using water as the working fluid to cover a wide range 
of sizes and flowrates, the maximum capacity being 6,000,000 
lb/per hr (30 cu ft per sec). A smaller version of the main rig is 
comparable with the NBS static calibrator and was designed for 
flowrates up to 180,000 Ib per hr through 6-in. piping. Early 
experiments indicated that very high accuracies could be obtained 
more easily with a static weighing technique than with volu- 
metric tanks’ and in fact direct weighing has been adopted in all 
the flow-calibration systems of the laboratories. In the main rig 
a weighbridge capable of weighing 30 tons of water was installed 
while for the smaller version a 2000-lb platform machine having a 
sensitivity of '/, oz has been found adequate, the minimum period 
for diversion into the measuring tanks being 30 sec. Like the 
NBS system the movement of the diverter past its mid-travel 
position actuates an electronic counter and the diversion time 
can be measured in milliseconds. 

One of the major differences between the authors’ system and 
MERL is in the siting of the flow-control valve. In the latter a 
spear valve similar to that used for a Pelton wheel is situated at 
the end of the calibration line and the round jet issuing from this 
is changed to a thin rectangular stream by a fishtail nozzle at- 
tached to the valve. High-speed cine films have shown that 
the diverter moves across this stream in about 40 millisec. Ex- 
perience with this method of flow control which ensures a safe 
positive pressure at the meter position has been very satisfactory 
and is considered preferable to the upstream position selected by 
the authors. In view of their remarks on the dangers of upstream 
throttling the reason for not siting the valve between the meter 
and the tee-junction to the calibrators is not apparent. 

Although as the authors point out a calibration is only absolutely 
true for the actual conditions at the time of the test, the v lue 
of such a test on a flowmeter is that it should provide data which 
can be applied to the subsequent use of the meter in its final in- 
stallation. The introduction of flow straighteners at or near the 
upstream entry to the meter may produce artificial conditions 
which will differ substantially from those experienced in practice 
and give rise to significant errors. Are the authors recommending 
that in effect a flow straightener should become part of the meter? 
Even with this arrangement it is desirable that the laboratory in- 
stallation should be free from rotational disturbances such as 
those indicated by the extreme test points in the comparison of 
the four calibrators. Were the authors able to measure the 
amount of the swirl upstream from the reference meters? 

The authors are to be congratulated on the very high standards 
of precision achieved with the equipment in calibrating flowme- 
ters. These figures which are dependent on the sensitivity of the 
meter could usefully be supplemented by results on the steadiness 
of the rate of flow by comparing the successive measurements of 
the actual flowrate determined by the NBS calibrator. At 
MERL it has been found that the standard deviation of such re- 
peated determinations with the control valve at a set position is 

8 Principal Scientific Officer, Fluid Mechanics Division, Mechanical 
Engineering Research Laboratory, Glasgow, Scotland. 

®“The Accurate Calibration of Flowmeters With Water,” by E. A. 
Spencer and A. T. J. Haward, Trans. Society of Instrument Tech- 
nology, vol. 9, 1957, p. 1. 
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0.1 per cent. It should, however, be noted that the supply to 
the calibration lines is from a constant-head tank and not direct 
through a pump. 


Authors’ Closure 


The authors wish to express their appreciation for the encourag- 
ing comments of the discussers. Regarding the comments by 
Mr. Galley, it is correct to state that the techniques are equally 
applicable to either volumetric or gravimetric flowmeters. His 
observations on cavitation in turbine sensors are important as 
the high velocity at the turbine blades, with its corresponding 
reduction in static pressure, frequently is a cause of vapor forma- 
tion especially with hydrocarbon liquids. The authors are also 
in agreement that the flow must be uniformly turbulent at the 
test meter, and that gravity flow provides a better test condition 
for precision work. 

Mr. Grotta brings out an important characteristic to be con- 
sidered in the selection of reference meters; namely, much greater 
precision can be obtained with reference meters of the totalizing 
type having a calibration constant essentially independent of 
flow rate. The newer electronic methods of digital readout can 
be employed with these and the absence of an exact flow setting 
will not influence the results significantly. This eliminates the 
human error associated with the observation and setting of flow 
rate and greatly increases the precision of the calibration pro- 
cedure. 

The treatment of inertia error by Mr. Head is correct for the 
assumption of zero tare weight and a massless scale and weigh 
tank. As they are never attained actually, his dynamic errors 
are the maximum to be expected. However, even if these are 
given due consideration, the possibility of a significant inertia 
influence should be considered when dynamic weighing is used. 

Mr. Morrow has effectively presented the fact that the old 
industrial tolerances of one per cent are no longer adequate, at 
least in the field of national defense, and has discussed a require- 
ment for standards approaching the accuracy level of 0.1 per cent. 
Although the various individual components and instruments re- 
quired for this precision are available, Spencer® has demonstrated 
the considerable work involved in attempts to attain such ac- 
curacy. The problem becomes even more complicated when one 
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realizes that new hazardous liquids at both high and low tem- 
peratures and throughout wide pressure ranges are involved. 

With reference to Dr. Spencer’s very constructive comments 
it should be mentioned that a fundamental difference in objectives 
exists. Dr. Spencer is attempting to establish a flow rate labora- 
tory having the highest possible accuracy, whereas the apparatus 
described in this paper was constructed for the single purpose of 
evaluating the performance and accuracy of three dynamic type 
calibrators of commercial manufacture. These had been de- 
signed for installation in industrial facilities for the calibration of 
flowmeters used in the aircraft industry. Thus in this particular 
work it was necessary to use the pumps, heat exchangers, and 
flow control valves supplied with the calibrators as part of the 
evaluation procedure. This is the reason the flow control valve 
was located upstream from the meter. The authors are in com- 
plete agreement that throttling should be accomplished down- 
stream from the meter whenever possible. 

Regarding the subject of flow straighteners, every type of flow 
rate indicating meter is influenced by the upstream flow condi- 
tions. The authors still recommend that flow straighteners 
should be considered part of the meter in applications requiring 
accuracies of a fraction of one per cent. This is especially true 
in the aircraft field where meter installation conditions deviate 
considerably from the ideal. Sprenkle and Courtright” have 
recently discussed a few types of straighteners and have demon- 
strated their effect upon the precision of flow measurement with 
orifice-type metering elements. 

No attempt was made to measure the swirl upstream from the 
reference meters, it being deemed sufficient for our purposes 
merely to demonstrate that its presence contributed a significant 
influence. The authors are in agreement that laboratory cali- 
brators should be free from rotational disturbances and pulsa- 
tions. Naturally, such is best accomplished by utilizing a gravity 
supply. However, this is not always feasible in industrial in- 
stallations especially those using hazardous liquid-hydrocarbons 
as the working fluid. 


“Straightening Vanes for Flow Measurement,” by R. E. 
Sprenkle and N.S. Courtright, Mechanical Engineering, vol. 80, Feb- 


ruary, 1958, p. 71. 
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Thermal Transfer in Turbulent Gas 
Streams—Effect of Turbulence on 


Macroscopic Transport From Spheres 


By KAZUHIKO SATO! anv B. H. SAGE,! PASADENA, CALIF. 


The rate of thermal transport from spheres in a flowing 
stream is of interest in many industrial operations. 
Limited data are available concerning the effect of turbu- 
lence level on this transfer process. Measurements of the 
thermal transport from spheres to an air stream at four 
levels of turbulence were made at four velocities varying 
between 4 and 32 fps. Results are presented in terms of the 
Nusselt number. The experimental work is a portion of 
a detailed study of the local thermal and material trans- 
port from spheres in turbulent air streams. The data 
indicate a significant increase in the thermal transport 
with an increase in the level of turbulence at a constant 
Reynolds number. For example, the Nusselt number was 
increased from 53 to 62 upon an increase in the level of 
turbulence from 0.05 to 0.12 at a Reynolds number of 7200. 


NOMENCLATURE 


3 The following nomenclature is used in the paper: 


area, sq ft 

differential operator 

diameter of sphere, in. or ft 

electromotive force, volts 

total energy flux, Btu/sec 

thermal transfer coefficient, Btu/(sq ft)(sec)(deg F) 

current, amp 

thermal conductivity, Btu/(sq ft)(sec) (deg F/ft) 

Nusselt number, hd/k 

local convective thermal transport from sphere, Btu/(sq 
ft)(sec) 

total convective thermal transport from sphere, Btu/sec 

Reynolds number, dU /v — 

temperature, deg F 

local velocity, fps 

gross velocity, fps 

level of turbulence 

time, sec 

= time required for proper averaging of electrical input, sec 

kinematic viscosity, sq ft/sec 

nondimensional temperature ratio, (t; — ¢..)/(t;* — 

polar angle from stagnation point, deg 


& 


aoa 


o 


-_ = > 


Subscripts 


c = convective 

e = electric energy 

1 California Institute of Technology. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of The 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, February 
11, 1957. Paper No. 57—A-20. 


i = solid-gas interface 

0 = zero level of turbulence 
t = tube 
oo free stream 


Superscript 


* = average value 


Information concerning macroscopic convective thermal trans- 
port from spheres in fully developed turbulent flow is plentiful 
This large background of experimental information has been 
correlated by McAdams (1)? and is not considered here. In the 
correlations presented (1) for the convective thermal transport 
between spheres and air, no regard was taken of the level of tur- 
bulence and such information was not available for many of the 
measurements reported. However, reasonable agreement was ob- 
tained for a wide variety of sphere sizes, apparently because the 
flow conditions represented for the most part fully developed 
turbulent shear flow. Baer and co-workers (2) recently made 
studies of the thermal transport from a sphere in fully developed 
shear flow. 

In contradistinction to the large amount of experimental in- 
formation (1) concerning the macroscopic convective thermal 
transport from spheres, data relating to local transport are 
limited. The studies of Cary (3), Lautman and Droege (4), and 
Xenakis and co-workers (5) are the only recent studies that have 
come to the authors’ attention. None of these includes any sys- 
tematic investigation of the effect of the level of turbulence on 
thermal transport. 

In the present experimental study, the steady convective 
thermal transport from a silver sphere 0.5-in. diam was deter- 
mined for four levels of turbulence at four velocities between 4 
and 32 fps. The surface temperature of the sphere was measured 
as a function of polar angle, taken from the stagnation point, for a 
number of the conditions of flow. The total energy transport from 
the sphere was also determined. 


MeETHODS 


In principle, the methods employed in this investigation in- 
volved the use of a silver sphere 0.5-in. diam, which was pro- 
vided with an internal heater and supported by two horizontal, 
stainless-steel tubes. The total rate of energy addition was deter- 
mined by conventional calorimetric techniques involving the 
measurement of the current flowing in and the voltage change 
across the internal heater, as indicated in the following equation 


Guard heaters were provided along the supporting tubes in order 
to render negligible thermal losses from the sphere other than to 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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the air stream. In evaluating the area of the sphere exposed for 
thermal transfer, a correction was made for the area occupied by 
the supporting tubes, as indicated in the following 


1.0187 
- £ 
6,* 0 


The electrical power supplied to the sphere, after correction for 
the area of the supporting tubes which was not exposed to ther- 
mal transport, was taken as the convective transport rate from a 
free sphere of the same diameter. The radiant transport from 
the silver sphere to the surroundings was considered. However, 
on account of the extremely low emissivity of silver the radiant- 
energy transport was found to be less than 0.2 per cent of the 
total transport and was neglected. 

It should be emphasized that in this experimental investigation 
some effect from the supporting tubes upon the wake was present, 
and this may have influenced the gross thermal transport to a 
limited extent. For this reason, it is believed that the relative 
values of thermal transport as a function of the level of turbu- 
lence are more accurate than the absolute measures of the thermal 
transfer. The use of the guard heaters on the supporting wires 
decreased markedly the variation in temperature with azimuth 
from that experienced with this sphere in earlier studies (2) on 
turbulence in shear flow. 

The Nusselt number for conventional convective thermal 
transfer is given by 


wed 
0.d 
A,(t,* te ky 
A combination of Equation [3] with Equation [2] yields the 


following equation relating the Nusselt number to the experi- 
mentally measured quantities 


1.01874 


Nu. = 
A,6,*(t;* te 0 


The time chosen for the integration 6,* was such as to eliminate 
ion’ 


TO 


the effect of local fluctuations in the current and electromotive 
force upon the recorded values. Maximum variation between 
the values of the integral shown in Equation [5] and the in- 
stantaneous values of the product of current and electromotive 
force was 0.1 per cent. 

The average temperature of the sphere, which is required for 
the solution of Equation [5], was obtained by evaluation of the 
following surface integral 


ta A 
wd? 


The local temperatures of the sphere, required for the solution of 
Equation [6], were obtained from thermocouples imbedded in the 
surface of the silver sphere. Rotation of the sphere about the 
supporting wires permitted the local temperature to be deter- 
mined as a function of polar angle, measured from the stagnation 
point. It is believed that sufficient information was obtained to 
establish the local temperature of the sphere within 0.15 deg F, 
and the average temperature within 0.2 deg F. In the evaluation 
of the Nusselt number, the molecular properties of the air under 
both free-stream and surface conditions were employed. The 
macroscopic thermal-transfer coefficient is defined as 
Q. 


— te) 


EqQuIPpMENT 


The apparatus consisted of an air supply, the temperature of 
which was controlled within 0.05 deg F of a chosen value. The air 
was delivered through a duct 12 in. by 12 in. in cross section, termi- 
nating in a section which was 3 in. by 12in. Velocities up to 32 
fps were obtained with this equipment. The heated silver sphere 
was placed at the outlet of the converging section for studies*at 
relatively low levels of turbulence, and a perforated plate was 
employed to develop a wake involving higher levels of turbulence. 
The level of turbulence was adjusted by locating the silver sphere 
at different positions downstream from the perforated plate. 

Since the details of the air-supply system are already available 
in a study of the evaporation of drops (6, 7), it does not appear 
necessary to discuss this part of the equipment further. The in- 
strumentation and methods of measurement were also the same 
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as those utilized in the study of drops (6). The air stream was 
nearly potential in character with less than 2 per cent variation in 
velocity within one in. of the major axis of the jet. At the lower 
velocities, the local fluctuations of temperature amounted to as 
much as 0.09 deg F. However, at the higher velocities, these 
fluctuations were negligible. The average velocities were known 
within 0.6 per cent of the value recorded. 
_ The equipment described (7) yielded an air stream with 0.013 
fractional transverse turbulence. The fractional turbulence in the 
stream when no grid was present was established from measure- 
_ ments of the divergence in the temperature wake of a heated wire 
_ by utilizing the data of Schubauer (8). 
_ In varying the level of turbulence, recourse was had to the 
-measurements of Davis (9, 10), who established the character of 
the turbulent fluctuation in the wake of several grids prepared 
_ from perforated plates. For the present study, a grid identical 
_ to one of those used by Davis (9, 10) was prepared. The details 
_ of this grid are shown in Fig. 1. A series of rectangular exten- 


sions, of the same dimensions as the throat of the contraction sec- 
tion, were provided as indicated in the exploded view shown in the 
left-hand part of Fig. 1. 


These extensions permitted the stagna- 
tion point on the sphere to be located at 4, 7, and 13 in. from the 
surface of the grid. 

By utilizing a hot-wire anemometer, the average speed in the 
wake was determined as a function of lateral position. Large- 
scale variations with position near the center of the channel were 
experienced at distances up to three in. from the grid (10). The 
‘jet effect’’ from each of the holes in the plate was evident at these 
distances. The sphere was located on the axis of the jet and 
at distances from the grid greater than three in. Fig. 2 presents 
the variation in the longitudinal turbulence level with distance 
from the grid, based upon those measurements of Davis (10) 
which were made at the axis of the stream. For other particulars 
concerning the nature of the flow in such a wake the reader is re- 
ferred to the detailed results of Davis (10). The data of Fig. 2, 
together with a knowledge of the distance from the trailing edge 
of the grid to the stagnation point of the sphere, were utilized to 
determine the longitudinal turbulence level. In relating the 
measurements in the free jet to those in the wake of the grid, it 
was assumed that the turbulence was isotropic. 
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TRANSACTIONS OF THE ASME 


Heaied Sphere. The construction of the heated silver sphere is 
shown in some detail in Fig. 3. This sphere is the same as that 
utilized in an earlier investigation involving turbulent shear flow 
(2). It consisted of a copper core E supported upon a piano wire 
A. This core was provided with a spiral groove, shown at L, 
within which a heater was wound, and the core was covered with a 
silver sheath D soldered to the core. The sheath which contained 
a groove K for carrying thermocouple leads was connected to two 
0.096-in. stainless-steel tubes B. The tubes surrounded the piano 
wire and carried the heater and thermocouple leads from the 
heated sphere to the edge of the air stream. Thermocouples were 
mounted at F, G, H, and J, and by rotation of the sphere about 
the piano wire as an axis, it was possible to obtain supplementary 
values of the local surface temperatures. In the course of these 
measurements maximum variation in surface temperature with 
position was found to be lessthan3.0degF. 


0.500 IN. DIA. 


Fic. 3 ARRANGEMENT OF SILVER SPHERE 


In order to avoid thermal leakage along the stainless-steel 
tubes and wires, guard heaters were provided, as mentioned 
earlier. They were located at I, ending 0.125 in. from the solder 
joint C. These guard heaters were so adjusted, on the basis of the 
indications of differential thermocouples, that the temperatures 
of the tubes and of the adjacent surface of the sphere were identi- 
cal. Even with the careful use of the guard heaters, it is probable 
that some uncertainty existed in the absolute values of the ther- 
mal transfer from the sphere. Furthermore, as mentioned earlier, 
the wake from the stainless-steel tubes undoubtedly changed 
slightly the thermal transfer from the aft hemisphere from that 
which would be obtained without this added disturbance. The 
particular arrangement of the sphere and stainless-steel tubes was 
employed in order to permit investigations of the local tempera- 
ture variation in the associated air stream. A number of the other 
features of the design of the sphere shown in Fig. 3 would not be 
required if only macroscopic transport were of interest. 


MATERIALS 


The humidity of the air utilized in this investigation was as- 
certained from wet and dry-bulb temperature measurements and 
was included as a part of the experimental data. Properties of 
air utilized in the calculations associated with this set of investi- 
gations are recorded in Table 1, the information being based in 
part upon an earlier critica] review of properties of air (11). It is 
believed that uncertainty in the data submitted in Table 1 did 
not contribute significantly to the uncertainty in the analysis of 
the results. 
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TaBLE 1 PuysicaL Properties or Dry Arr At 14.696 Pst, ABSOLUTE 
° F, — 
Property Reference Unite 70 100 130 160 199 220 


Thermal Conductivity x io® (26) 4.14 4075 40% 5.15 

Specific Volume (13,16,17) cu, ft./lb, 14.105 15.516 16,372 17,127 17,883 
Kinenatic Viscosity x 10° (13,14,15,16) sqeft./sec. 1.641 1.606 1.980 2,161 2.345 2.535 2,727 
Specific Heat (13,16,18) Btu/(1b,) (°F.) 0.2403 0.2406 O.%412 0.2415 0.2419 0.2424 


Thermometric Conductivity x (16) 8q.ft./sec, 2.30 2.54 > 3,08 3.65 3.95 


TasBLe 2 EXPERIMENTAL RESULTS FOR HEATED SPHERE IN FREE JET 


Air Strean* Heated Sphere 
Pressure Temperature Weight Velocity Total Thermal 
-/8qeft. oF, Fraction ft./sec. Energy Flux? Flux 

Vater sec. Btu/(sq.ft.) (sec.) 
2064.8 100.2 0.0073 1.0% x 107 0.2044 
2065.0 0.783 0.1463 
2 4 1.533 0.2863 
1.093 0.2042 
0.783 0.1463 


1.532 0.2859 


Al 
Level of turbulence 0.013 


The total energy flux, re » was corrected for area of the supporting % 
shown in Equation 2. 


TABLE 3. ExpeRIMENTAL ResuLts For HEATED SPHERE IN WAKE OF GRID 


Air Strean Heated Srhere 
Pressure Temperature Weight Velocity Level of Distance Total Thermal Surface 
Number 1b,/sq.°t. Fraction ft./sec. Turbulence* Downstrean Energy Flux Temnerature 
Vater from Grid Flux Btu/(sq. ft.) (sec.) oF, 
Inches Btu/sec, 


9.2 4013 0.784 x 107? 0.1464 
2065.0 100.0 7.12 0.783 0.1463 
2057.3 100.1 13.04 0.783 0.1463 
2068.0 100.9 4.07 1.0% 0.2044 
2067.2 100.2 992 7.12 1.0% 0.7044 
205549 100.2 0.0042 é 0 1.0% 0.2044 
2021.8 100.1 3 1.533 0.2863 
2068.6 100.0 0.0093 1.522 0.2863 
10.1 0.0030 5 1.533 0.2863 
100.1 0.9059 2 hel3 2,087 0.3898 
100.1 0.0093 2 2.087 0.3698 
100.1 0.0043 32.22 2.085 0.39%, 


Rootemeanesquare longitudinal turb:lence evalieted of Davie (10). 

The total energy flux, Pa » ™S corrected for the area of sumorting tuber te obtain the totel thermal 
flux, as show in Doqustion 
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Saye 
¢ thumbe oF, ai 5 
de 9 206 100.1 205.9 
a 2057. 0.1 
70 2063.8 100.0 0.0091 16.24 1.533 0.2863 bs 
n 2069.7 100.1 0.0082 16.20 2,086 0.38% 
y 73 204461 100.1 0.0068 16.41 2.856 05334 243.8 
= 
> 
=< 4 
| oan 170.5 


I-XPERIMENTAL MEASUREMENTS 


Experimental measurements of thermal transport, made with 
the heated sphere in the undisturbed air jet, are recorded in Table 
2. The average velocity of the stream was varied between 4 and 
32 fps. Average surface temperatures of the heated sphere were 
determined by application of Equation [6], as described. Uncer- 
tainty in the measurement of the rate of electrical energy addi- 
tion was less than one part in one thousand. However, uncer- 
tainties in the magnitude of the thermal leakage along the two 
stainless-steel tubes shown in Fig. 3 made it possible that uncer- 
tainties as large as two per cent might be involved in the net con- 
vective thermal transport. The measured total electrical power 
input and the thermal flux corrected for the area of the supporting 
tubes are included in Table 2. 

Information similar to that in Table 2 is presented in Table 3 
for the measurements which were made in the wake of the per- 
forated plate or grid. The values of the fractional level of tur- 
bulence as determined from the data of Fig. 2 are included. No 
effort was made in the course of the experimental measurements 
to realize a fixed average value of the surface temperature. In 
order to permit comparison of behavior between the different sets 
of measurements, a normalized temperature was defined as 


t;* he 


This normalized variable T was used to correlate the variations in 
surface temperature on the assumption that these variations from 
point to point are influenced in a linear fashion by the difference 
in temperature between the surface and the surrounding air 
stream. The temperature distribution at the surface of the silver 
sphere under a variety of conditions of flow is presented in Table 4 
in terms of the normalized variable T. The values recorded in 
the table were smoothed with respect to polar angle for each set of 
flow conditions. It may be shown from Table 4 that the varia- 
tion in temperature from point to point on the surface of the 
silver sphere is small. It does not amount to more than 1 deg F 
when the difference in temperature between the air stream and 
the sphere is about 60 deg F. 


4 NoRMALIZED TEMPERATURE DISTRIBUTION ON 


SURFACE OF SPHERE 


TABLE 


Velocity, ft./sec. 

8 16 32 
0.983 0.993, 
0.985 0.994 
0.992 0.996 

1.000. 

1.004 
ang 
1.008 1.007 
1.009 1.008 


0.986 
0.986 
0.993 
1.001 1.002 
1.906 1.007 
1.007 


1.008 


Values are normalised temperature described by Equation 


Values of the normalized temperature are shown in Fig. 4, as a 
function of polar angle, for several velocities of flow. The varia- 
tions in surface temperature with polar angle were so small that 
it was not considered necessary to explore or to take into account 
the influence of level of turbulence on the temperature distribu- 
tion. The average temperatures were determined as simple 
averages, and, therefore, some lack of symmetry between the 
upper and lower hemispheres was to be expected. 

From the information submitted in Tables 2 and 3, it was 
possible to evaluate some of the effects of Reynolds number and 
level of turbulence upon the convective thermal transport from 
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spheres in a turbulent air stream. The Reynolds number, con- 
vective transport coefficient, and Nusselt number were estab- 
lished by the methods described earlier. The results are presented 
for the silver sphere in the free-air jet, and in the wake of the grid, 
in Tables 5 and 6, respectively. 


THERMAL TRANSPORT 
Fig. 5 shows the effect of Reynolds number upon the Nusselt 
number based on the free-stream properties, and for comparison 


the data of Kramers (12) and the correlations of McAdams (1) are 
included. Kramers’ measurements were carried out at arelatively 


- TRANSACTIONS OF THE ASME 
z 
1.01 ——+— 
8 
° | 
| * 4 FT PER SEC 
0.99 
| 
| 
° 
° '6 
099 
32FT PER SEC. 
« | | 
70 
| 
| | | 
Angle 
(120 1.00b 


low but unknown level of turbulence, whereas the studies of 
McAdams were based for the most part upon fully developed tur- 
bulent shear flow. For some of the data employed by McAdams 
(1), the level of turbulence may well have increased with an in- 
crease in the Reynolds number of the flow about the spheres, al- 
though this is not necessarily true. The present information 
gathered in the free jet is in fair agreement with the data of 
Kramers and in good agreement with McAdams’ values. As 
would be expected, the information of McAdams indicates higher 
Nusselt numbers for a given Reynolds number than were ob- 
tained in the free jet with a level of turbulence of 0.013. In fact, 
the present measurements indicate agreement with McAdams for 
turbulence of 0.15 which may be higher than that usually encoun- 
tered in fully developed shear turbulent flow. The standard devia- 
tion of the experimental points for the silver sphere from the 
smooth curve shown in Fig. 5 was 0.244, assuming that all the un- 
certainties lay in the Nusselt number. It was not possible to show 
experimental points in Fig. 5 since the data were not obtained for 
a series at constant values of the level of turbulence. 

The Nusselt number as a function of the level of turbulence is 
shown in Fig. 6 for several Reynolds numbers based on the prop- 
erties of the free stream. The experimental points have been in- 
cluded with their corresponding values of Reynolds number. It is 
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apparent that there is only a small effect of level of turbulence at 
Reynolds numbers below 3600. However, the influence of turbu- 
lence at the higher Reynolds numbers is significant and cannot be 
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overlooked. The standard deviation of the experimental points 
from the smooth curves as shown in Fig. 6 was 0.244. 

For comparison, the relative Nusselt number is shown in Fig. 7 
as a function of turbulence level, with Reynolds number as a 
parameter. The relative Nusselt number is defined as the ratio 
of the Nusselt number under the given conditions of flow to that 
for the same Reynolds number at a zero level of turbulence. The 
data illustrated in Fig. 7 indicate a rapid increase in the relative 
Nusselt number with increasing longitudinal turbulence at the 
higher Reynolds numbers. The greater influence of the level of 
turbulence at the higher Reynolds numbers is not unexpected be- 
cause the boundary layer is thinner, and the effect of turbulence in 
the free stream upon the boundary transport should be more pro- 
nounced. The data of Fig. 7 are recorded in Table 7 for even 
values of Reynolds number based on free-stream properties for 
several levels of turbulence. 

In reviewing the experimental information, it appears that the 
influence of turbulence was established with greater accuracy than 
the absolute value of the thermal transport from the sphere. 
This situation develops from uncertainty as to the thermal losses 
along the supporting tubes as a result of possible conduction from 
the silver sphere. 
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TABLE 7 INFLUENCE OF LEVEL OF TURBULENCE AND REYNOLDS 
NuMBER Upon RELATIVE NussELT NUMBER® FOR A SPHERE 


vumber 0.00 0.15 


1.000 
1,000 
1.000 
1,000 


1,000 


a Relative Nusselt number is the ratio of the Nusselt number 
under the conditions in question to that at the same Reynolds 
number for a zero level of turbulence. 


b Root-mean-square longitudinal fluctuations relative to gross 
velocity. 
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Discussion 


G. M. DusinBerre.? In the nomenclature, the authors very 
properly define the Nusselt and Reynolds numbers which they 
use, even though these ratios are widely used and well known. 
But the “level of turbulence,” on which the whole value of the 
paper depenas, is not defined even though this ratio is not widely 
used nor well known. The practicing engineer will not get much 
benefit from the paper without a definition and a means of pre- 
diction of this quantity. 


M. V. Morkovin.* The authors invite the reader to refer to the 
detailed results of Davis (their reference 10) “for other particulars 
concerning the nature of the flow” (behind grids producing the 
turbulent flow, which was used but not measured by the authors). 
Since the authors’ measurements are taken with the sphere at the 
unusually short distances behind the 1l-in. mesh (M = 1) per- 
forated plate, namely, 4, 7, and 13 inches and since “it was as- 
sumed (by them) that the turbulence was isotropic,’’ it is worth 
while to consider a few quotations from the foregoing generally 
unavailable reference. Davis, p. 7, ‘All decay measurements were 
started from z/M = 8” (i.e., at 8 in. downstream of the grids). 
No data of Davis are given for smaller z, . . . for two good reasons: 
(a) The interpretation of the hot-wire data was based on the as- 
sumption of small fluctuations. (b) The separated boundary 
layer and wakes of the grid do not merge into a homogeneous field 
with sufficiently small mean spatial and time variations until 
some distance downstream, usually taken as at least 10 mesh 
lengths. Davis: “A typical experimental record of grid-wake 
profiles. . . the grid pattern is well defined at z/M = 3 and 5, and 
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just perceptible at z/M = 7. For all grids® the velocity-profile 
variations fall to 2 to 3 per cent of the mean speed when 6 < z/M 
< 8.” The authors, referring to Davis’ work: ‘Large-scale 
variations with position near the center of the channel were ex- 
perienced at distances up to 3 in. from the grid.” The scale of 
these wakes is, of course, 1 in., providing a local agitated (non- 
homogeneous, nonisotropic) shear flow for the 0.5-diam sphere. 
(Recent careful investigations of Grant and Nesbit® suggest that 
the nonhomogeneity actually may be far worse than is commonly 
supposed and may be responsible for some of the scatter and dis- 
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crepancies. ) 

were utilized to determine 
the longitudinal turbulence level.’’ It would appear that these 
“data”? go beyond the quoted reference. Unless the authors 
omitted to mention another source, one must conclude that the 
two highest utilized turbulence levels are open to question. Un- 
fortunately, the third turbulence level 13 in. downstream from the 
grid is also open to question, because of the probable side- 
edge effects which were not present in Davis’ measurements. The 
effect of the edge of the perforations is almost certain to spread 
more than 1.5 in. laterally (authors’ Fig. 1) in 13 in. of down- 
stream movement. 

Thus it would seem that the main results of the paper embodied 
in Figs. 6 and 7 are open to some doubt. 

What is more discouraging is that the paper provides little 
understanding for the effects of turbulence it reports. One gets 
little help in answering two types of basic questions: (a) Which 
aspects of the irregularities of the oncoming stream are responsi- 
ble for the important changes of the heat transfer to a blunt body; 
e.g., the extent of nonhomogeneity, the departure from isotropy, 
the intensity level of turbulence, the scales of turbulence, and so 
on? (b) In which regions of the blunt body is the heat transfer 
mainly affected; e.g., the stagnation region, the region near the 
separation line (shift therein), the “base” or wake region (effects 
on intensity of fluctuations in the wake either directly or through 
earlier transition of the separated free layer, and soon)? Here the 
sizable cylindrical supports with their own wake characteristics 
are disturbing. 

Clearly, to isolate the effects of the multiple parameters, which 
usually vary concomitantly in a given flow (such as the turbu- 
lence behind a grid) and which depend on Reynolds number (at 
times critically) is a difficult task. However, without serious 
attempts to devise telling experiments, illuminating seme of these 
causes and effects, we shall merely cumulate approximate test 
data which can be confidently expected to fall in the same ball- 
park as that compiled by McAdams. 


AvutHuors’ CLOSURE 


The authors regret the oversight pointed out by Mr. G. M. 
Dusinberre concerning the definition of level of turbulence. For 
present purposes the level of turbulence in the longitudinal and 
transverse directions can be defined by the following expressions: 


View 
~ 


U 


Ary 
The quantities u,, and u,, are the local instantaneous fluctuating 
velocities in the z and y directions, respectively. Evaluation of 
these local instantaneous velocities is an experimental problem of 
some difficulty and subject to uncertainty, particularly when there 
exist deviations from conditions under which the time-average 
fluctuating velocity is a small fraction of the mean velocity. 

’ Tested by Davis. 

*“The Inhomogeneity of Grid Turbulence,” by H. L. Grant and 
I. T. Nesbit, Journal of Fluid Mechanics, vol. 2, part 3, 1957, pp. 263- 
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The interest of Prof. M. V. Morkovin in setting forth the limita- 
tions to the evaluation of turbulence level in the wake of grids is 
most helpful. These limitations were reviewed and discussed in 
some detail by Davis (10). It should be recognized that with 
such information as submitted in Fig. 2, no attempt was made to 
describe all the characteristics of the turbulent stream but only 
to present a single-valued parameter which, when taken in con- 
nection with the Reynolds number, forms an additional factor to 
describe the transport characteristics of the stream. The use of 
level of turbulence and Reynolds number still is inadequate to 
determine many of the transport characteristics of turbulent 
flow. 

It appears desirable to offer some explanation in response to 
Professor Morkovin’s specific comments. The punched plate 
used in this experimental work involved a series of 0.875-inch 
diameter holes spaced upon one-inch centers. Therefore there 
existed a significant difference between the downstream dis- 
tance measured in inches and the relative downstream distance as 
measured in diameters. This fact was overlooked in Professor 
Morkovin’s comments. Also in contradistinction to Pro- 
fessor Morkovin’s interpretation, it was assumed by the authors 
only that the turbulence in the free jet was isotropic. Measure- 
ments by Laufer’ indicate that under many conditions of flow, the 
deviations from isotropy in the center of a stream are less than ten 
per cent. It is probable that the longitudinal level of turbulence 
in the free jet was, if the lack of isotropic turbulence was taken 
into consideration, 0.014 rather than 0.013 as reported. This 
difference in the levels of turbulence was not considered to be 
significant because of uncertainties in the measurements of the 
temperature distribution in the wake of the heated wire used to 
establish the transverse level of turbulence. 


TABLE 8 


Rela- 
Down- tive- Approximate 
streamdown- deviation 
dis- stream from 
tance, posi- mean 
in. tion velocity 


Ratio of 
longitudinal 
and 
transverse 
turbulence 


Turbulence level? 
Longi- 
tudinal 

M Joz ) U l 


Transverse 
V 


38 ~0.18+ 
264 0.138? 


~0.12¢ 
1 

0. 106/¢ 
1 


0.110° 
0 O87/ 
0.070/ 
0.042/ 


3.43° 0.17¢ 
4.58 0.10 
5.72 0.07 
7 0.02 
13. 14.87 <0.01 
* Reynolds number, Ru, approximately 10,000. 
® Hole spacing; 0.875-inch diameter, 1.0-inch centers, M = hole 
diameter. 
¢ Estimated from hot-wire anemometer traverses by authors and 
from data of Davis (10). 
4 Taken from Davis (10). 
* Estimated from temperature in wake of heated wire with data 
from Schubauer (8). 
f Taken from Davis (10). 
* Calculated from V utes [utys from Davis (10) and 
wake temperature measurements. 


17 0 078/ 
09 0. 046/¢ 


utys/U from 


The authors have assembled in Table 8 supplemental 
information concerning conditions existing in the wake of 
the punched plate. The footnotes to the table describe the fashion 
in which the numerical data were established. As stated in the 
text, the authors made measurements of the local time-average 
velocity as a function of position, and these results are given in 
the table. Deviations from the mean flow were significant at a 
downstream distance of 4 in. but appeared relatively inconse- 


7™“Investigation of Turbulent Flow in a Two-Dimensional Chan- 
nel,”’ by J. Laufer, NACA Report No. 1053, 1951. | 


quential at distances of 7 and 13 in. The authors also made a 
limited number of rough measurements of the transverse level of 
turbulence downstream from a punched plate by determining the 
temperature distribution in the wake of a heated wire. The re- 
sults, based upon the data of Schubauer (8), are included in the 
accompanying table. The authors had refrained from including 
these detailed data because the application of Schubauer’s data in 
the wake of a punched plate is open to question. 

In addition, from measurements made as a function of lateral 
position in the jet, the authors were unable to ascertain any sig- 
nificant variation in the macroscopic thermal transfer or in the 
local temperature distribution surrounding the sphere. This 
situation led the authors to have greater confidence in the repro- 
ducibility of the results than is expressed by Professor Morkovin. 
The authors reviewed the data of Davis in detail* and concur with 


§**Momentum Transfer in Fluids,’’ by W. H. Corcoran, J. B. 
Opfell, and B. H. Sage, Academic Press, Inc., New York, 1956, p. 190. 
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Professor Morkovin that, as the grid is approached, the deviation 
from homogeneity in the turbulent field increases significantly. 

In any event, the measurements were made under controlled 
conditions, and variations in thermal transfer were obtained as 
recorded in Figs. 6 and 7. Whether or not the levels of turbu- 
lence reported by Davis and estimated by the authors from the 
measurements of Schubauer are in fact correct, it appears that the 
thermal transfer in the wake of a punched plate is influenced by 
position in the manner indicated. Measurements of the local 
temperature distribution in the boundary layer around the sphere 
indicated the turbulent field to be sufficiently homogeneous to 
permit time-averaged temperature gradients to have significance. 
Behavior similar to that illustrated in Figs. 6 and 7 has been found 
for material transport.* 

* “Material Transfer in Turbulent Gas Streams. Effect of Turbu- 
lence on Macroscopic Transport From Spheres,” by R. A. 8. Brown, 
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By SHIH-YUAN CHEN,'! FARMINGDALE, L. I 


The transient temperature distribution and thermal 
stresses resulting from aerodynamic heating in the skin 
of a vehicle at hypersonic speeds are found analytically 
for a finite slab in which one boundary has a variable 
coefficient of heat transfer and a variable adiabatic wall 
temperature while the other boundary is insulated. The 
purpose of this paper is to introduce the concept of using 
exponential functions of time to represent the coefficient 
of heat transfer and the adiabatic wall temperature. In 
general, one can choose as many exponential functions as 
necessary to obtain a better solution since the solution 
is a straightforward mathematical problem. This paper 
has considered the sum of two exponential functions and 
a constant for the coefficient of heat transfer and the sum 
of two exponential functions and a constant for the 
adiabatic wall temperature. This represents several 
types? of aerodynamic heating problems. Solutions for 
three special cases’ are given to show that the general 
solution also can be applied to simpler problems. 


INTRODUCTION AND DISCUSSION 


HE structural design of hypersonic vehicles, such as air- 

craft and missiles, involves the problem of high thermal 

stressing resulting from aerodynamic heating. The com- 
putation of these thermal stresses depends directly on a knowl- 
edge of the existing temperature distribution. If the problem 
is restricted to one-dimensional heat flow in a solid of simple 
geometry, with constant material properties, there are analyti- 
cal solutions for temperature distributions with particular bound- 
ary conditions readily available. 

The case of constant coefficient of heat transfer and constant 
adiabatic wall temperature was treated in references (1)* and 
(2). The case of a finite slab in which one boundary has a 
linear temperature rise was presented in references (2) and (3). 
The case of heat flux through one surface as a quadratic function 
of time was analyzed in reference (4). The case of a variable 
coefficient of heat transfer and a constant adiabatic wall tempera- 
ture was given in reference (5). 

In general aerodynamic heating problems, the coefficient of 
heat transfer and the adiabatic wall temperature are both 
functions of time. It is found that both the coefficient of heat 
transfer and the adiabatic wall temperature for a given flight 


1 Development Engineer, Republic Aviation Corporation. Assoc. 
Mem. ASME. 

2 See Appendix 1. 

3See Appendix 2 

*Numbers in parentheses refer to the Bibliography at the end 
of the paper. 

Contributed by the Heat Transfer Division and presented at 
the Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
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Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
April 1, 1957. Paper No. +57—A-9. 


path of an aircraft, or for a given trajectory of a guided missile, 
generally can be approximated by sets of exponential functions 
of time. 

The present paper has arbitrarily chosen four exponential 
functions and two constants, two exponential functions and a 
constant for the coefficient of heat transfer, and two exponential 
functions and a constant for the adiabatic wall temperature. 
The accuracy of this analytical solution depends primarily on 
the degree of deviation between the actual and the assumed 
curves for both the coefficient of heat transfer and the adiabatic 
wall temperature, and also on the assumption of constant ma- 
terial properties. 

Since the temperature distribution is not symmetrical with 
respect to the centroid of the thickness, one has both bending 
stresses and normal stresses. The calculation of thermal stresses 
in a thin plate at a considerable distance from the ends with 
nonsymmetrical temperature distribution was given in reference 
(6). The thermal stresses obtained are contingent on the 
assumption that the plate is free in both the y and z-divections. 
This assumption is valid since buckling of the fuselage skin is 
objectionable for structural and aerodynamic reasons: The 


buckled, wavy surfaces alter the flow of air, lead to losses in 


aerodynamic efficiency, and may even cause aerodynamic dis- 
turbances resulting in structural failure (7). 


NOMENCLATURE 


The following nomenclature is used in the paper: 


defined by Equation [16] 

thickness of slab 

defined by Equation [14] 

defined by Equation [15] 

defined by Equation [9] 
= defined by Equation [10] 

0 
= defined by Equation [11] 

defined by Equation [12] 

base (2.7 718) of natural system of logarithms 

Young’s modulus 

temperature-distribution function 

initial temperature = const 
= coefficient of convective heat transfer 

ha 

k 

thermal conductivity 

numerator of 6(£, S) 

first derivative of denominator of 6(£, S) with respect 

to S 

= Laplace transform parameter 
= time 

distance from insulated surface 

’ bi, be, C1, C2, D,, Daz, d,, dy = const 


thermal diffusivity of slab 
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roots of transcendental equation where = Be + + [5] 
= coefficient of thermal expansion 
‘ 
B,'D, 
B,'C 


Laplace transform of temperature distribution f(é, r) 
temperature distribution 

adiabatic wall temperature 

initial temperature = const 

roots of transcendental Equation [50] 

Poisson’s ratio. 

X/A 

thermal stress 

at 


a?’ 
Temperature Distribution. Consider the general case of and 
transient one-dimensional heat flow in a material of constant 
properties with the coefficient of heat transfer and adiabatic / 6; = fi 
wall temperature both dependent on time for the simple geometry Then 


[18] 


<—INSULATION 


1 Portion or Cross Section or Stupiep 


The basic differential equation is given by 
dt 


The initial condition is 


The two-boundary conditions are 


t) _ = Be + + A’... 
fon = Dg + [28] 


Equation [26] can be rewritten as es A 


2 
on d,’ aa, i a’ a? 
Ox, t) = k 
[16] 
[17] 
h (VARIABLE) 
0 a a 
Introducing these definitions, Equations [1] to [6] become “ae 
of(O, 7) = 
A 
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= -f(1, 7) + > Bne~™™. .[29] 


n=1 


Let 6(£, S) = Laplace transform of the temperature f(£, 7), 
where S is the Laplace transform parameter. Then Equation 
[23] can be rewritten as 


S) — f(E, 0) = Oe, S) 
or i. 


The transformed boundary conditions are 


Ay 
200, 8) _ 
og 


SHE, S) 6, Geel S) 


8) 


n=1 = 


The general solution of Equation [30] is 


HE, S) = Cy cosh ¥/(S)E + Cy sinh +/(S)E +2 . [33] 


Differentiating Equation [33] with respect to £, one obtains 
S) 
From Equation [31] one can conclude that 
| 


= VS sinh V/(S)E + Cs VS cosh /(S)E. [34] 


where @,’s are roots of the transcendental equation 


4 
VS sinh VS + 2 B,' cosh (S + b,’)'* = 0... [40] 


n=1 


After performing the necessary manipulations (2, 8) and simpli- 
fications, the solution of Equation [23] becomes 


2 
Bs + 6; B.’ cosh Vb,’ 
=1 


cosh 


n=1 


SE, tT) = 


—B,,'6; [cos vb, 
3 


— Vb,’ sin + B,,’ cosh (—b,’ + 
m=1 


B,, [cos 
3 


Vn sin Ve cosh + b,’)'* 


n=1 


m=1 


: 9 
a 
a, + = a, + "Ele 


n=1 m 


Hence 


S) = C, cosh ¥/(S)E + 
From Equation [32] one obtains 


/S sinh /S = [ +5, 


n=1 


VS sinh /S + B,’ cosh (S + b,’)'/* 


n=l 


Substituting Equation [38] into Equation [36], one obtains 


9 
| - (2a > | ost V(S)E 


m=1* 


HE, S) 3 
VS sinh V/S + B,’ cosh (S + 


2 
A’ B,' 
——— sinh V/a, +> Va, + 
Ja, sinh 


B,’ sinh (a; + b, 
2(a; + 


Hence, the general solution of Equation [1] with initial and 


boundary conditions as given by Equations [2] to [4)is 


2 
+ % >> B,’ cosh 


n=1 


x,t) = 


> 
m= 1 

t 


[ co =] “hx a 


3 
=] sin VY m + cosh + 


n=1 


Qa a 


The poles of Equation [39] are La mae 2 


S=0 4 we Va 


Va, + cosh + > 


m=1 
B,’ sinh (a, + b,’)'/* 
(a; + b,’)'” 
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Thermal Stress. 


Let o, and o, be the thermal stresses perpendicular to the X-axis of Fig. 1 in the y and 2z-directions, respec- 
tively, then 


aE t) 
l-vp 


aE6,(t) 


a(l — pv) 


(l-— 


where & and E are constants 


—B,'0,a [sin (b,’)'*Je_ 
3 


sin + > B,,’ cosh (—b,’ + 


m=1 


a 


8,, a [sin (¥_)'/*Je 


3 


n=1 
3 9 
20] +b, 7 Bn 
n=1 1% +Y¥ 


(1+ A')sinh/a, + +/a;cosh Va, 


n=1 


sinh (a; + b,’)'”? 
(a; b,’)'/* 


[cos 1/b,,’ 


3 


1) +—sin V2,’ 


1 


m=1 


— Yn + V Ym cosh + 


3 9 
B , 
2a? —6; > > 
sinh (a, + 


m=1 
(a, + 


2 
B, 
(1 + A’) sinh Va; + Va; cosh Va; + va,>> 


n=1 
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Appendix | 


The sum of two exponential functions of time and a constant 
were chosen to represent the coefficient of heat transfer and the 
adiabatic wall temperature since they approximate the conditions 
present in actual aerodynamic heating problems to a greater 
degree than one exponential function of time and a constant. 
In general, one can choose as many exponential functions as are 
necessary in order to approximate actual conditions. Fig. 2 shows 
typical curves for various combinations of exponential functions 
of time. 
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Appendix 2 
So_utions oF THREE SpecIAL PROBLEMS 


Three special cases are chosen to show that the general solution 
also can be applied to simpler problems. 

Case I. This is the case of constant coefficient of heat transfer 
and constant adiabatic wall temperature, where 


B, = =b =D, =D. =d, =0 


or 
= = A = const... 
aw = C = const.. 
Hence 
b, = b, = d, = d, = B, = B, = B, = Bp: 


r= 0 
Then Equation [40] reduces to 
VS sinh VS + A’ cosh /S = 0. . . [48] 
Substituting Equations [16] and [46] into Equation [48] one 
obtains 


ha 
VS sinh VS + : cosh YS = 0 ..[49] 


—A;? 
» sin co ] e 
a 


cos A; sin A; + A, 


= + 2(8; 


This is a well-known result® where \,’s are roots of Equation [49]. 
Case II. The case of variable coefficient of heat transfer and 
constant adiabatic wall temperature where 


= + By + A 


Hence 


D, = D, = = d; = d,’ 


= B,C 
B,'C 


%= = Ve 


aie 


Then Equation [40] remains unchanged or 


VS sinh VS + > B,' cosh (S + = 0... [55] 


n=1 
and Equation [42] reduces to 


2 
+ 0; By’ cosh 


sei 


cosh 
—bn’ 
B,’ [ co V(b,’) | 


3 
sin /b,’ + cosh + by’) 


Wz, t) = 


a, + 6,’ 


It was shown (2) that Equation [49] cannot 
have pure imaginary roots or complex 
roots. Let the roots of S be 


Then Equation [49] becomes 
a 
—A, sin A; + 
k 
and the solution becomes 


t) = — 2(6; — 


1+a 


“t 
[cos j 


sinh Va; + cosh Va; + > 


‘ sinh (a; + b, 
(a; + b,")'* 


n=1 


where a@,’s are roots of Equation [55]. 

Case III. The ease of variable coefficient of heat transfer 
and variable adiabatic wall temperature approximated by one 
exponential function of time where 


h = Bye + A. 
= Dye~%* + 


Hence 
B, = B,' = b; = b,’ = D, = = d,’ 
= 6, = 68. = = B = Bs = ¥s 


Given in reference (1), p. 272. 
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Bi = Bs; = B,C B; =A 'D, 


and the solution becomes 


(0, — C)B,’ E 


A'C + B,'6; cosh bi’ a 


Bs = A'C 
VS sinh /S + B,’ cosh (S + b)’)'/* + A’ cosh VS = 0 


a 
] 


= by’ 


Oz, t) = 


B,'D, E (b;’ + d,’)'/* =] 
a 


sin + Bi’ + A’ cos 


a 


+a’) 
a 


d,’)'”* sin + d,')'/* + B,’ cos + A’ cos + 


A'D, E = ] 


@ 
d,’ a! 


— Vd,’ sin ry By’ cosh (—d;’ + A’ cos 


B,’ 
0.) ( 
ay +b” 


A’ 


a: 


) + 


sinh Va; cosh Va; + - 


] cosh (a,) 


B 
sinh (a; + by’)'/? 


(a, + 


where a,’s are roots of Equation [59]. For some particular values of A’, B;’, and b;’, one can find roots in reference (5). 


G. M. Dusinberre.* In this paper the author invites the prac- 
ticing engineer to do the following: 


| 


(a) Confine his attention to situations where the heat flow is 
_ one-dimensional and where one boundary is adiabatic. 
_ (b) Calculate h and 6, for the expected trajectory and tabulate 
sufficient values as functions of time. 
(c) Assume the functional forms of Equations [5] and [6], and 
from the tabulated calculations determine the constants in those 
equations. 
(d) Evaluate the quantities defined by Equations [7] through 
[16], and the @ and + defined in the nomenclature. 
 (e) Find a number of roots of the transcendental Equation 
(40). Incidentally, one has no way of knowing in advance how 
many roots may be necessary for convergence of the series. 
(f) Solve Equation [42] for each and every combination of x 
and t which may be of interest. 


Whatever this may be, it is not good engineering. 

The situation is well summed up in the author’s reference (3). 
Mr. Anthony evolved several pages of equations of the same 
general nature as those of the present paper, though individually 
somewhat less appalling. In his closure Mr. Anthony said he 
“agreed that the analytical results reported in his paper were 
both distressing and a burden to the literature.’ He further 
stated that he “had been convinced that the numerical ap- 
proach, with a few modifications, was the best for solving 
transient heat-conduction problems.’’? 

In a numerical approach to the present problem we would do 
the following: 


(a) If the far side of the wall were not adiabatic, we would go 
ahead and calculate accordingly. 

(b) We would calculate h and Oa~ the same as the author. 

(c) We would not bother to write a function relation but would 
use the tabulated functions of time. We would then go ahead 
and compute @ at selected intervals of z over the whole range of ¢. 


6 Professor of Mechanical Engineering, The Pennsylvania State 
University, University Park, Pa. Fellow ASME. 
7 Author's reference (3), p. 307. 


Each calculation is a simple arithmetical operation. A very 
similar problem has been worked out by the writer.® 

When the entire temperature distribution is known, the stress 
distribution can, in principle, be calculated for the assumed un- 
constrained plate. Thus Equations [44] and [45] might also be 
replaceable by some simpler forms. 

Incidentally, the ‘hypersonic’ feature has nothing to do with 
the solution. The author’s method is equally applicable to 
subsonic conditions. 


Author’s Closure 


The author appreciates Professor Dusinberre’s comments 
concerning the present paper. As the author has pointed out in 
the presentation, there are some limitations in the analytical 
solution. For instance, in this case, (a) radiation has been 
neglected and (b) the thermal properties of the material have 
been assumed constant. It is also required that the coefficient 
of heat transfer and the adiabatic wall temperature for the ex- 
pected trajectory be approximated by exponential functions. 
The roots of the transcendental equation have to be obtained, 
but these limitations are encountered in most classical analytical 
solutions. It is not characteristic of this analysis alone. The 
present analysis actually gives a more general solution which 
includes some of those classical analyses listed in the Bibli- 
ography. 

In the discussion of ‘Report on Strength of Welded Joints in 
Carbon Steel at Elevated Temperatures,” Trans. ASME, vol. 
80, 1958, Professor Dusinberre said, ‘when a digital computer 
is to be used, and when an analytical solution is not ob- 
tainable anyway, there is often a great saving of time and effort 
in proceeding on a finite-difference basis throughout.’’ The 
author fully agrees with his statement. The great advantage of 
the analytical solution is that the result can be applied directly 
to find a temperature or the thermal stress at a particular point 
at a particular time. The numerical solution requires the com- 
putation to be performed from the boundary and from zero 
time. 

*G. M. Dusinberre, ‘‘Numerical Analysis of Heat Flow,’’ McGraw- 
Hill Book Company, Inc., New York, N. Y., 1949, p. 205. 
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Boiling He eat Tr 


By G. LEPPERT,! C. P. 
Aspects of local boiling in forced circulation when the boiling 
fluid contains small percentages of alcohol are discussed. Par- 
ticular emphasis is placed on the improvement in smoothness of 
boiling and in the decrease of average bubble size when the addi- 
tive is present, as contrasted with boiling distilled water. Ex- 
perimental results, including photographs, are presented for sur- 
face boiling from the outside of a cylindrical stainless-steel tube 
placed normal to the flow. Data are also presented for the sub- 
cooled boiling of distilled water, and comparisons are made 
with correlations from the literature. 


N omenclature 


Tue following nomenclature is used in the paper: 
A = area, sq ft — 
C = constants; dimensions as specified by equations where 
they are used 
c = specific heat, Btu/Ibu deg F 
_ D = diameter, ft 


g = local acceleration of gravity, ft/hr?* 
a go = constant of proportionality of Newton's second law, 
(Ibu /Ibr)(ft/hr?) 


G = mass flow, pv, lbu/hr-sq ft 

h = film coefficient of heat transfer, Btu/hr-sq ft deg F 
k = thermal conductivity, Btu/hr-ft deg F 

P = pressure, lbr/sq ft 


_q" = surface heat flux, Btu/hr-sq ft 


q''' = energy generation of unit volume, Btu/hr cu ft 

R = electrical resistance, ohms 

r = exponent in Rohsenow’s equation 

s = exponent in Rohsenow’s equation 

T = temperature, deg F; AT = temperature difference, deg 


F 

V = volume, cu ft 

z = distance, ft, measured from axis of heating surface 

@ = variation of electrical resistivity with temperature 
1 dR 
Ry dT 

8B = bubble contact angle, angular degrees 

Y = variation of thermal conductivity with temperature, 
1 dk 
Ke aT 


= latent heat of Btu/lb 
density, Ibu /cu ft 
surface tension, lbr/ft 
hr 


1 Associate Professor of Mechanical Engineering, Stanford Uni- 
versity, Stanford, California. Assoc. Mem. ASME. 

? Acting Instructor and Research Assistant, Stanford University, 
Stanford, California. 

3 Argonne National Laboratory, Lemont, Illinois. 
ASME, 

Contributed by the Heat Transfer Division and presented at a 
joint session with the Nuclear Engineering Division at the Annual 
Meeting, New York, N. Y., December 1-6, 1957, of THe AmeErI- 
cAN Society or MecHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 31, 
1957, Paper No. 57—A-81. 
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Subscripts 
b = conditions attributable to boiling 

c = conditions attributable to forced convection 
cr = conditions at critical point of substance 


F = force, to distinguish pounds force (lbr) from pounds 
mass (Ibm) 

l = liquid conditions 

M = mass, to distinguish pounds mass (lbm) from pounds 


force 
o = conditions at inner surface (except as defined in connection 


with go) 

p = constant pressure ct. 

sf = particular surface-fluid combination 

V = vapor 

w = conditions at outer wall of heating surface 

zx = used with A7’, signifies temperature difference between 
heating surface and saturation temperature of fluid 

Introduction 


Utilization of the nucleate-boiling phenomenon in liquid cool- 
ants without net vapor generation is becoming more and more 
attractive in a number of high-performance heat-transfer applica- 
tions. This mechanism, which is frequently called local boiling, 
permits the transfer of heat from a surface at a high rate with a 
relatively small temperature difference. 

Typical applications for which local-boiling heat transfer may 
be advantageous include nuclear-reactor fuel elements, electronic- 
power-tube cooling coils, and rocket-engine cooling jackets. In 
most applications, it is desirable that vapor formation be as 
steady and smooth as possible, and in local boiling especially, 
smoothness is promoted by factors which tend to decrease the 
average size of bubbles leaving the heated surface. 

Consequently, it was considered to be of considerable practical 
importance, as well as of academic interest, when it was ob- 
served that very small amounts of certain organic fluids, when 
added to distilled water, decreased average bubble size and pro- 
duced much smoother boiling than could be obtained with water 
alone. Furthermore, the generally desirable characteristics of 
water as a coolant were not sacrificed by the small additions. 

The most apparent reason for desiring smooth and steady 
bubble formation exists in nuclear-reactor fuel channels where the 
coolant also serves as a neutron moderator. In this application, 
the reactor power level is strongly affected by the total mass of 
coolant in the fuel channels. If large aggregates of vapor are 
continually forming and collapsing, there will be a variation in 
the amount of moderator in the core and a tendency for the reac- 
tor power to oscillate. 

In addition to the desirability of smooth vapor formation in 
any boiling nuclear reactor, there is a further advantage to small 
bubble size in a reactor in which only local boiling is permitted. 
It is characteristic of forced convection local boiling that the 
bubbles grow on the heated surface to a maximum size, then col- 
lapse as they break away and encounter the main stream of 
fluid, which is at a temperature less than saturation. From the 
standpoint of average coolant density in a narrow channel, smaller 
bubble size will result in a relatively greater average volume oc- 
cupied by liquid, and consequently in a greater average density. 
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The combination of more even boiling and smaller bubble size 
during forced-convection local boiling in a channel should also re- 
sult in a lower static pressure drop and smaller pumping power. 
However, this situation has not yet been explored and will not be 
discussed in this paper. 

The present investigation consisted of the observation of the 
effect of up to 2.65-per-cent-by-weight isopropyl or methy] alcohol 
on the nucleate-boiling characteristics of distilled water. In ad- 
dition to observing and photographing the character of bubble 
formation, careful measurements were made to determine the 
variation of the heat flux with the temperature difference from 
the surface to the liquid. The power level was increased in incre- 
ments until the burnout point was reached, at which point the 
nucleate boiling ended and film boiling commenced. With water, 
this phenomenon is generally accompanied by failure of the 
heater, since the surface temperature required to transmit the 
peak (or burnout) heat flux in film boiling is above the melting 
point of the common metals. 

Because there is need for additional experimental information 
for the forced convection boiling of pure water flowing across 
tubes, nucleate boiling and burnout measurements are also re- 
ported without the additives which are of primary interest to this 
investigation. These measurements are needed here for com- 
parison, and they are also useful as a confirming check on the 
correlation proposed by Rohsenow (1)‘ for nucleate boiling heat 
transfer. 


Experimental Apparatus 

The measurements reported in this paper were made on an 
electrically-heated Type 304 stainless-steel tube which was ori- 
ented in a1 X 4'/2-in. rectangular channel with fluid flow normal 
to the tube axis. The channel was provided with pyrex glass 
windows front and back which permitted visual observation of 
the heating tube. Each tube that was used was 0.110-in. OD with 
0.011-in. wall. 

The tubes used in the propanol-water series of tests were 
cleaned before use by complete immersion in nitric acid for ap- 
proximately 2 min before installation in the flow channel. The 
tubes used in the methanol-water series of tests were immersed in 
water and electrically heated to produce film boiling. The tube 
surface temperature was thus held at approximately 2000 F for 
about 2 min. After this the loose oxide scale was removed with 
fine emery cloth and the surface washed with a detergent. This 
treatment leaves a stable oxide film on the surface, which is ad- 
vantageous from the standpoint of reproducibility of results in 
film boiling. This treatment was employed because these par- 
ticular tubes were to be employed in film boiling experiments as 
well as in the tests reported in the present paper. 

The vertical rectangular test channel formed part of a heat- 
transfer loop, shown schematically in Fig. 1. The piping in this 
loop is entirely of pyrex glass except for an Inconel section 45 in. 
long which adapts the circular pyrex pipe to the rectangular sec- 
tion housing the treated tube. The heating tube is shown in Fig. 
2. Teflon gaskets are employed between all of the flanged joints, 
while the pump and other metallic fittings are of stainless steel. 

The liquid flow rate is measured to +1 per cent accuracy with 
a gravimetrically calibrated stainless-steel orifice used with a 60- 
in. water manometer. Manual flow control is afforded by a 
throttling valve on the discharge side of the centrifugal pump. 

Connections are made to the stainless-steel heater tube by 
silver-soldering '/:-in. diam copper pieces to each end. The cop- 
per extends */,. in. into the flow stream from each side and pro- 
vides the means for bringing 60-cycle ac into the tube to provide 
resistance heating. The rate of heat addition was measured elec- 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Fig. 1 Schematic diagram of test loop 

trically, using an ammeter and voltmeter, with voltage taps 
attached to the surface of the stainless-steel heat-transfer surface 
during the first of the tests. Later, the voltage taps were fastened 
to the copper rods protruding from the rectangular channel, since 
the voltage drop between the rods and the ends of the stainless- 
steel tube was shown to be negligible. The range of heat flux 
used in these tests was up to 1,174,000 Btu/hr-sq ft. 

Temperature measurements were made in three places: In the 
liquid just ahead of the flow orifice; in the liquid just ahead of the 
test section; and inside the heated tube, at the center of its length. 
Calibrated platinum to platinum-10 per cent rhodium and copper- 
constantan thermocouples were used to measure temperature 
within the tube, and copper-constantan thermocouples, housed in 
stainless-steel wells, were used to measure fluid temperatures. 
All thermocouples were calibrated to +0.3 F. The fluid thermo- 
couples were immersed for at least 10 diam in the flowing liquid, 
and it can be demonstrated by calculation that the tube thermo- 
couple measured inside tube-wall temperature with negligible 
error. 

In order to know the tube outside-wall temperature precisely, 
it is necessary to calculate the temperature difference through 
the wall with considerable accuracy. It was found that the as- 
sumption of constant electrical resistance and thermal conduc- 
tivity through the tube wall led to an error of as much as 16 F, so 
more accurate values of this temperature difference were found by 
solving the wall-conduction problem on an IBM 650 digital com- 
puter. The Appendix presents details of this calculation. 

In all of the experimental runs, the compositions of the mixtures 
were checked by means of hydrometer readings carried out on 
samples taken from the loop from time to time. In one case a 
gravimetric determination was made, and it was in good agree- 
ment with the other methods. 


Discussion of Results 


Comparison of the two photographs in Fig. 3 shows the effect 
on forced-convection local boiling of 1.5-per-cent-by-weight iso- 
propy! alcohol dissolved in distilled water. Both pictures were 
taken during steady-state operation at a pressure slightly above 
atmospheric, with a heat flux of about 590,000 Btu/hr-sq ft and 
liquid velocity 0.5 ft/sec. 
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Fig. 2 Heating surface with power leads 


The marked decrease in average bubble diameter which is ot 
served in the second photograph of Fig. 3 was accompanied by 
corresponding improvement in the smoothness and regularity « 
vapor-liquid flow adjacent to the heater. Similar effects we 
observed at other values of heat flux, liquid subcooling, and liquid 
velocity. Fig. 4 shows photographs with 1.5 per cent propanol 
taken at 890,000 Btu /hr-sq ft, and 4 ft/see velocity, while Fig. 5 is 
with 1.5 per cent isopropanol, 663,000 Btu/hr-sq ft, and 4 ft/sec. 

The degree of liquid subcooling affects bubble size to a small 
extent in these cases. The photographs, as noted in Figs. 3, 4, 
and 5, were taken while the degree of pure water subcooling was 
20 F less than that of the aleohol-water mixtures, which would in 
itself tend to make the alcohol-water bubbles smaller. However, 
additional tests were made with pure water having the same sub- 
cooling as the mixtures in Figs. 3, 4, and 5, and the difference in 
bubble size shown by these figures was seen to persist. Moreover, 
photographic studies by Gunther (2) indicate that the disparity 
in subcooling would account for less than a seven per cent reduc- 
tion in bubble radius, whereas the actual reduction observed with 
the mixtures was substantially greater. 

Fritz (3) obtained a simple empirical relationship between the 
volume of a bubble during pool boiling and certain properties of 
the boiling fluid. Expressed in terms of the diameter of a spherical 
bubble it is iF 

V/s 


for 0 < B < 140 deg 


where 


Fig. 3 Top: Boiling with distilled water. g” = 587,000 Btu per hr 
per sq ft, velocity = 0.5 fps, subcooling 25 F, surface 257.9 F, satu- 
ration temperature 218.6 F. 

Bottom: Boiling with water containing 1'/2 per cent isopropanol. 
q” = 592,000 Btu per hr per sq ft, velocity = 0.5 fps, subcooling 39 
F, surface 254.8 F, saturation temperature 218.6 F. 


o = surface tension 
bubble diameter when breaking off the heating surface 
acceleration of gravity ‘ 
constant 
bubble contact angle 
liquid density 

= vapor density 


Gen 

The surface tension o decreases to 82 per cent of the surface 
tension for pure water when 1'/.-per-cent-by-weight isopropanol is 
added to the water (4), while the density of the liquid decreases 
by only 0.5 per cent. Bonilla and Perry (5) have reported that 
for ethanol-water mixtures the bubble contact angle decreases by 
only four per cent for mixtures containing 12 per cent ethanol. 
No data on bubble contact angle are available for isopropanol- 
water mixtures. 

Using linear interpolation of Bonilla and Perry’s data on bubble 
contact angles to smaller concentrations of a different alcohol, a 
9 per cent reduction in bubble radius is predicted by the Fritz 
equation for the 1.5 per cent isopropanol-water mixture as com- 
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Fig. 4 Top: Boiling with distilled water. g” = 892,000 Btu per hr 
per sq ft, velocity = 4 fps, subcooling 20 F, surface 275.6 F, saturation 
temperature 218.6 F. 


Bottom: Boiling with water containing 1'/: per cent isopropanol. 
q” = 881,000 Btu per hr per sq ft, velocity = 4 fps, subcooling = 41 F, 
surface 272.7 F, saturation temperature 218.6 F. 


pared to pure water. Visual observation indicates an even larger 
decrease in radius, even for equal degrees of subcooling. Pre- 
sumably linear interpolation of the data of Bonilla and Perry is 
not justified, or possibly the Fritz equation does not contain all 
factors relevant to bubble size in local boiling. 

A similar calculation, using values from Table 1, shows that 
predicted bubble-radius reduction is 7 per cent for 2.65 per cent 
by weight of methyl! alcohol. As with the isopropanol, the ob- 
served reduction was greater, but qualitative agreement exists as 
to the effect of the additives on bubble size. 

In order to determine the effect of the additive on other 
nucleate-boiling heat-transfer characteristics of water, a number 
of tests were run at liquid velocities of 0.3 and 0.5 ft/sec. Figs. 6 
and 7 show curves of heat flux q” as a function of the temperature 
difference, AT7',, from the heater’s outer surface to the saturation 
temperature of pure water at the static pressure near the heater. 

It is interesting to note the shift of these curves with different 
heater surface treatments. Surfaces coated with the stable oxide 
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Fig. 5 Top: Boiling with distilled water. g” = 663,500 Btu per hr 
per sq ft, velocity = 4 fps, subcooling 18 F, surface 270.6 F, saturation 
temperature 218.6 F. 


Bottom: 
isopropanol. 
subcooling = 


Boiling with water containing slightly over 1 per cent 
q” = 663,500 Btu per hr per sq ft, velocity = 4 fps, 
37 F, surface 267.7 F, saturation temperature 218.6 F, 


Table 1 Properties of methanol-water mixtures (2.65 per 
cent methanol by weight) compared to those of pure water 


Value compared to 
that for water 
1.035 
0.998 
0.983 
0.880 
0.990 
030 
0.919 


Quantity 


film produced by film boiling have a higher AT, for a given q’” 


than those of the acid cleaned tubes by some 65 per cent. This 
holds for runs with the alcohol-water mixtures as well as for runs 
with pure water. The same type of shift was noted earlier in 
pool-boiling tests and has been reported by other observers (6). 
A change of this magnitude in AT’, is quite small compared to the 
temperature of the surface, and it is, therefore, usually of second- 
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Fig. 6 
to saturated fluid. Acid-cleaned heater. 


ary interest when designing a surface to transmit a given heat 
flux.$ 

The curves also show that, for the smallest additions of alcohol, 
the q” versus AT, curve is the same as for pure water within the 
limits of experimental uncertainty. For greater proportions of 
alcohol, 1.5 per cent of isopropanol and 2.65 per cent methanol by 
weight, local boiling heat transfer is seen to be somewhat better 
than with pure water. Even at a heat flux of 800,000 Btu/hr- 
sq ft, however, the improvement is only 6 F, from 33 F to 27 F 
for the isopropanol-water mixture. For practical purposes, there- 
fore, it may be stated that the surface temperatures were nearly 
independent of the small amounts of alcohol added. 

A correlation which has been proposed by Rohsenow (1) for 
surface boiling heat transfer has proved quite successful for a 
number of different fluids, heating surfaces, and flow arrange- 
ments. This correlation may be written as follows 


& 

where 

* Because boiling heat transfer correlations are of the form 
q” = CAT," 

and the exponent n is large (3 or more), a moderate shift in the 
nucleate boiling curve affects the computed heat flux greatly for a 
given AT,. However, most high performance nucleate boiling ap- 
paratus must be designed with heat flux, rather than AT7,, as the 
limited variable, because of the necessity for avoiding burnout. In 
such cases, an increase of the surface temperature of a few degrees 
ean usually be accommodated without ill effect. Nevertheless, the 
greatest A7’, must be anticipated and provided for in the design. 


2.65% METHANOL 


40 50 60 
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Fig. 7 Total heat flux as a function of temperature difference, wall 
to saturated fluid. Oxidized heater. Velocity 0.3 fps. 


= total heat-transfer rate per unit surface area (heat flux) 
heat flux attributable to boiling without forced con- 
vection 
= heat flux attributable to forced convection 


and the total heat flux is treated as the sum of the two quantities 
shown. The “convective heat flux’’ is that which would be caleu- 
lated for the temperature difference (7, — T,) without boiling, 
while the “boiling heat flux” is that which would be predicted for 
boiling without forced convection with the same value of the 
temperature difference (T,, — T sat). 

For forced convection normal to single tubes without boiling, 
the heat flux may be expressed (6) 


qe” = h(T, 
where 7, = heater surface temperature 


T, = fluid temperature 


and h is defined by the relation 


hD ‘DG\2* . 
= 0.6 ( 
k 


heater diameter 

mass velocity 

thermal conductivity of the liquid 
specific heat of the liquid 
viscosity of the liquid 


The pool-boiling correlation of Rohsenow (1) is presented as a re- 
lationship between dimensionless ratios 


where 
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empirically determined constants 

temperature difference between the hea 
surface and the saturation temperature 
the fluid, and the other symbols are alre: 
defined 


For pure water, if it is assumed that s = 1.7, which Rohser 
and others have shown to be satisfactory for flow inside roi 
tubes, the coefficient Cyr is found to be 0.0102 for the acid-clea1 
tubes and 0.0151 for the tubes with oxide coatings. The hig 
value of C: for the tubes with oxide is consistent with the ear 
observation that such tubes give a lower value of q” for a giv 
AT, as compared to acid-cleaned tubes. 

The exponent r, which holds for all of the curves, was found 
be 0.17. Fig. 8 shows the data for pure water in local boiling w 
flow normal to the tube plotted in such a way that the Rohsen 
coefficient of Cs: and the exponent r may be determined. 


10 
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Fig. 8 Plot for determination of Rohsenow coefficients 
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C oT 
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_ The experimental fact that small amounts of the organic addi- 
tives did nog appreciably affect the values of AT’, for a given heat 
flux, although the bubble size was markedly reduced, may be in- 
vestigated by expressing the Rohsenow correlation in the form 


q" = [ — kept (22) [6] 


sf 


Table 1 shows the percentage change in variables contained 
in the correlation, compared to pure water, when 2.65 per cent 
methanol by weight is added. 

Taking s = 1.7, r = 0.17, regarding Cs as an invariant, and 
substituting the percentage variations in the rewritten Rohsenow 
correlation, it is found that for a given A7’,, g,” should be higher 
by 2.5 per cent for the addition of 2.65-per-cent-by-weight meth- 
anol as compared to pure water. The reduction in bubble radius, 
calculated from Fritz’ relation, is 7 per cent, as stated earlier. 

The actual increase in g,” for a given A7’, is greater than 2.5 
per cent for the addition, as may be seen from Figs. 6 and 7. How- 
ever, the property values given in Table 1 are quite uncertain, and 
in some cases data for ethanol have been used in the absence of 
values for methanol. The significant points are that the direction 
of the shift of the g” versus A7’, curves for the runs with organic 
additives are reasonable and consistent with the fact that bubble 
size is appreciably smaller, and that the calculated trends, though 
approximate, seem to verify the postulated mechanisms. 


Fig. 9 Burnout in distilled water without forced circulation. Sur- 
face temperature and flux not determined. Saturation temperature 
219 F. 


Other tests, not to be reported in detail in the present paper, 
confirm the observations of various investigators that pure iso- 
propyl alcohol, or mixtures with water where an appreciable 
fraction of the alcohol is present, give poorer heat transfer 
(greater AJ, for a givén q”) than with pure water. This is ex- 
plained by substantial changes of mixture properties other than 
surface tension which take place when an appreciable fraction of 
the organic substance is present. 

Each of the experimental runs shown in Figs. 6 and 7 was con- 
tinued to the onset of film boiling, to the peak heat flux. These 
points are indicated on the graphs, and it may be seen that the 
peak (or burnout) heat flux was at least as great in the runs with 
the organic additive as it was with pure water. At higher alcohol 
concentrations, the peak flux would be found to decrease.’ Fig. 9 
shows rather dramatically the appearance of the test section just 
after failure by burnout, at a time when the tube has failed 
mechanically but is still almost white-hot from the sudden tem- 
perature increase which accompanies the vapor blanketing of a 
heater as it goes suddenly from nucleate to film boiling. 


Summary and Conclusions 


The experimental investigation described here demonstrated 
the effect on locaboiling heat transfer of a very small amount of 
dissolved organic additives in distilled water. With about one per 
cent isopropy] alcohol or two per cent methyl alcohol by weight, 
the nucleate-boiling heat-transfer coefficient is either unaltered or 
slightly improved, while the average and maximum bubble sizes 
are very notably reduced. The peak heat flux is slightly ele- 
vated. The smaller average bubble size improves the dynamic 
characteristics of the boiling mechanism during forced convection, 
because the heat transfer can be effected without the ragged and 
uneven vapor masses characteristic of local boiling of pure water 
at very high heat flux [around 1 million Btu/hr-sq ft]. 

A possible application of this phenomenon is in the flow channel 
of a water-cooled and water-moderated nuclear reactor. The 
high heat-transfer coefficients which accompany local boiling are 
desirable, but the density fluctuations, lower average density, 
and much greater static-pressure drop are detrimental. These 
undesirable conditions will all be alleviated to some extent, at 
least, by a decrease in the average bubble size. 

Because there is a lack of information in the literature on nu- 


6 See, for example, the results of Cichelli and Bonilla (7), who cor- 
related peak flux with reduced pressure, p/ Per. 
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cleate-boiling heat transfer from round tubes normal to the flow of 
subcooled pure liquid, there is included a correlation of the 
measurements with pure water. The dimensionless groups pro- 
posed by Rohsenow (1) were found to be adequate, and the data 
were sufficient to determine the necessary coefficient and ex- 
= 
= >) 
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APPENDIX 
Calculation of Heater Surface Temperature bean 

To establish the surface temperature of the test section from 
the reading of a thermocouple within the test section, it was 
necessary to calculate the temperature drop through the tube 
wall. Normally, this would be done by assuming uniform heat 
generation in the tube wall, in which case the calculation is quite 
simple. However, at high electrical inputs, where the tempera- 
ture drop through the wall is substantial, properties of the tube 
which are functions of temperature and which affect the genera- 
tion vary to such an extent that the assumption of uniform genera- 
tion is invalid. 

Fig. 10 shows an end view of the stainless-steel heater tube. 
The heat flux entering the shaded volume element dV is 
—KA(dT/dz), the generation in volume is q’’’dV and the rate 
of heat transfer from the right side is 


dK dA aT 
| (. ( 
= r) A + —— de) 


thermal conductivity of the tube 
area normal! to heat flow 
T temperature 
z distance measured from the tube axis 


2 


where 


The energy balance becomes 


iT dK 

+ q'"Adz = -(x + — az) 

dT 


aA 
=. dx 
dx 


a8 


as Fig. 10 Diagram of cross section of heater oe 


Multiplying the right side out and neglecting higher order 


terms 
er 1 
A = 2x per unit length 
k=kf[1+7(T — T,)) 


where k, = conductivity of the inner surface of the tube 
Y = variation of conductivity with temperature 
7, = temperature at the tube inner surface 


E? 
+ — 7.) 
where 


E = voltage drop across the tube 
V = metallic volume of the tube 
R, = electrical resistance at the inner surface 


Substituting 


+4 
dz? 2rzrk,(1 + — 


dx 


E? 


=0 


Performing the indicated differentiations 
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Fig. 11 Temperature drop across heater wall as a function of heat 
flux. Heater type 304 stainless steel, 0.110 in. OD, 0.0875 ID. 


Boundary conditions: At the inner tube wall, 7 = the tempera- 
ture given by the thermocouple inside the tube, and dt/dr = 0. 

A model 650 IBM computer’ was used to solve this equation by 
finite difference methods taking twenty equal intervals across the 
tube for numerical integration. The integration furnished tube- 
wall temperature drop for six particular values of inner-wall tem- 
perature and power input. (Power input fixes heat flux, 9’ 
Btu/hr-sq ft). A curve of wall temperature drop versus q”, drawn 
through these six values was used to calculate tube surface tem- 
peratures for all tests. The curve is shown in Fig. 11. 

Values of y, a, R,, and K, were obtained from two sources (8 
and 9) which checked each other closely and checked the values 
of electrical resistance observed during the tests. 

Additional calculations with the computer showed that: 


1 No appreciable difference in wall-temperature drop oc- 
curred due to variations of the initial-temperature value (that is, 
temperature at tube inner surface) within the range of initial 
temperature values observed at a given qg” during the tests. Hence 
use of the curve in Fig. 11 for all tests, in spite of variations of 
inner-surface temperature, is justified. 

2 The probable uncertainties in K,, R,, a, y, wall thickness, 
and initial temperature combined to give a probable uncertainty 
in wall drop of only +5.1 per cent. This was found by introduc- 
ing into the calculations the values corresponding to maximum 
uncertainties in these quantities and comparing the wall drop 
calculated by the computer with the original value. 

3 Decreasing the size of the increment for the finite difference 
integration, or the required degree of convergence of answers for 
each increment changes the wall drop value by a negligible 
amount. Hence the size of the increment and degree of con- 
vergence were specified small enough to give accurate results in 
the calculations from which the curve in Fig. 11 was plotted. 


7The computer is located at Electronics Research Laboratory, 
Stanford University. Its use was financed by the National Science 
Foundation, grant NSF G 3045. The authors are grateful to the 
National Science Foundation and to Prof. J. G. Herriott, Mathe- 
matics Department, and D. C. Baxter, Mechanical Engineering De- 
partment, Stanford University, for their assistance in this project. 
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Discussion 


J. A. Clark. The authors show that an additive more volatile 
than a liquid allows nucleation to occur in the liquid mixture at 
temperatures less than those found for the pure liquid alone. 
Their results given in Figs. 6 and 7 are quite reasonable. In the 
presence of a volatile additive it would be expected that in 
nucleate boiling at a given surface temperature the bubble popu- 
lation would be greater than for the pure liquid and hence the 
heat flux also would be greater. This effect is shown by the 
present paper. A similar effect for the case of dissolved air in 
water (69 ce air per liter) at 90 psia has been reported by Mc- 
Adams, et al. (1). At higher pressures (1000-2000 psia) dis- 
solved gases in water appear to have no noticeable effect (2). 
The fact that the maximum heat flux seems to be uninfluenced 
by the presence of additive suggests that the vapor bubbles at 
this point are composed principally of the additive itself and are 
of sufficient volume to prevent a significant number of bubbles of 
water vapor to exist. It is conceivable the water could act as a 
stabilizing fluid delaying the actual peak flux condition. This in 
fact may occur but would be difficult to pick up without transient 
instrumentation. 

For application in nuclear reactors, which the authors men- 
tion, it will be important to study these effects at much higher 
pressures and also to investigate the nuclear properties of the 
additive as regards its ‘‘poisoning,” or neutron-absorption charac- 
teristics, and its susceptibility to radioactivity. 

It should be pointed out that the authors’ Fig. 8 is essentially 
their Figs. 6 and 7 for pure water as q,” differs very little from 
q". According to the writer’s computation g,” ranges from 22 
per cent q” to 9.4 per cent g” for the acid-cleaned heater, and from 
18 per cent g” to 5 per cent g” for the oxidized heater, the larger 
percentage corresponding to the lower flux in both instances. 
Since the pressure was fixed in all the tests, the co-ordinates in 
Fig. 8 do not indicate a correlation in the usual sense but rather 
another representation of the pure-water data of Figs. 6 and 7 with 
a change of scale in the ordinate and abscissa. The writer sug- 
gests that Rohsenow’s correlation has not been tested by these 
data. 

In their Appendix the authors derive and present the differen- 
tial equation governing the temperature distribution in infinitely 
long circular cylinders with heat sources for the case of tempera- 
ture-dependent properties of thermal conductivity and electrical 
resistivity. They correctly show that a general approach to this 
problem involves a nonlinear differential equation which they in- 
tegrate using an IBM 650. This same problem has been ap- 
proached by others (3, 4, 5) in a somewhat different way. Since 
the writer recently has had occasion to re-examine this problem, 
which originally was solved by Kreith and Summerfield (3), from 
the standpoint of a hand computation for the solution, the follow- 
ing is presented which may be of general interest. The outer- 
wall temperature 7,, at radius z,, may be written in terms of 
the temperature 7’, at z, by a Taylor series expansion about 
the adiabatic point z = z, (authors’ notation) for linear variation 
in thermal conductivity and electrical resistivity” as (R,, = mean 
resistivity ) 


8 Professor of Mechanical Engineering, University of Michigan, 
Ann Arbor, Mich. Assoc. Mem. ASME. 

* Numbers in parentheses refer to the Bibliography at the end of 
this discussion. 

10 The advantage of the Taylor series expansion is that the differen- 
tial equation itself provides the second derivative, 0?7/0z? from which 
all higher derivatives may be formed, and when evaluated at an 
adiabatic surface, the first derivative 07'/dz is identically zero. A 
nonlinear temperature yariation in physical properties also may be 
handled. 
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Table 2 Results of 7’, — 7,, calculations 


> Te T. Te 

(geometric (thermal-property 

term), deg F term), deg F R»/R, 
48.6 +0. 0086 >0.99 
39.1 <0. 0086 >0.99 
24.6 <0. 0086 >0.99 

9.90 <0.0086 >0.99 
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Estimate of ac- 
curacy of thermal- 
(authors’) conductivity data 
Fig. 11), +5% (Te — Te), 
deg F deg F 
+2. 43 
+1.95 
+1.23 
+0. 50 
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+ + Gu" Re) (* — z, 
4 tT, 6k, 1) 


ai? 3y + 4dayT, + 


-f, 


Zo 


(1+ yT7,)( | 


This result is essentially that of Kreith and Summerfield (3). 
Now, if one examines the first summation in the braces, two 
things are observed: (a) It contains only geometric quantities 
and no thermal property coefficients, and (6) the series, if it con- 
tinues in its present form, may be written 


n 


=1 


— log, E += 


This last form of the first summation is exactly what one would 
obtain assuming constant properties, i.e., a = 0, y = 0, and is 
that result which a Taylor series expansion must give for these 
circumstances. Hence it seems reasonable that the first series 
will proceed as assumed, converging to the function just written. 
This means the temperature drop T, — T,, can be written as the 
sum of two functions, the first being a geometric function (solu- 
tion for constant properties) and the second a thermal-property 
variation function, the first term of which is written in the 
Taylor series just given. The equation so written enables one to 
assess the influence of thermal property variation on T, — T,, 
which does not seem to be large. To show this the writer com- 
puted several values of 7, — 7, corresponding to the authors’ 
heat-transfer data and geometry but using thermal conduc- 
tivity and electrical resistivity data for 304 from Dickinson and 
Welch (5). The results in Table 2 were obtained. 

In general, the results are equivalent. The writer is puzzled at 
the very large discrepancy between the authors’ IBM solution 
and their constant-property estimation. Such a difference is not 
predicted by the analysis presented by the writer nor does it 
seem reasonable to expect it since the maximum temperature 
difference T, — T,, is less than 50 F. It is quite possible the 
root of the problem lies in the thermal-property data themselves. 
Perhaps the authors could report the numerical values of thermal 
conductivity and electrical resistivity which they used. 
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M. Tribus'' and N. Zuber.'? The experimental results pre- 
sented by the authors are significant because they put into focus 
the essential features of nucleate boiling and of the “burnout 
phenomenon.” Figs. 6 and 7 clearly illustrate the dependence 
of nucleate-boiling heat transfer on the condition of the surface, 
and the fact that the “burnout”’ heat flux is independent of the 
temperature difference AZ’, (often called “liquid superheat’’). 
As the authors have discussed, although a variation of 65 per cent 
in the temperature difference A7’, is small compared to the tem- 
perature of the surface, yet this variation is very important when 
the heat flux is computed from an equation of the form 


This result is a consequence of the fact that the exponent n is 
very large. Values between 3 and 24 have been reported depend- 
ing on the surface conditions. The difficulty, which arises when an 
equation of the form of Equation [7] is used, becomes even more 
evident when it is realized that experimental data are not yet 
available which would relate quantitatively the variations of 
the temperature difference AT, to the surface conditions. 

Fortunately, for constant-heat-input systems, such as nuclear 
reactors, the essential information is not the temperature of the 
surface during nucleate boiling but rather the limiting heat flux, 
the so-called “burnout point.” It can be seen from Figs. 6 and 7 
that this flux is independent of the temperature difference AT’; 
i.e., of the liquid superheat. The explanation for this lies in 
the fact that this flux is determined by the hydrodynamic sta- 
bility as first proposed by Kutateladze."* It was shown re- 
cently'* 1 '6 that the problem can be simplified greatly if transi- 
tion boiling instead of nucleate boiling is analyzed. If such a view 
is adopted, then, by using a hydrodynamic-stability analysis it is 
possible to derive an analytic expression for the peak nucleate 
heat flux in pool boiling of subcooled liquids 
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In Equation [8], L is the latent heat of vaporization, a, the ther- 
mal diffusivity of the liquid, 7’, fluid saturation temperature, and 
T, the bulk-liquid temperature. The physical interpretation of 
the three right-hand side terms in Equation [8] is as follows: 
The first term is the energy required to generate the critical 
vapor-mass flow which causes the instability. The second is the 
energy required to increase the enthalpy of the liquid from bulk 
liquid to saturation temperature. The last term is the energy 
transferred from the liquid-vapor interface which is at saturation 
temperature to the bulk liquid which is subcooled. 

Because the authors have kindly made their original data 
available, the writers were able to check further the validity of 
Equation [8]. The results are given in Table 3. ails 45 

Table 3 aie 


Experimental, Analytical, 
Btu/hr sq ft Btu/hr sq ft 
9.10 X 105-11.74 KX 108 9.89 x 105 
4.55 X 105-5.12 108 5.28 x 105 


T,—T1, 

deg F 
47.6 
Fig. 7 13.4 


J. W. Westwater.'? This interesting research shows that heat 
transfer to boiling mixtures is much more complicated than to 
pure liquids. The authors show that small quantities of a volatile 
material of low molecular weight can cause appreciable changes 
in behavior for water during subcooled, nucleate boiling. A re- 
cent paper by A. J. Lowery, Jr., and J. W. Westwater,* concerns 
the effect of nonvolatile additives of high molecular weight. For 
nucleate boiling of saturated methanol, the effect was not great. 
For transition and film boiling the effect was very large and can- 
not be explained in terms of changes in the surface tension or 
other physical properties. A few parts per million of certain 
agents are sufficient to produce measurable increases in the heat 
flux. 

17 Associate Professor of Chemical Engineering, University ~ of 


Illinois, Urbana, Ill 
18 Industrial and Engineering Chemistry, vol. 49, 1957, p. 1445. 
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Authors’ Closure 


The authors are indebted to Profes or Clark for his careful dis- 
cussion of this paper. Some of his comments raise additional 
questions which we shall attempt to answer in the order of their 
occurrence in his presentation. 

It is agreed that the effects described in the paper must be 
checked at higher pressures if they are to be of use in most 
nuclear reactors. Furthermore, any additive which is selected 
must be evaluated from the standpoint of stability under radia- 
tion. However, it is not necessary to investigate the “poison- 
ing” effects of organic additives of the type described in the paper, 
since the absorption cross sections of these materials are generally 
small and, in any event, can be readily calculated from tabulated 
properties. 

It is true that Fig. 8 does not present a test of the Rohsenow 
correlation. Rather, it was prepared to provide comparative 
values of the coefficient and exponent (Cs: and r) for forced flow 
across tubes with the materials employed in these tests. Previ- 
ously published information by several authors has demonstrated 
the validity of the Rohsenow correlation method for flow of water 
inside tubes, and our presentation assumes that the method is also 
applicable to crossfiow. 

Professor Clark’s method of calculating the temperature dif- 
ference in the tube wall when the thermal conductivity and elec- 
trical resistivity are temperature-dependent is both interesting 
and helpful. To facilitate comparison, we present here the 


thermal conductivity and electrical resistance values which we 
used. These values are tabulated for the same inner wall tem- 
peratures as in Table 2: 


9.81 


9.67 
9.59 

The large discrepancy shown in Fig. 11 between the IBM solu- 
tion and the constant-property estimation is incorrect. The uni- 
form generation line on that figure was calculated for a different 
size of test section than was used in this experiment and should 
therefore be disregarded. The IBM solution is correct, however, 
and all the conclusions in the body of the paper are based on the 
results of this correct calculation. 

The authors also wish to acknowledge the interesting contribu- 
tions made by Professor Tribus and Mr. Zuber of the University of 
California at Los Angeles, as well as those made by Professor 
Westwater of the University of Illinois. The relation of the 
present work to results from research projects in other phases of 
boiling heat transfer will contribute to the development of a 
consistent theory. 


Rn/Re 
>0.99 
>0.99 


~Computed Spectral Measurements 


Spectral and total emittances have been measured for ma- 
terials exposed to various oxidation conditions (total of 25 sam- 
ples). The total emittance values computed from the spectral 
data have been found to compare favorably with the measured 
total values. The experimental techniques utilized for both 
types of determinations are described and the effect of tem- 
perature, sample preparation, and experimental errors are dis- 
cussed relative to the differences obtained in the results. 


By 


Nomenclature 
The following nomenclature is used in the paper: 


= constants of Planck’s radiation equation 
monochromatic emissive power, Btu/hr sq ft micron 
total emissive power, Btu/hr ft? 
total emissive power of an ideal radiator, Btu/hr sq ft 
emissivity or emittance; subscript \ denotes mono- 
chromatic value 
index of refraction 
reflectivity or reflectance; 
monochromatic value 
= absolute temperature, deg R 
wave length, microns 
= volume resistivity, ohm-cm; subscript denotes abso- 
lute temperature used for measurement 
Stefan-Boltzmann constant, 0.172 10~* Btu/hr sq 
ft (deg R)* 


subscript A denotes 


Introduction 


For several years, the authors have been engaged in developing 
techniques for the measurement of the spectral characteristics of 
materials. The purpose of this paper is to present the results of 
a specific program on spectral and total emittance measurements 
carried out for the North American Aviation Company. The 
twenty-five samples studied in this program consisted of typical 
aircraft construction materials with special surface coatings and 
or thermal treatments. Samples of the untreated materials also 
were included for comparison. The total emittances were 
measured at temperatures of 200, 400, 600, and 800 deg F, while 
the spectral reflectances were measured at approximately 100 F. 
The spectral reflectances were then utilized to compute the total 
emittances at the four temperatures (1).* The discrepancies be- 
tween the total emittance values obtained by direct measurement 
and those calculated from spectral data are discussed and the 
sources of the differences delineated. 


The materials covered in this investigation are only moderately 

1Shell Development Company, Emeryville, Calif. Assoc. Mem. 
ASME. 

2 Associate Professor, Department of Engineering, University of 
California, Berkeley, Calif. 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
AMERICAN Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 10, 
1957. Paper No. S7—A-29. 
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_Compari ison of Total Emittances With Values 


. T. BEVANS,' J. T. GIER,? anv R. V. DUNKLE? 


selective; many other materials show a much larger variation in 
spectral characteristics with wave length. For many engineering 
purposes it is essential to consider the spectral dependence of the 
emission and absorption of materials. This is of particular im- 
portance in the fields of control and utilization of solar energy (2, 
3,4). Inthe past, little attention has been paid to the importance 
of spectral characteristics, and even gases have been commonly 
treated as gray (nonselective) absorbers and emitters of radiation 
(6). 


Experimental Procedures 

Spectral Emittance+ Measureme ws. The equipment used for the 
spectral measurements has been described previously in another 
journal (3). No description has been given in the engineering 
literature and a brief outline of the method will be presented. 

The basic components of the system are (a) a heated ideal 
radiator, (b) a water-cooled sample, and (c) an infrared dispersing 
and detection system, Figs. 1 and 2. The sample is held by a 
sample holder inserted in the ideal radiator flush with the inner 
wall of the cavity. The radiation emitted by the ideal radiator at 
a particular wave length is compared with the radiation from the 
ideal radiator after reflection from the sample. This comparison 
is made by means of a Perkin-Elmer Model 83 monochromator 
through an optical system focussed alternately on the sample and 
the radiator wall, Figs. 1 and 2. Values of reflectance are ob- 
tained over the wavelength range 1 to 25 microns for 0.25-micron 
intervals. 


‘In scientific nomenclature the “ivity”’ ending refers to the charac- 
teristics of a material, whereas the “ance” ending refers to the 
characteristic of a body or portions of a body rather than the material 
composing it. Thus emissivity refers to the material in a pure, 
polished, and opaque form and emittance includes surface roughness, 
oxide films, transmission of surface films, and other deviations from 
the definition of emissivity. This is analogous to describing the re- 
sistivity of a metal and the resistance of a resistor made from that 
metal. Many engineers make no distinction between emissivity and 
emittance. A discussion of this terminology may be found in “‘Tem- 
perature, Its Measurement and Control,” pp. 1164-1168, Reinhold 
Publishing Corporation, 1941. The same argument holds for re- 
lectivity, reflectance, absorptivit and absorptance. 


Fig. 1 View of equipment: (1) High-temperature cavity; (2) 
optical system; (3) Perkin-Elmer Model 83 infrared monochromator ; 
(4) Perkin-Elmer Model 81 A-C amplifier; (5) regulated power 
supply; (6) indicating pen recorder; (7) potentiometer trike * 
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Fig. 2 Schematic-view of sample holder 

The ideal radiator is heated electrically to approximately 1500 
F by three separately controlled heaters and a uniform tempera- 
ture established to within +5 deg F as indicated by four chromel- 
alumel thermocouples peened to the cavity wall. One thermo- 
couple is located directly opposite the sample, one in the region 
viewed as the reference source, and the remaining two on the sides 
of the cavity, midway between the top and bottom, Fig. 3. The 
sample must be cooled substantially below the radiation-source 
temperature, otherwise the sample would emit as much radiation 
as absorbed .and it would be impossible to differentiate between 
emitted and reflected radiation. In addition, cooling is necessary 
to prevent deterioration of the test surface. In practice, the sam- 
ple temperature is approximately 100 F. The construction of the 
sample holder and the method of cooling is shown in Fig. 4. 

The values of spectral reflectance obtained are converted to 
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Fig. 4 Cross-section representation of heated Hohlraum 


spectral emittance measurements by the relation valid for opaque 
materials 


Total Emitiance Measurements. The procedure used for measur- 
ing the total emittance of a material has been described in detail 
by Snyder, Gier, and Dunkle (9). The values presented are the 
average of a minimum of three consistent determinations at each 
temperature; i.e., three consecutive values obtained over an ap- 
proximately 30-minute interval, which differed by +0.01 or less. 

Calculation Method. The calculations were performed using the 
procedure outlined by Dunkle (1), by the Computer Laboratory 
of the University of California. The emittances were computed 
at temperatures of 200, 400, 600, and 800 F. In the strictest 
sense, the value computed in this manner is the absorptance of the 
sample for an ideal] radiator source at the four temperatures. This 
method of computation assumes that the spectral reflectance is 
independent of temperature. 

The range of wave lengths involved in the spectral measure- 
ments is sufficiently large so that the uncertainty in the com- 
puted emittances is small for the temperature range considered. 
This can be shown by using the expression for the monochromatic 
emission of an ideal radiator, which is conveniently written as (1) 


Ey C, 


"5 7 C 
ary| (ex 3) 1] 


The definition of the total emittance of a surface is 


= 
Fig. 3 Schematic view of optical system, showing relative positions 
of mirrors and shields 


Substitution of Equation [2] in Equation [3] and changing the 
variable of integration to \7’, transforms the latter equation into 
the convenient form used for computation 


= Ey 


The function £,/aT®, and the integral of this function from 0 
to AT as a function of \7’, are shown in Fig. 5. The value of the 
integral from 0 to AZ’ represents the fraction of the power of an 
ideal radiator between 0 and X for a specific temperature 7’. 
Thus less than one per cent of the total power of an ideal radiator 
at a temperature of 2600 R, lies in the wave length region below 
one micron (AT = 2600). In a similar manner, approximately 
one per cent of the total power lies beyond AT = 40,000. For the 
temperature of 200 F, and wave length limits of 1 and 25 microns, 
approximately 10 per cent of the power lies beyond the maximum 
value of \7’ = 16,500 and negligible power lies below A7’ = 660. 
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COMERS A e. The minimum value of \7' for the 800 F temperature is 1260 at 1 

| Amy ] Pe i | micron and the power neglected in the computations is again neg- 

+ , ligible. At the long wave length end of the spectrum, 25 microns 

and 800 F give a value of = 31,500 and approximately two 

| aa es : per cent of the power is at wave lengths greater than 25 microns 

for this temperature. To avoid neglecting the power beyond 25 

microns, the assumption was made that the reflectance of the 

sample from 25 to infinity was the same as the average reflectance 

from 24 to 25 microns. The following discussion shows the 

effect of this assumption upon the computations decreased as the 
temperature was increased. 


(microns-*ry! 


£ 


Description of Samples 

The samples were furnished by the sponsor of the work and 
therefore no control over the preparation of the surfaces was ex- 
ercised by the authors. A description of the samples is given in 
Table 1 and shows the material and thermal treatment. For each 
test surface, two samples were furnished; namely (a) a disk 0.875 
in. diam for spectral measurements and (b) a 6-in. square for total 
emittance measurements. Comparison of the two samples repre- 
senting a single test surface indicated large variations in the 
visible spectrum for many surfaces. Such variations may arise 
from differences in the thickness of the oxide layers and/or com- 
position of the oxides and are detectable as color differences. In 
Fig. 5 Characteristics of an ideal radiator mn addition, variations over the surface of the smal] disk were much 


36 68 


7 Table 1 List of radiation test specimens 


Sample No. ; Material bs Thermal treatment 
Titanium, Ti-75A; Mat’l Spec. AMS 4901 i 306 hr at 585 F 
Titanium, Ti-75A; Mat’l Spec. AMS 4901 100 hr at 810 F 
Titanium, Ti-75A:; Mat’l Spec. AMS 4901 306 hr at 820 F 
Titanium, Ti-75A; Mat’l Spec. AMS 4901 303 hr at 871 F 
Titanium, Ti-75A; Mat’l Spec. AMS 4901 303 hr at 1003 F - 
Titanium, Ti-75A; Mat’l Spec. AMS 4901 None 
Titanium alloy, C-110M; Mat’l Spec. AMS 4908 306 hr at 585 F 7 
Titanium alloy, C-110M; Mat’l Spec. AMS 4908 100 br at 810 F  e 
4 


1 
2 
3 
4 
5 
6 
7 
8 
9 


Titanium alloy, C-110M; Mat’! Spee. AMS 4908 306 hr at 820 F 
Titanium alloy, C-110M; Mat’l Spec. AMS 4908 303 hr at 871 F 
Titanium alloy, C-110M; Mat’l Spee. AMS 4908 303 hr at 1003 F 
Titanium alloy, C-110M; Mat’l Spec. AMS 4908 None ¥ 
Titanium, Ti-75A; Mat’l Spec. AMS 4901; painted oi 
with Dow-Corning XP-310 aluminized-silicone i 
paint 300hrat600F 
Titanium, Ti-75A; Mat’l Spec. AMS 4901; painted ae 
with Dow-Corning XP-310 aluminized-silicone 
paint 
Titanium, Ti-75A; Mat’l Spec. AMS 4901; painted 
with Dow- Corning XP-310 aluminized-silicone 
paint 
Titanium, Ti-75A; Mat’l Spec. AMS 4901; painted 
with Dow-Corning XP-310 aluminized-silicone 


paint 
Titanium, Ti-75A; Mat’l Spec. AMS 4901; painted 
with Dow-Corning XP-310 aluminized-silicone 
paint None 
Type 321 corrosion-resistant steel; Mat’l " 
MIL-S-6721 1000 hr at 705 F 
Type 321 corrosion-resistant steel; Mat’l 
MIL-S-6721 None 
Type 321 corrosion-resistant steel; Mat’l é 
MIL-S-6721; silver-plated 303 hr at 682 F 
Type 321 corrosion-resistant steel; Mat’l 3 
MIL-S-6721; silver-plated None 
Type 321 corrosion-resistant steel; Mat’l Spec. 
MIL-S-6721; painted with Rinshed-Mason black 
heat-resistant air-dry enamel Hi2144 300 hr at 497 F 
Type 321 corrosion-resistant steel; Mat’l Spee 
MIL-S-6721; painted with Rinshed-Mason black - 
heat-resistant air-dry enamel H12144 307 hr at 690 F ; 
Type 321 corrosion-resistant steel; Mat’l Spec. war 
MIL-S-6721; painted with Rinshed-Mason black ; 
heat-resistant air-dry enamel H12144 1000 hr at 705 F 
Type 321 corrosion-resistant steel; Mat’l Spec. he 
MIS-S-6721; painted with Rinshed-M: black 
heat-resistant air-dry enamel H12144 


2 | 
i 
| 
16 
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less than for the larger specimen as a result of the area differences. 
Consequently, some question exists as to the representative 
character of the disks relative to the larger squares. The dis- 
crepancies between the computed and measured values may be 
attributed in part to these differences. This will be discussed in 
a following section. 
Discussion of Sources of Error 

The spectral reflectances of the surfaces are presented in Table 2 
and typical curves of the reflectance as a function of wavelength 
are shown in Figs. 6 through 12. The computed and measured 
values of emittance are given in Table 3 along with the differences 
between the two values. 

The differences between the computed and measured values 
may be attributed to four factors: 

(a) Dependency of the spectral emittance upon temperature. 

(b) Errors in experimental techniques and calculations. 
_ (ce) Effect of heating upon the sample surfaces. 

(d) Differences between the sample disks and the larger sam- 
ples used for total measurements. 

The relative importance of these factors is difficult to specify 
quantitatively and a qualitative discussion only can be given. 

Temperature Dependency of Spectral Characteristics. The spec- 
tral emittance of the oxidized metal samples was a combina- 
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Fig. 6 Spectral reflectance: Titanium, Ti-75A 
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Fig. 8 Spectral reflectance: Titanium, Ti-75A; painted with Dow- 
Corning XP-310 aluminized-silicone paint 
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Fig. 9 Spectral reflectance: Type 321 corrosion-resistant steel 


IN PERCENT 
3 


Upper Curve: No Thermal Treatment 


Lower Curve’ 303 Hours ot 6862°F 


° 


SILVER PLATED 


a 


TYPE 321 CORROSION RESISTANY STEEL 


SPECTRAL REFLECTANCE 


° 


6 


WAVELENGTH 


Fig. 10 Spectral reflectance: Type 321 corrosion-resistant steel, 
silver plated 
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Fig. 11 Spectral reflectance: Type 321 corrosion-resistant steel; 
painted with Rinshed-Mason black heat-resistant air-dry enamel 
H12144 
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Fig. 12 Spectral reflectance: Type 321 corrosion-resistant steel; 
painted with Rinshed-Mason black heat-resistant air-dry enamel 
H12144 


tion of the metal and the oxide acting together as emitters. 
Thus the emission was from the oxide film plus the emission from 
the metal transmitted by the oxide. If the emission from a pure 
polished metal is considered, the total emissive power can be 
shown to be given by (10) 
36.05C, V 
E = TI 


For an ideal radiator, the total emission is 


(7 ) T* = 
15 


The emissivity is given by the quotient of Equations [5] and [6] 


= 


(15)(36.05) paso 
Thus the variation of the total emissivity with temperature based 
upon a reference temperature of 100 F, is given by 
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Consequently, the theoretical variation of emissivity with tem- 
perature for a pure polished metal would indicate that the ex- 
pected difference between a value computed from data obtained 
at 100 F and a value measured at 800 F would be 


€1260 

€560 560 
Inspection of the differences obtained (Table 3) will show that no 
change of this magnitude was found. 

The emission of a pure dielectric (oxide) is not as readily ana- 
lyzed since the theory of dielectrics is still somewhat inadequate. 
The reflection of a dielectric is given by the equations of Fresnel as 
derived from electromagnetic theory and may be found in most 
texts on optics or electromagnetic theory (e.g., 8). The relation 
between monochromatic reflectivity and the index of refraction 
for normal incidence given by this analysis is representative of the 


reflection of a dielectric 
(” 
r, = ——}.... 
n+ 1 


Using Equation [1], the expression for the reflectivity can be con- 
verted to emissivity 


. 


4n 
(n + 1)? 


If the analysis were continued as has been done for metals, the 
next step would be the substitution of the expression for the in- 
dexes of refraction, as given by theory, into Equation [11]. The 
complexity of the equations resulting from this procedure is pre- 
sented in the Appendix. Although quantitative results are not 
given, the analysis does indicate that the predicted increase in 
the monochromatic emissivity with temperature is not neces- 
sarily accompanied by an increase in the total emissivity. In 
addition, the theoretical effect of temperature upon the index of 
refraction is a function of the coefficient of thermal expansion of 
the dielectric. This coefficient is generally small (12) and as a 
consequence, the effect of temperature also should be small. 
Thus the use of spectral emissivity determined by the method 
outlined previously to calculate total emissivity at high tempera- 
tures, will not introduce theoretical errors of the magnitude indi- 
cated for metals. 

When a thin layer of a dielectric covers the surface of a metal, 
the emittance is a function of the properties of the two materials. 
The variation of index of refraction and the absorption coefficient 
of the dielectric with wave length will then determine the impor- 
tance of the base. If the surface dielectric is highly transmittant 
in the near infrared and visible region but highly absorbing in the 
infrared, the surface will have a small high-temperature emittance 
but a large low-temperature emittance. Surfaces which exhibit 
similar behavior are required frequently to minimize solar heating. 
An example of this is a polished metal, such as aluminum, coated 
with clear lacquer. Conversely, a surface with a coating over 
metal, highly absorbing in the visible and near infrared but trans- 
parent in the longer wave lengths, would yield a surface with a 
large absorptance for high-temperature sources such as the sun 
and a small emittance at lower temperatures. Solar-absorption 
surfaces have been made on this principle (11), and provide equi- 
librium temperatures significantly higher than other types of ab- 
sorbers. 

Errors of Measurement and Calculation. The errors involved 
in spectral reflectance measurements are partially a result of the 
system noise, spectral band width, and the operator. 

Operator error never can be eliminated in any experimental 
work, and must be minimized by proper experimental methods. 
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Experimental procedures were established which required the 
reference energy level to be set as near full scale on the recorder as 
practicable. Hence the reflected energy level was also as large 
as practicable and the error in reading either the reference or re- 
flected-energy level was reduced to approximately one per cent. 
Control of the gain is secured by varying the slit width of the 
monochromator which in turn determines the bandwidth viewed 
by the instrument. The errors in spectral values caused by large 
bandwidths are large in regions of rapidly varying spectral irradia- 
tion and/or regions of large variation in the spectral reflectance of 
the sample (6). Large changes in incident radiation will occur on 
the short-wave length side of the peak in the spectral emissive- 
power curve of the reflectometer (approximately 2.7 microns) but, 
fortunately, few surfaces have absorption bands in this region (see 
Figs. 6 through 12, or Table 2). The area of an integrated absorp- 
tion band has been shown both theoretically and experimentally 
(6) to be independent of the spectral bandwidth under certain re- 
strictions. The primary restriction, theoretically, is the require- 
ment for constant incident energy over the absorption band. Ex- 
perimentally, this restriction has been found to be less severe 
than established by theory. As a consequence of this, the errors 
resulting from spectral bandwidths applies primarily to spectral 
values and is eliminated effectively in the computed emittances(6). 

The effect of emission from the sample has been shown to be 
less than one per cent for a sample temperature of 300 F and one’ 
tenth of this for 100 F (3). The effect of the errors in the spectral 
measurements are estimated to have caused an over-all error of 
approximately +0.02. 

The calculations were performed with an electronic computer 
and were periodically checked as customary in such work. nonal 
possible source of error would be in the programming of the com- 
putations. This was partially checked by computing the total 
energy under the Planckian curve, Equation [4], and this value 
was found to be within the limit of the significant figures used for 
the programming. ¢ Errors in programming the spectral values are 
not known but the correspondence of results indicates these were 
a minimum. 

The measurement of the total emittance of the samples and 
the errors involved have been fully discussed in a previous 
paper (9). The requirement for three consecutive values differing 
by less than +0.01 is believed to represent the magnitude of the 
operator error in these measurements. Analysis of the errors in 
calibration of the radiometer and temperature measurement have 
been estimated to have caused additional errors of from approxi-— 
mately 0.02 at the lowest temperature to 0.01 at the highest tem- 
perature. 

Effect of Heating on the Surfaces. Measurement of the total 
emittance of a sample required the sample to be heated to a maxi- © 


mum of 800 F and as a consequence, each sample was subjected to — 


oxidation in addition to that shown in Table 1. Total exposure 
to oxidation under all of the test conditions was approximately 
10 hr. The effect of such an exposure is shown by the thermally 
untreated black painted sample. Reference to Fig. 17 illustrates 


In 

each case, heating to 800 F caused an increase in the emissivity. 
The emittances of the titanium, titanium alloy, stainless steel, 
and silver plate do not appear to have been altered by this short 
additional exposure to an oxidizing atmosphere, Figs. 13, 14, and 
16. This is deduced from the fact that the data for different 
thermal treatments lie on parallel lines, differing only in the 
prior thermal treatment. The aluminum paint surfaces, Fig. 15, 
did not follow this parallel behavior pattern and a change in the 
effect of oxidation may occur at approximately 400 F. The 
change is small and experimental error may be the primary cause. 


vs TEMPERATURE 
TITANIUM 
© 303 HOURS ot 67) *F 
© *5 303 HOURS ot 1003 °F 
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+*2 100 HOURS of 810 °F 
2°} 306 HOURS ot 820°F 
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13 Emittance versus temperature: T1-75A titanium 
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Fig. 14 Emittance versus temperature: C-110M titanium all 
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EMITTANCE vs TEMPERATURE 
DOW CORNING XP3I0 ALUMINIZED 
SILICON PAINT ON T:-75A TITANIUM 
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Fig. 15 Emittance versus temperature: 
aluminized silicone paint on Ti-75A titanium 


Dow Corning XP310 
Differences Between Samples Used for Spectral and Total Meas- 
urements. The twosamplesof each surface were compared visually _ 
as discussed previously and definite differences existed as to color 
and uniformity of the oxide coating. The small disks had more — 
uniform surfaces by virtue of the small areas involved. The 
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EMITTANCE vs TEMPERATURE 
TYPE 32! CORROSION RESISTANT STEER 
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CORROSION RESISTANT STEEL 
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Fig. 16 Emittance versus temperature: (a) Type 321 corrosion- 
resistant steel; (b) silver electroplated on Type 321 corrosion- 
resistant steel 


variances observed in the visible portion of the spectrum do not 
necessarily indicate differences in the infrared except as repre- 
sentative of differences in nature and thickness of the oxides. 
There was no procedure available by which this could be deter- 
mined. 

Differences between the two samples of the same surface could 
have occurred from handling and preparation of the blank sam- 
ples. The handling and preparation of the small sample disks 
would be expected to differ from those for the large square sam- 
ples. Surfaces which are desired in the highly polished condition 
must be prepared with extreme care. Data obtained with surfaces 
such as aluminum or copper have indicated that such care is 
needed to approach the theoretical values of reflectivity (4). A 
surface which may appear to be clean and well polished may have 
a thin film which will reduce the reflectance by two per cent or 
more. 


Discussion of Results 
The foregoing discussion of the sources of error in the total and 
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EMITTANCE vs TEMPERATURE 
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Fig. 17 Emittance versus temperature: Rinshed-Mason black 
heat-resistant air-dry enamel H12144 on Type 321 corrosion- 
resistant steel 


spectral emittances contains the following estimates of the total 
error in each measurement: 


1 Spectral Emittance: +0.02 
2 Total Emittance: +0.03 


Discrepancies as large as +0.05 may be expected therefore, be- 
tween the computed and the measured values of emittance. 
Reference to Table 3 containing the differences between these two 
values will show that in the majority of surfaces, the differences 
are within the 4-0.05 limit. 

The differences for the titanium surfaces (Samples 1 through 6) 
were less than this value except for one, Sample 4. This surface 
had been oxidized for 300 hr at 850 F. For the titanium-alloy 
surfaces, only two were outside the established limits. Samples 10 
and 11 gave results which were not within the set limits. Both 
had been given a maximum exposure to oxidization at elevated 
temperatures, Table 3. There is an apparent correspondence be- 
tween extreme thermal treatments and the lack of agreement for 
the computed and measured emittances. The differences noted 
between the measured and computed emittances for Samples 4, 


Table 3 Total emissivities 


Sample No. 
100 
‘ale. 


——200 
Cale 


0 

0 

0 

0 
0 

0 

0 
0.2 
0.4 
0.2: 
0 
0: 
0.2 
0.3% 
0.3 
0. 
0. 
0. 
0 

0 


—0.03 
+0.05 
+0.05 
+0.10 
+0.04 
Nore: Difference is measured value minus calculated value. 


Temperature, deg 


F— 
Diff. Meas. Cale. Diff. 

—0 02 : y 0.0 

—0.01 5 +0. 02 

—0 01 +0 01 

—0 OS 11 

—0 03 

03 
02 
02 
02 
10 
02 


+0.04 
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> 
0 16 UZ 1s 0 
4 0.16 -0.06 0.18 02 
5 0.35 -0.04 039 0.4 
6 0.10 —0.03 0.12 0.1 
7 0.17 -0.01 0.18 0.2 
0.19 02 0.21 02 
9 0.21 -0.01 0.23 0.2 
1 0 20 ~0.07 0.22 0.3 
0.51 O54 05 
12 0.14 -~0.03 0.16 0.1 
0.23 0.0 0.20 0.2 
14 0.23 +0. 01 0.21 0.23 —0.02 0.23 0.23 0.0 0.24 0.23 +0.01 
15 0.29 ~0 02 0.28 0.32 —0.04 0.31 0.33 —0.02 0.34 0.33 +0.01 
16 0.31 0.32 0.31 +0.01 0.33 0.32 +0.01 0.35 0.32 +0.03 
: 17 0.22 -0.03 0.22 0.25 —0.03 0.22 0.26 —0.04 0.23 0. 26 —0.03 
18 0.31 -0.02 0.33 0.34 —0.01 0.31 0.35 —0.04 0.33 0.36 —0.03 
19 0.31 -0.05 0.31 0.37 —0.06 0.31 0.38 —0.07 0.33 0.39 —0 06 
20 0.11 -0.02 0.11 0.14 —0.03 0.11 0.14 —0.03 0.13 0 15 —0.02 
-0.03 0.03 0.06 —0.03 0.04 0.06 —0.02 
-0.02 0.72 0.76 +0.04 0.87 0.77 +0.10 
7 0.0 0.64 0.75 —0.11 0.77 0.75 +0.02 
4 0.04 076 0.73 +0.03 080 0.74 +0.06 
-0 01 0.74 0.78 —0.04 0.83 0.75 a 


10, and 11 may indicate a possible difference in the type and com- 
position of the oxides formed on the titanium. A more extensive 
and detailed study would be necessary to determine the cause of 
these variations. 

The surfaces of aluminum paint and electroplated silver yielded 
results which were satisfactory as determined by the limits of 
error established in the preceding discussion. The silver surfaces 
were subject to attack by sulfur compounds in the air and care 
was necessary to protect these surfaces during testing and during 
storage in the laboratory. The untreated stainless-steel surface 
(Sample 19) is an example of the difficulty involved in preparing 
two consistent samples of the same surface. Both the treated and 
untreated surfaces had approximately the same total emittance 
despite the fact that one of the samples had been exposed to an 
oxidizing atmosphere for 1000 hr at 700 F. The resistance of 
this material to oxidation is well known but such an exposure 
would be expected to cause detectable changes in the emittance. 
Reference to the spectral-emittance data (Table 2 or Fig. 9) will 
show that significant differences between the two surfaces were 
found for the small disk samples which would indicate similar 
differences in the total emittances 

The black painted surfaces furnish an example of another 
problem encountered in preparing samples. The effect of the 
thickness of a nonmetallic paint surface upon the spectral emit- 
tance is well established (4). This is the result of the transmis- 
sion of such thin films and the reflection-transmission character- 
istics of the film and base surface in combination. In this respect, 
a paint surface is comparable to the oxide film on a metal surface 
although paints are generally less transparent. Preparing two 
samples of the same thickness and with the same background re- 
flection is difficult. When this is combined with the effects of ex- 
posure to elevated temperatures for significant periods of time, 
the differences may be compounded. The lack of reasonable 
correspondence at the lowest temperature (200 F) is indicative of 
this problem since transmission effects should be a minimum at 
this temperature. Differences in the method of preparing the 
two sizes of samples of each surface would be apparent, however. 

The total emittance variations with temperature of the various 
surfaces are of interest, exclusive of the comparison between the 
measured and computed results. The results have been presented 
in this form in Figs. 13 through 17. The several surfaces behave 
in a manner expected for the various thermal treatments; that is, 
as the exposure to elevated temperatures is increased, the emit- 
tance increases. The emittances remained relatively constant 
with temperature for the aluminum painted surfaces (Samples 13, 
14, and 17) which were not exposed to the more extreme condi- 
tions. The silver-plated surfaces were most affected by the 
thermal treatment, Fig. 16, and conversely, the stainless steel was 
the least affected. 

The black painted surfaces graphically demonstrate the effect of 
oxidation and changes in the surface coating which may occur at 
elevated temperatures. Large changes in the emittance occurred 
for a short exposure to a temperature of 800 F, Fig. 17. There is a 
certain anomalous behavior of the surface material which is evi- 
dent by comparing the results obtained and the thermal treat- 
ments given to the various sample surfaces. For example, ex- 
posure for 300 hr at 700 F appeared to reduce the emittance more 
than exposure for 1000 hr at this temperature. The reasons for 
this behavior are unknown, but the effect of continued oxidation 
upon such an organic surface may initiate progressive changes 
which alter this decreasing trend in emittance. This black paint 
also displayed the negative slope with temperature frequently ob- 
served with dielectrics (see Appendix) whereas the oxidized 
metals tested in this program had a positive slope. 

The comparison of the results computed from spectral measure- 
ments and those obtained by direct measurement have indicated 
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that, within reasonable engineering limits and for the range of 
temperatures studied, either method is satisfactory. The most 
important advantage of the spectral method has not been dis- 
cussed and that is, this procedure is the only one available for 
evaluating the effect of nonideal or nongray radiation sources. 
Consideration of such sources of radiant energy is becoming more 
important to the engineer as the demands of design become 
more restrictive. Without spectral information, there exists no 
means for the analysis of radiative heat absorption by a surface 
when exposed to a selective emission source such as the exhaust 
of a jet or rocket engine. The spectral characteristics of the ab- 
sorbing surface are just as important in this case as they are for 
a solar absorber. The basic difficulty with the use of spectral re- 
flectance data for computation of high-temperature integrated 
emittance or absorptance is the preparation of a sample which 
adequately represents the surface being considered. 


Conclusions 


The procedure, technique, and errors involved in using spectral 
reflectance data for computing total emittance at elevated tem- 
The effect of 
temperature upon the spectral data has been discussed and, for 


peratures, have been described and discussed. 


the temperature range considered, this effect was found to be 
small. This is primarily a result of the predominance of the ever- 
present oxide film on metals. The error in extrapolating data for 
a surface subject to extreme changes above a certain tempera- 
ture, has been shown (Samples 22-25). A major source of error 
in the measurements derives from the preparation of a surface 
sample representative of the surface. 

The technique of exposing a surface to various conditions of 
oxidation is one method of approaching the analysis of the 
transient radiation problem. This type of information is of great 
value in determining the changes which may be expected in the 
radiative heat load and to design for the worst conditions. An 
example in point is the behavior of the black-paint sample for 
oxidation at 700 F for 300 and 1000 hr. This sample also serves 
to illustrate the possible errors involved in the extrapolation of 
the emittance of a surface, particularly beyond the thermal treat- 
ment temperature, 
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Appendix 
PP 

The classical theory of dispersion in solids is similar to the quan- 
tum theory of dispersion and differs only in the interpretation of 
the quantities involved. For the purposes of the following dis- 
cussion, the classical theory will be adequate and yields the follow- 
ing expression for regions of small absorption® 


dire? 
?-1=—wN) —*—.. 


where n = index of refraction, e = charge of an electron, m = 
mass of an electron, f, = oscillator strength, w, = resonant fre- 
quency, i.e., restrahlen frequency, w = frequency of incident 
radiation, and N = number of oscillators per unit volume. The 
only temperature-dependent term is N, the number of oscillators 
per unit volume. 

The theory of the thermal properties of solids predicts a linear 
variation in the volume with the absolute temperature.* Thus 
Equation [12] may be written for a specific frequency as 


n?=1+ CN, 


1 
1 + a(T = To) 


where C = const, No = number of oscillators per unit volume at 
temperature 7), and a = coefficient of thermal expansion. The 
value for the index of refraction is the positive root of the right- 
hand side of Equation [13] 


CNe 
The effect of the absolute temperature upon the index of refrac- 
tion will be obtainéd by differentiating Equation [14] with re- 
spect to the temperature 
dn CNo — E 
aT 2 1+ a(T — 1+ a(T — 


The temperature-dependent expression for the monochromatic 
emissivity is obtained by substituting Equation [14] into Equa- 
tion [11] of the text 

CNo 
4] 1 


1 + a( T - To) 


Substitution of Equation [16] into the dimensionless Planckian 
equation (Equation [4] of text) results in an expression which 
remains to be integrated. The temperature and the frequency 
terms (the constant C) in the expression occur in a manner which 
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is difficult to handle in a closed form comparable to that for metals, 
Equation [5]. In addition, there is an apparent lack of corre- 
spondence between theory and experiment and the integration 
may not be meaningful. 

The temperature dependency of the monochromatic emissivity 
is secured by differentiation of Equation [16] 


J 


dT | 


i+a(T — 

The various factors in Equations [16] and [17] could be expanded 
in a binomial series and the resultant expressions simplified. 
However, the index of refraction in the infrared is frequently 2 or 
greater and to be valid, a number of terms of the series would be 
necessary. The resulting relations would not be a simplification. 
The results obtained in Equations {16] and [17] illustrate the 
complexity of the problem. Furthermore, the effect of tempera- 
ture is not necessarily correct. This may be shown qualitatively 
by observing that the monochromatic emissivity increases as the 
index is decreased (see Equations [3] and [11]). Asa result, the 
theory presented indicates an increase in the spectral emissivity 
of a dielectric as the temperature is increased. Experimentally, 
the total emissivity frequently decreases as the temperature is in- 
creased for many dielectrics.”* The theory is for the mono- 
chromatic value whereas the experiments are for total emissivity. 
Physically realizable situations can exist wherein the total emis- 
sivity will decrease, even though the spectral emissivity in- 
creases with temperature. To illustrate, consider the curves 
shown in Fig. 18. The emissivity at 7, would be greater than at 

T: evén though the monochromatic emissivity had increased. 


E, (ARBITRARY UNITS) or e, PERCENT 


WAVELENGTH, MICRONS, (arpiTRary SCALE) 


Fig. 18 Hypothetical illustration of decrease of total emittance 
with increased temperature although spectral emittance has in- 
creased 


The conclusion may be made that the present theories for the 
index of refraction of dielectrics may not be adequate to explain 
properly the variation of total emissivity with temperature. 
Whether this is true, depends upon evaluation of the total emis- 
sivity by substitution of Equation [16] into Equation [4], as in- 
dicated previously. However, this is beyond the scope and intent 
of this presentation. Only the complexity and possible inade- 
quacy of present theories were of interest. 
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Discussion 


 G. A. Etemad.® The authors are to be commended for their 
extensive tests and excellent presentation of results. Their paper 
is an important contribution providing information on the emit- 
tances of the materials where few or no data existed. We at 
North American Aviation were interested in their data and 
analyzed it further in order to determine the total reflectance 
values of the specimens for incident energy distributions cor- 
responding to a gray-body source at very high temperature 
The analysis of the data for the samples presented in the paper 
and for 66 other samples, tested also by the authors, is published 
in a North American Aviation report.'® 

The samples investigated include materials in current use and 
materials being considered for future use by airframe manu- 
facturers. The primary purpose of this investigation was to de- 
velop a material with high reflectance values for use on engine 
shrouds and, also, an external airframe surface material having a 
high emittance at the operating skin temperature but a low ab- 

* Research Specialist, Thermodynamics Section, North Ameriean 
Aviation, Inc., Los Angeles, Calif. Mem. ASME. 

“Spectral and Total Radiation Data of Various Aircraft Ma- 
terials,” by P. E. Ohlsen and G. A. Etemad, North American Avia- 
tion Report NA57-330, July, 1957. 


Table 4 Description of additional radiation test specimens 


Thermal 
treatment 


Sample 


0. 


Material 

Black oxide coating (0.0004 in. 
thick) on type 321 corrosion- 
resistant stee 

Same as above 

Same as above 

Same as above 

Rhodium flash (0.00002 in. thick) 
on nickel plate (0.0005 in. thick) 
on type 321 corrosion-resistant 
steel 

Chromium plate (0.0001 in. 
thick) on nickel plate (0.0005 
in. thick) on type 321 corro- 
sion-resistant steel 

Palladium plate (0.00005 in. 
thick) on silver plate (0.0005 
in. thick) on nickel plate 
(0.0005 in. thick) on type 321 
corrosion-resistant steel 

Gold plate (0.0001 in. thick) on 
nickel plate (0.0005 in. thick 
on type 321 corrosion-resistant 
steel 

Gold plate (0.0001 in. thick) on 
silver plate (0.0005 in. thick) 
on nickel plate (0.0005 in. thick ) 
on type 321 corrosion-resistant 
steel 

Type 17-4 PH corrosion-resistant 
steel 

Type 17-7 PH corrosion-resistant 
steel! 

Same as above 

White paint (PV-100) on type 
17-7 PH  corrosion-resistant 
steel 


Inconel X 


303 hr at 495 F 

303 hr at 682 F 

1000 hr at 692 F 
None 


200 hr at 500 F 


None 
1 hr at 850 Fo 


300 hr at 
100 hr at 1000 F 


None 
4hr at 1625 F 
Air cooled and then 
10 hr at 1300 F 
20 min at 1925 F 
Air cooled and then 


10 hr at 1300 F 
Aluminized-silicone paint (Dow 
Corning XP-310, 0.001 in. 1 hr at 400 F 
thick) on Inconel X * Air cooled and then 
a 10 hr at 1300 F 


Inconel X 


500 F 
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sorptance toward solar and nuclear fireball radiation. The 
spectral-reflectance data of a specimen were required to calculate 
the total reflectance or absorptance of the specimen when irra- 
diated by energy from a high-temperature source. 

Total reflectance, in terms of the authors’ symbols, unless other- 
wise defined, is = 


where e,’ is monochromatic emissivity of the source. Substitu- 


tion of Equation [18] in Equation [19] gives 
— 1)]dd 
— ian 


_ 


T= 


However, for a gray-body-source temperature range of 200 to 
10,000 F, considered in this analysis, it can be shown that the 
limits of integration of Equation [20] can be changed from 0 and 
© to 0.2 and 35 microns with negligible error; i.e. 
Table 5 Total reflectancesin percent 
Temperature, deg F————————. 
800 1200 1600 2500 5000 10000 


‘ », the monochromatic intensity of the incident radiation, is 
27 
28 
29 
30 2 84 82 79 77 #=%@72 67 5S 44 2 
3 82 80 77 7 70 6 5 #37 ~« 31 
4 77 73 6 64 55 47 35 24 22 
Pl 5 63 60 56 53 47 42 36 26 20 
3 6 87 8 83 81 77 73 66 58 49 
7 82 80 #77 74 #6 6 58 4 £428 
= 8 79 77 7 72 67 62 5&8 38 2% 
None 9 77 7 72 6 62 56 44 30 2 
32 10 73 68 62 56 46 39 2 2 21 
12 83 81 79 77 73 69 64 #«57~«O&6i1 
33 15 70 69 68 67 66 65 64 62 56 
16 70 69 #68 67 66 65 64 61 52 
None 18 67 66 65 = 64 61 58 51 34 20 
: 34 19 65 63 62 61 58 586 52 48 «43 ; 
20 87 86 86 85 &4 83 73 
21 94 94 9 85 
2 6© 2&2 19 «1 8 4 
d 93 2 2 2 24 2 22 2 10 
2 24 23 22 «21 19 #1 1] 
36 % 33 #31 #29 «#27 «42924 
37 28 35 34 32 30 2% 2 «1 
{ 38 29 35 34 32 30 26 23 ] ( 
30 86 84 82 81 76 73 ~~ 66 16 
31 84 82 80 78 73 69 6 52 : 
39 32 87 8 8 7 7 68 St 42 
33 93 #92 #91 87 8 8 «370 
34 93 #93 92 #92 Of 90 89 86 
SR 
36 58 56 54 52 47 #44 #38 2 19 
37 56 54 52 50 45 41 £34 ~ «24 17 
41 388 15 #16 #18 20 2 32 43 « «54 49 
39 22 20 19 18 46 M4 12 10 8 
40 32 30 29 28 2% 24 ~ 21 18 15 
41 43 43 42 #42 41 #40 #39 «4935 32 
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Fig. 19 Total reflectance and absorptance versus temperature 


fo 


Equation [21] was programmed for IBM 704 computation by 
applying Simpson’s rule and using wavelength increments of 0.02 
micron. Since the data supplied by the authors covered a some- 
what shorter wavelength range (0.4 to 25 microns) than re- 
quired, it was necessary to extend the range by extrapolation. In 
this manner, total reflectance values for each specimen were com- 
puted for incident energy distributions corresponding to a gray- 
body source of nine different temperatures within the range of 200 
to 10,000 F. The results, for the samples presented by the 
authors and some additional test specimens of interest as de- 
scribed in Table 4, are tabulated in Table 5, and typical curves of 
the reflectance and absorptance as a function of temperature are 
shown in Figs. 19 and 20 of this discussion. 
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The reflectance data of Table 5 for the temperature range of 
200 to 800 F can be subtracted from unity to vield the emittance 
of the sample with good accuracy as pointed out by the authors. 
The emittances obtained in this manner agree quite well with the 
authors’ calculated emittances. 

It can be seen from the spectral data and curves of Figs. 19 and 
20 that in general the reflectance of metallic surfaces decreases as 
the source temperature increases whereas the reflectances of 
paints tend to increase with temperature as the coatings build up 
and the surfaces assume the characteristics of the paint. A good 
example of this trend is white paint (see sample numbered 38). 
Aluminized silicone paint (see, for example, samples 17 and 41) 
exhibits approximately gray characteristics providing the heat- 
treatment is not too extreme. Sample 34 also illustrates the 
ability of proper plating combinations to exhibit gray charac- 
teristics. 


Conductivities of Powders in Various Gases 


An experimental study was made to determine the effective 
thermal conductivities of magnesium oxide, stainless steel, and 
uranium oxide powders in various gases. The gases included air, 
helium, argon, nitrogen, neon, and various mixtures of these 
gases. The variables investigated included temperature level, 
gas pressure, porosity, gas conductivity, and solid conductivity. 
A reasonably good correlation of the data was obtained by using 
the dimensionless groups effective thermal conductivity over gas 
conductivity, solid conductivity over gas conductivity, and 
porosity of the powder, although the effective conductivity may 
also be a function of the shape and arrangement of the particles. 
A solution for spheres in cubical array was obtained by relaxation 
and was in reasonable agreement with the data for porosities in 
the neighborhood of that for the spheres. , 


Nomenclature 


The following nomenclature is used in the paper: 
= fraction of space in powder occupied by gas i, oe 
= Knudsen number, ratio of mean free path of gas molecules 
to mean particle size 
effective thermal conductivity of powder, Btu-ft/hr-sq ft- 
deg F 
Boltzmann constant, ft-lb/deg R 
thermal conductivity of gas, Btu-ft/hr-sq ft-deg F 
= average effective thermal conductivity, evaluated at (t; + 
t)/2, Btu-ft/hr-sq ft-deg F 
thermal conductivity of solid, Btu-ft/hr-sq ft-deg F 
thermal conductivity at m, Btu-ft/hr-sq ft-deg F 
length of tube, ft 
weighted mean sieve size required to retain particles, ft 
pressure, !b/’sq ft abs 
breakaway pressure, pressure below which effective con- 
ductivity begins to vary appreciably with pressure, 
Ib/sq ft abs 
heat transfer, Btu/hr 
radius, distance from center of outer tube, ft 
= reference radius where thermal conductivity is calculated, 
ft 
molecular diameter determined from viscosity, ft 
temperature, deg R 
temperature at m, deg R 
mean free path of gas molecules, ft 


Introduction 


Among the materials which may be advantageous for use in 


nuclear reactor fuel elements are powders. In order to calculate 
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the maximum temperatures in such fuel elements, where heat is 
generated by fission within the elemeat, accurate knowledge of 
the thermal conductivity of the powder is required. 

Although previous experimental work has been done on conduc- 
tivities of powders (1),* the powders and temperature ranges of 
interest for nuclear applications were not considered. Correla- 
tions of powder conductivities were not developed to the point 
where predictions were certain. Accordingly, a program to ob- 
tain fundamental information on the thermal conductivities of 
powders of interest was initiated at the NACA Lewis laboratory.‘ 
The investigation used an improved measuring technique to be 
described later. Efforts were also made to obtain a general corre- 
lation for predicting the effective powder conductivity in terms of 
the solid conductivity, the gas conductivity, and the porosity of 
the powder. 


Theory and Analysis 


Mazimum and Minimum Limits of Thermal Conductivity of a 
Two-Phase System. -Before considering the thermal conductivity 
of a powder, it may be of value to examine the maximum and mini- 
mum limits of the thermal conductivity of any two-phase system. 
The maximum thermal conductivity of a two-phase system, such 
as a solid-gas system, is attained when the materials are arranged 
in alternate layers separated by planes parallel to the direction of 
heat flow. The minimum conductivity of such a system is at- 
tained when the materials are separated by planes running per- 
pendicular to the direction of heat flow. These two cases are 
shown in Fig. 1, where the ratio of the effective conductivity of 
the system k to the gas conductivity k, is plotted against the 
ratio of the solid conductivity k, to the gas conductivity for vari- 
ous fractions a of space occupied by the gas. For a = 0.4 and 


3’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
* A portion of the results were reported in references (2, 3, and 4). 
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k,/k, = 2, there is a possible variation of the effective conduc- 
tivity from the average of about +7 per cent, whereas for k,/k, = 
1000 there is a possible variation of +99 per cent. This indicates 
that the effective conductivity of a system for a given fraction of 
space occupied by the gas (porosity) is greatly influenced by the 
arrangement of material for high values of k,/k,, whereas for low 
values of k,/k, the arrangement of material is of lesser impor- 
tance. Inasmuch as k,/k, is high for most powders, the arrange- 
ment of material has an important effect on their conductivities. 

Effective Thermal Conductivities of Powders. Theoretically, it 
should be possible to calculate the effective conductivity of a given 
powder from the conductivities of the solid and gas by using La- 
place’s heat-conduction equation in the solid and in the gas to- 
gether with the boundary conditions at the interfaces. The 
actual calculation of results by this method, however, appears to 
be impracticable because of the irregular shape and arrangement 
of the powder particles. Fig. 2 shows photographs of typical 
magnesium oxide and stainless steel particles. 

The most important characteristic of powders, in so far as it 
affects their effective thermal conductivities, is the presence of 
small regions or points of contact between the particles of solid 
in the powder. For high values of k,/k, most of the heat flow 
takes place in the vicinity of these points of contact because the 

as acts as an insulator at points where the particles are sepa- 
rated. 

Several attempts have been made to predict effective conduc- 
tivities by using idealized models such as spheres or hyperbolas in 
regular array (2, 5). It appears, however, that any agreement 
with experiment obtained was probably fortuitous, inasmuch as 
the heat flow was assumed in those investigations to be unidirec- 
tional. However, the models might serve as a guide for correlat- 
ing the data. 

A somewhat more realistic model can be obtained by calculat- 
ing the heat flow through a cubical array of spheres by relaxation 
or other appropriate means. This method avoids the assumption 
of unidirectional heat flow lines and will be used later in this 
paper. This method, of course, still does not account for the 
irregular arrangement and shape of the particles. It might be 
possible to obtain results by using the heat conduction equation 


Fig. 2 Enlarged photographs of powder particles 
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(b) Magnesium oxide powder magnified 55 times 

in conjunction with statistical methods, but such an analysis has 
not yet been carried out. 

Experimental Investigation 


The apparatus used in the investigation is de- 
In general, a different test section was 


A pparaius. 
scribed in this section. 
used for each powder. 

Fig. 3 shows a typical test section and the enclosing gas cham- 
ber and cooling jacket. The test section was 18 in. long and con- 
sisted of two concentric tubes separated by the powder under in- 
vestigation. The inner ceramic tube (#/,.-in. OD) was heated 
electrically by a carbon rod, or in some cases, where the tempera- 
tures were not excessive, by number 16 Nichrome heater wire 
wound on the tube. In the latter case, the Nichrome coils were 
coated with a high-temperature ceramic cement to give a smooth 
outer surface. Nichrome or platinum guard heaters 15/s in. 
long were wound on each end of the tube to compensate for end 
losses. The outer Monel metal tube had an inside diameter of 
1*/, inches and was cooled by passing water through the cooling 
jacket of the gas chamber. 

Temperatures were measured not only at the walls of the test 
section, but also at several radial locations through the powder. 
This method of temperature measurement was selected because 
of the difficulty in accurately measuring surface temperatures, 
especially that of the ceramic tube, and also to avoid measure- 
ments which might include contact resistance between the 
powder and the walls. The temperatures were obtained at !/,-in. 
intervals by stretching number 28 chromel-alumel or platinum- 
platinum rhodium thermocouple wires through holes drilled in 
ceramic disks at each end of the test section. Four groups (90 
deg apart) of five radially positioned thermocouple wire junctions 
are located in a plane across the center of the test section. Two 
of these groups are shown in Fig. 3. By using a large number of 
thermocouples at various radial positions, errors in thermal con- 
ductivity measurements due to errors in individual thermocouple 
readings are minimized. Mica spacers located one inch from 
either side of the thermocouple junctions aid in maintaining the 
distance between thermocouples while filling the test section with 
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Fig. 3 Typical test section and gas chamber used for determination of thermal conductivities of powders 


in various gases 


the powder. The thermal conductivity of mica is of the same 
order of magnitude as that of the powder. 

Six additional thermocouples were located along the inner 
ceramic tube to guarantee a constant temperature along the axis 
of the test section and to regulate end heat losses. The outside 
surface temperature of the Monel tube was also measured at the 
center and at the ends. 

A porous stainless-steel disk welded into a hole in the outer 
Monel tube wall allowed gas passage into and out of the powder 
voids. 

The test section was centrally located in the gas chamber and 
was supported by two ceramic knife edges to minimize local heat 
conduction from the Monel tube. For the high temperature runs 
the volume between the test section and the gas chamber was 
filled with rock wool insulation. The gas chamber was surrounded 
by a water jacket to remove the heat from the test section and to 
aid in regulating the temperature level. It could be evacuated by 
the use of a vacuum pump and filled with pure, dry, bottled gas 
or mixtures of gases. 

Electrical power from a 110-volt, 60-cycle source was sup- 
plied to the main heater and the two end heaters by individually 
controlled variable transformers having 2-kilovolt-amperes ca- 
pacity. The power to the main heater was measured by a 
calibrated ammeter, voltmeter, and wattmeter. Temperature 
readings were obtained by a self-balancing indicating-type po- 
tentiometer. 

Procedure. The test section was filled through a hole provided 
in one of the ceramic end disks with the powder to be investi- 
gated. The filling was done on a vibrating table.’ The porosity 
or void fraction of the powder was determined by weighing the 
test section before and after filling, and measuring the volume of 
the empty test section by filling with liquid. With the density of 
the solid material in the powder known, the porosity could be 
calculated. 

The positions of the thermocouple junctions distributed 
through the powder were determined from x-ray photographs of 
the filled test section. 

Data were obtained for air, helium, argon, neon, nitrogen, and 
for various mixtures of these gases. Average powder tempera- 
tures varied from 200 to 1450 F in some cases. The pressure 
was varied from 0.15 to 100 psia for some runs, but most of the 
data were taken at pressures above the breakaway pressure, or 
the pressure below which the conductivity begins to vary appre- 


* The test sections were filled with magnesium oxide and uranium 
oxide powders by Knolls Atomic Power Laboratory. 
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ciably. The calculation of the breakaway pressure will be dis- 
cussed later. Replacement of one gas by another was accom- 
plished by purging the entire system with the vacuum pumps 
several times and replenishing with the gas to be used. The gas 
pressure was held constant during each run. A small flow of 
water through the cooling jacket was also maintained for each 
run. 

The power input to the main heater element was adjusted to 
give the desired temperature. The power input to each of the end- 
guard heaters was then adjusted to maintain a uniform tempera- 
ture over the main heater element in order to prevent axial heat 
flow. After equilibrium conditions had been reached, the follow- 
ing quantities were measured: Power input to the main heating 
section, temperatures of the heating elements, temperatures 
through the powder, outside surface temperatures of the Monel 
tube, and gas pressure. For some of the runs, check points were 
taken after additional purging of the test section; in each case 
good agreement of the data with those of the initial run was ob- 
tained. 

Reduction of Experimental Data. The equation for the heat flow 
between two concentric cylinders with uniform surface tempera- 
tures and a temperature-dependent thermal conductivity be- 
tween the cylinders is 


Lt; = t) 


where ¢; and ¢ are temperatures at the radii r; and r, and k,, is 
evaluated at (4; + ¢)/2. The derivation of Equation [1] is given 
in reference (2), where it is shown that k,, is rigorously evaluated 
at (4; + ¢)/2 if the variation of conductivity with temperature is 
linear. For the temperature differences occurring in the present 
tests, a linear variation is a sufficiently good approximation. 

In calculating the thermal conductivity of the powder from the 
temperatures measured at various radii and the heat flow, it is 
desirable to plot the temperature against such a quantity that 
the plot is a straight line. This can be done by rewriting Equa- 
tion [1] as follows 


where ¢; and k; are evaluated at the fixed reference radius 7. 
Equation [2] shows that if ¢ is plotted against (k,/k,,) log, (r/n), 
the plot will be a straight line with slope —Q/(2rk,L). The 
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thermal conductivity k; at temperature ¢; can be calculated from 


Q 


slope 


of 
For plotting Equation [2], a relation between k and ¢ must be as- 
sumed in order to calculate ki/{[(ki + &)/2]. After Equation [2] 
is plotted, the conductivity is calculated from Equation [3]. If 
the assumed values of k differ greatly from those calculated from 
Equation [3], the calculations are repeated using the new values. 

It was found from the x-ray photographs of the test section that 
the center of the inner tube was usually displaced slightly 
from the center of the outer tube at the cross section where the 
radial temperature measurements were made. 
the thermocouples at the positions they would occupy if the tubes 
were concentric, a correction derived in reference (2) was ap- 
plied to the measured locations of the thermocouples. 

By the use of the preceding method, a large number of thermo- 
couple readings are used for determining each value of thermal 
conductivity, so that errors in conductivity caused by errors in 
temperature measurements are small. A typical temperature 
plot is shown in Fig. 4. 


In order to locate 


Results and Discussion 


Effective Thermal Conductivities. Typical curves showing meas- 
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ured thermal conductivities of magnesium oxide, uranium oxide, 
and stainless steel powders in various gases are presented in Fig. 5. 
These data were all taken at pressures above the breakaway pres- 
sure; the breakaway pressure will be discussed in the next section. 
The curves indicate that the effective conductivity of the powder 
is a strong function of the conductivity of the gas. For the mag- 
nesium oxide powder, the effective conductivity with helium is 
about five times that with argon. The increase of effective con- 
ductivity with temperature is due to the increase of gas conduc- 
tivity with temperature, inasmuch as the conductivity of solid 
magnesium oxide decreases with temperature. One would expect 
the gas conductivity to have more effect than that of the solid, 
inasmuch as most of the resistance to heat flow takes place in the 
gas (k,/k, ~ 100 — 1000). 

Thermal conductivities of powders in various mixtures of gases 
are included in Fig. 5. Fig. 6 indicates an approximately linear 
variation of effective conductivity with gas composition. 

Effect of Gas Pressure on Conductivity. The effect of gas pres- 
sure on the effective thermal conductivity of magnesium oxide 


powder is shown in Fig. 7. Similar curves were obtained for the 
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Fig. 5 Experimental effective thermal conductivities of various powders in various gases 
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Fig. 6 Effect of gas mixture composition on effective thermal con- 
ductivity of UO, powder using data at temperatures above 500 F 
where the effective conductivities appear independent of temperature 
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Fig. 7 Effect of gas pressure on effective thermal conductivity of 
MgO powder in various gases 


other powders. For each curve there is a range of pressure for 
which the thermal conductivity is constant. Below this range the 
conductivity decreases rapidly as the pressure isreduced. The 
pressure range for constant conductivity varies with temperature 
and is different for different gases. 

The observed effects of pressure can be explained by the kinetic 
theory of gases. For the range where the pressure has no effect 
on the conductivity, the mean free path of the gas molecules is 
small compared with the distances between the particles which 
are effective in transferring heat. For the long mean free paths 
which are obtained at low pressures or high temperatures the con- 
ductivity varies with pressure. The mean free path of the gas 
molecules also depends on the diameter of the molecules. The 
kinetic theory expression for the mean free path is 


From dimensional analysis the ratio of mean free path to a charac- 
teristic dimension of the gas spaces (Knudsen number) must have a 
value, independent of the gas, the temperature, or the pressure, 
at which the conductivity begins to vary appreciably. It is 
assumed that the size of the effective gas spaces is proportional 
to the size of the particles, and the characteristic dimension I, is 
taken as the weighted mean size of sieve required to retain the 
particles. The length /, is found in reference (2) to be 0.00067 ft 
for the magnesium oxide powder in Fig. 7. The Knudsen number 
is given by 


Kn = 


\/(2)ps*l, 


From the data for air in MgO powder the pressure at which the 
conductivity begins to vary with pressure (breakaway pressure) 
is about 15 lb/sq in. at 340 F. The molecular diameter s for air is 
about 9.9 X 107" ft so that the breakaway Knudsen number as 
calculated from Equation [5] is about 0.00072. Inasmuch as 
this Knudsen number should be independent of the gas, the 
powder, the temperature, or the pressure, it can be used to predict 
the breakaway pressures for other gases and powders. Insertion 
of the value 0.00072 for Knudsen number in Equation [5] gives, 
for the breakaway pressure 


= 1770 X 10>% 6) 
s%l, 

For helium, s = 6.23 K 10>" ft and p, from Equation [6] is 5850 
Ib/sq ft or about 41 lb/sq in. at 400 F, This value of breakaway 
pressure is in approximate agreement with the data for helium. 
For higher temperatures the data indicate that the breakaway 
pressure increases. This is also in agreement with Equation [6). 
For argon the molecular diameter is about the same as for air, so 
that the breakaway pressures for the two gases should be about 
the same, as indicated by the data. Equation [6] is therefore in 
approximate agreement with the data for the three gases in MgO 
powder. 

It was found that Equation [6] predicted the breakaway pres- 
sure satisfactorily for all the powders tested. In these powders 
the mean particle diameter varied from about 0.000146 to 0.00067 
ft. 

The value of Knudsen number corresponding to the breakaway 
pressure is seen to be much less than unity (0.00072 for the MgO 
powder in Fig. 7). This can be explained by the fact that most 
of the heat transfer through a powder takes place in the immediate 
vicinity of the points of contact of the particles so that the di- 
mensions effective in transferring heat in the gas spaces are much 
less than the mean diameter of the particles. 

Effect of Free Convection on Conductivity. The curves in Fig. 7 
indicate that free convection is not an important factor in de- 
termining the effective thermal conductivity of a powder because 
at high pressures the thermal conductivity is independent of gas 
pressure. If there were appreciable free convection in the pow- 
der, the conductivity would continue to increase with pressure 
inasmuch as free convection is a function of the density of the 
gas. These results might not apply to particles larger than those 
investigated, inasmuch as free convection is a function of the 
dimensions of the gas spaces. 

Correlation of Effective Conductivities of Powders. Fig. 1 suggests 
that, for a given type of arrangement of material, k/k, should be 
a function of k,/k, and of porosity a. If all the powders tested had 
the same arrangement and shape of particles, the data should 
correlate in terms of these parameters. 

Fig. 8 shows k/k, plotted against k,/k, for all of the data ob- 
tained. The gas conductivities were taken from references (6 to 
9), the solid conductivities from references (10, 11, and 12). The 
conductivities of the gas mixtures were calculated from the 
Enskog equation (13). 

The data appear to fall into two groups, one for a, 0.36-0.405; 
the other for a, 0.42-0.50. The values of k/k, are higher for the 
low porosities than for the high ones as would be expected. How- 
ever, the variation with a is not smooth. Other factors, such as 
the shape and arrangement of the particles and the pressure on the 
particles (not gas pressure) may be affecting the conductivities. 

Comparison of the data in Fig. 8 with those of other investiga- 
tors as summarized in reference (1) indicates reasonable agree- 
ment in most cases for the same ranges of porosity. 

It is of interest to compare the data with solutions for regular 
particles in regular arrangement. In reference (14) it was found 
that, for squares arranged in checkerboard fashion (a = 0.5) 
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k/k, = (k,/k,)'”* for heat flow in any direction parallel to the plane 
of the squares. However, the value of k/k, computed from that 
equation for k,/k, = 1000 is about twice that for the data. 

A calculation of heat transfer through spheres in cubical array 
has been carried out by solving the heat conduction equations in 
the solid and in the gas by the relaxation method. The method of 
calculation is similar to that given in reference (2), wherein the 
materials through which heat conduction takes place are re- 
placed by a network of rods. For spheres the thickness of the 
rods varies with distance from the axis of mean heat flow. Axial 
symmetry is assumed. This is a good assumption for large values 
of k,/k, where the heat conduction in the gas near the edges of 
the cubeissmall. It was necessary to use extremely small grids in 
the region near the point of contact of the spheres inasmuch as 
most of the heat flow takes place in that region. 

The resulting curve is plotted in Fig. 8. For this case a = 0.475. 
The calculated curve is in reasonable agreement with the group 
of data for a, 0.42-0.50. The better agreement of the spheres 
than of the squares with the data is reasonable, inasmuch as the 
actual heat flow in the powder is three dimensional rather than 
two dimensional. 

The correlation of the data and the agreement of the solution 
for spheres with the data are somewhat better than one might 
have expected. When an attempt was made to simulate heat 
transfer through powders by an electrical analog using carbon 
disks or spheres in an electrolyte (k,/k, ~ 1000), reproducible re- 
sults could not be obtained. It was found that by pressing the 
particles together slightly the effective conductivity could easily 
be doubled. These effects are not surprising if we consider Fig. 9. 
Fig. 9 shows the calculated temperature distribution for heat 
flow through spheres in cubical array. The light solid lines are 
constant tempersture lines. The figures indicate that, as k,/k, 
increases from 3 to 30, the constant temperature lines crowd to- 
gether in the vicinity of the point of contact; that is, more of the 
heat flow across the gas space takes place near the point of con- 
tact. It is evident that for values of k,/k, on the order of 1000 
nearly all the heat flow will take place through an extremely small 
area near the point of contact. This effect can be seen more 
clearly in Fig. 10, where the ratio of local heat flux to average 
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Fig.8 Correlation of experimental effective thermal conductivities of powders in various 
gases and comparison with solution for spheres 


sphere (plane A-A in Fig. 9) is plotted against distance from the 
point of contact divided by sphere radius. Values of ¢/gavg on the 
order of 5000 are indicated near the point of contact for high 
values of k,/k,. The effective conductivity will therefore be very 
sensitive to the exact way in which the particles make contact and 
to slight irregularities on the surfaces near the points of contact. 
In view of these observations it is surprising that the effective 
conductivities of powders correlate as well as they do. It may 
be that for a very large number of particles, individual differences 
from particle to particle tend to cancel. 


Summary of Results 


The following results were obtained from the investigation of 
effective thermal conductivities of powders: 


1 The effective conductivity of the powder is a strong func- 
tion of the conductivity of the gas. For instance, the effective 
conductivity of magnesium oxide powder in helium was about five 
times that for the same powder in argon. 

2 The effective conductivity of a powder becomes nearly in- 
dependent of pressure at some ratio of mean free path of gas 
molecules to a characteristic dimension of the powder particles. 
For all of the powders investigated the breakaway pressure could 
be predicted by an equation based on the kinetic theory of gases. 

3 Free convection did not affect the conductivities of the 
powders investigated (mean particle diameter, 0.000146 to 0.00067 
ft). 

4 A reasonably good correlation of the data was obtained by 
plotting the ratio of effective conductivity to gas conductivity 
against the ratio of solid conductivity to gas conductivity for 
various porosities. A relaxation solution for heat flow through 
spheres in cubical array (porosity = 0.475) was in reasonable 
agreement with the group of data for porosities from 0.42 to 0.50. 

5 Most of the heat flow across the gas spaces between the 
particles takes place in extremely small areas near the points of 
contact. The heat flow between powder particles is therefore 
very sensitive to the exact way in which the particles make con- 
tact and to slight irregularities on the surfaces near the points of 
contact. 
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Fig. 9 Constant temperature lines in representative sample of 
spheres in cubical array as obtained by relaxation solution =| 
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Fig. 10 Variation of ratio of local heat flux (per unit area) to average 
heat flux across plane A-A in Fig. 9 for various values of k,/k, 
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Discussion 


B. E. Short. The authors are to be congratulated for their 
paper. Possibly it is of particular interest to the writer since we 
were involved in a very brief and somewhat crude experimental 
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study of this sort during the past summer with a fibrous insulat- 
ing material. Our study was a comparison of the effective or ap- 
parent thermal conductivity of a fibrous material for high tem- 
peratures (1200 to 1500 F) used with air and with helium. Our 
study showed that the effective thermal conductivity of this ma- 
terial with helium was from 1.75 to 2.5 times that for the same 
material with air when at a temperature of 1000 to 1400 F. 

The minimum conductivity to which the authors refer, that 
of parallel plates of the solid material (perpendicular to heat flow) 
separated by layers of the gas, according to Nusselt and quoted by 
Jakob, implies that the effective conductivity of the material 
should be less dependent on the type of gas as the temperature of 
the material increases. In the region of 800 to 1500 F this radia- 
tion effect should be appreciable. It is thought that the radiation 
effect should not be greatly affected by the type of system em- 
ployed; that is, whether parallel plates or granular. Fig. 5(a) of 
the paper, for magnesium oxide, shows that the ratio of effective 
conductivity with helium to that with air is slightly above 4 at 
200 F and slightly less than 3.5 at 800 F. Fig. 5(6) for uranium- 
oxide powder shows a ratio with helium to that with nitrogen of 
less than 2 at 200 F and slightly greater than 2 at 1200 F. 

Nusselt’s analysis with the flat plates would indicate a large 
reduction in the ratio with gases of like thermal-conductivity 
ratios over the temperature range of 200 to 1200 F. 

It would be interesting to learn of the authors’ evaluation of 
the difference between their results and the Nusselt analysis. 


D. G. Stephenson’ and W. Woodside.’ The authors are to be 
commended on their clear and complete presentation of a fine 
piece of work. Although their concern is with heat transfer 
from nuclear reactor fuel elements, the results of their study are 
of interest in other fields of research. At the Division of Building 
Research of the National Research Council of Canada we have 
been studying heat flow and temperature distribution in soil 
particles. In this we also considered the idealized model of 
e 7 Building Services Section, National Research Council, Ottawa 
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Fig. 11 Temperature distribution in a sphere which forms part of a 
cubical array, with A,’ A, = 80. The numbers at each nodal point 
are the temperatures, the numbers along the grid lines are the con- 
ductances. 
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spherical particles stacked in cubical array and have determined, 
by experiments on a model, values of K/A, for three values of 
K,/K,,. 

The model consisted of four hemispheres of marble of radius 
3 + '/™ in., sandwiched between two plates of °/s-in-thick alu- 
minum, these plates representing the isothermal planes through 
the centers of the spheres and the points of contact, respectively. 
The edges were closed in by '/s-in-thick lucite. The thermal 
conductivity of the marble (K,) was determined by guarded hot- 
plate tests on two slabs of marble from the same source as the 
hemispheres. By filling the void space in the model with differ- 
ent materials of known conductivity (A,,), different values of the 
ratio K,/K, could be realized. The thermal conductivity A 
of the model was determined with an 18 < 18-in. guarded hot- 
plate apparatus, one of the aluminum face plates of the model 
fitting exactly over the 12  12-in. test area of the hot plate. 
Values for K,/K, of 6.4, 30, and 80 were obtained by using as fill 
materials dry sand, vermiculite, and silica aerogel, respectively. 
The corresponding values of K/K, were found to be 3.2, 6.2, and 
10.3. The maximum possible error in these values is estimated 
at less than 5 per cent. 

Since these results differed from the authors’ calculated results 
shown as the solid line in Fig. 8, we have tried to check by re- 
laxation one point on their curve. For A,/K, = 80, the results 
in Fig. 11 were obtained. These data lead to a value for K/K, 
of 8.2, whereas Fig. 8 shows a value of approximately 7.8. 

It would be of interest to know why our relaxation gives a 
larger value of K than is obtained by the authors, and also why 
the relaxation solutions differ so much from the experimental 
results. 


Authors’ Closure 


The authors wish to thank Messrs. Short, Stephenson, and 
Woodside for their interesting discussions. In connection with 
Professor Short’s remarks concerning the comparison of the 
present experiments and the analysis of Nusselt, it appears that 
the difference in the results is due to the simplified model and 
radiation effect Nusselt. Although Nusselt’s 
parallel plate model indicates that we might have appreciable 
radiation effects in some cases, his mode] overestimates the rela- 
tive importance of radiation. In the actual case, where the 
powder is made up of particles which are in contact, rather than 
parallel plates separated by the gas, the heat transfer by conduc- 
tion will be much greater due to the contacting particles, and the 
heat transfer by radiation will be lower due to the fact that the 
form factors will be lower than for parallel plates. A rough esti- 
mate indicated that the radiation effect in the experiments 
probably would not amount to more than a few per cent in the 
worst case, so that the trends predicted by Nusselt should not 
apply to the present experiments. In the case of the experiments 
on fibrous materials mentioned by Professor Short, it is possible 
that Nusselt’s parallel plate model might give a closer approxi- 
mation than it did for the powder particles, so that in that case 
Nusselt’s trends might apply. 

In comparing Messrs. Stephenson’s and Woodside’s relaxation 
solution with that of the authors, it appears that the agreement 
of the two sets of calculations to within 5 per cent is probably 
satisfactory. In order to obtain more accurate solutions, it 
would be necessary to use finer grids. It should be mentioned 
that the grid lines used by the authors were all shifted half a 
grid width from those in Fig. 11. This difference will not, of 
course, affect the results for sufficiently fine grids. 

It is difficult to say why the experimental results of Messrs. 
Stephenson and Woodside should differ so much from the calcu- 
lated relaxation solutions. The following suggestions are of- 
fered only as possibilities. As mentioned in the paper, the high 
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heat flux cone — near the point of contact of the spheres 
at high ratios of k,/k, makes the effective conductivity sensitive 
to slight irre wee near the point of contact. Thus if the 
marble or the filling material happened to be inhomogeneous 
near the point of contact or if the surface were slightly irregular 
at that point, the conductivity could be affected. Slight ex- 
might increase the measured conductivity by 


area of contact between the spheres as in the 
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paper 
aluminum plate near the 


case of the authors’ electrical analog mentioned in the 
before the summary of results. The 
point of contact with the sphere might not be isothermal due to 
the high concentration of heat flux at that point. It also seems 
possible that heat loss from the sides of the model or through the 
lucite plates could have affected the measured values, although a 
detailed analysis would be required to determine whether or not 
those effects could be a ant. 
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_ Effect of Vibration on Heat Transfer From 


a Wire to Air in Parallel Flow 


Studies on the effect of vibration of the heat-transferring sur- 
face on convective heat transfer are few and limited to natural- 
convection conditions. The present investigation deals with 
the influence of vibration on heat transfer from an electrically 
heated nichrome wire to parallel air streams. Air velocities 
ranged from 34 to 63 fps. At each air velocity, frequencies 
ranging from 75 to 120 cycles per second and different amplitudes 
were employed as vibrational variables. Both frequency and 
amplitude increased the heat-transfer coefficient. An increase 
as high as 130 per cent was obtained. The correlation of the 
experimental data shows that the proportional increase in heat 
transfer was controlled by the ratio of the mean vibrational veloc- 
ity to the air-stream velocity. 


Nomenclature 


i following nomenclature is used in the paper: 


A = surface area of test section, sq ft 
constant 
diameter of test wire, ft 
vibrational frequency, 1/sec 
amplitude of vibration, ft 
= heat-transfer coefficient for stationary wire, Btu/hr 
sq ft deg F 
heat-transfer coefficient for vibrating wire, Btu/hr 
sq ft deg F 
heating current, amp 
= thermal conductivity of air at film temperature ¢,, 
Btu/hr ft deg F 
= length of test section, ft 
= exponent 
hd 
ky 
hyd 


f 


= 


(Nu), = Nusselt number for stationary wire | 


(Nnu)v = Nusselt number for vibrating wire 


< = flow Reynolds number 2 
v,d 


— = vibrational Reynolds number 

Vy 

rate of heat transferred by convection from test sec- 
tion, Btu/hr 


7 = rate of heat input to test section, Btu/hr 


(Nre), 


rate of heat loss by radiation, Btu/hr 
resistance of test section, ohms 
= ambient air temperature, deg F 


1 Based on a thesis by the junior author for the Associateship of 
the Indian Institute of Science. 
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t, +t, 
t= gatas film temperature, deg F 
t, = surface temperature of test section, deg F 
v, = velocity of air stream, fps 
0, = 2FH = mean velocity of vibration, fps 
v, = kinematic viscosity of air at film temperature 1, 
sq ft/sec 


Introduction 


Convective heat-transfer rates depend on whether the flow is 
laminar or turbulent. Heat transfer is greater in turbulent flow 
than in laminar flow. Vibration of heat-transferring surfaces 
may set in turbulence in the case of laminar boundary layers and 
increase the heat transfer. With turbulent boundary layers 
vibrations may promote vigorous mixing and perhaps penetrate 
into the laminar sublayer resulting in a decrease in the resistance 
to heat flow. 

Studies in this field can examine the scope either to utilize the 
increased heat-transfer rates in industrial units or to avoid over- 
design of heat-transfer elements subjected to induced vibrations. 

Experimental investigations on heat transfer including the 
vibrational variables are few and provide meager information. 
Martinelli and Boelter (1)* obtained an increase of fivefold in 
the heat-transfer coefficients for the case of a vibrating cylinder 
in free convection under water. Recently experiments by Lem- 
lich (2) on wires for free convection in air confirmed the influence 
of vibration and the results were correlated using a vibrational 
Reynolds number based on the mean vibrational velocity. 

However, neither an analytical nor an experimental study ap- 
pears to have been made so far with vibrating surfaces under 
forced-convection conditions. The only measurement of Tessin 
and Jakob (3) for the influence of vibration was an auxiliary part 
of their main problem and revealed that the heat transfer was 
unaffected. 

In view of lack of data for the effect of vibration on forced- 
convection heat transfer, it is the purpose of this paper to present 
information for the case of a vibrating wire in a parallel air 
stream. In the experimental system the vibrational variables of 
frequency and amplitude as well as air-stream velocities were 
varied independently, and their effects measured for incorporat- 
ing in an over-all dimensionless correlation. 


Description of Apparatus 


The test apparatus consisted of an electrically heated 26 
S.W.G. (0.018 in. diam) nichrome wire stretched between two 
supports 58 in. apart and placed in a free jet of air as shown in 
Fig. 1. The duct-work straightened the discharge from the 
blower. Approximately half the length of the test wire was 
drawn into the duct so that the central portion of the wire taken 
as the test section was in the free jet. Care was taken to ensure 
that the wire was horizontal and along the axis of the duct. One 
end of the wire was fixed and the other end was connected to a 
tightening device. 

A vibration exciter was located on the wire near the left side 


4 Numbers in parentheses refer to the Bibliography at the end of 
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support. Power was supplied to the exciter from an audio- 
frequency oscillator. The segment between the fixed end and the 
exciter vibrated vigorously at its natural frequency when the in- 
put from the oscillator was properly tuned. Variations in the 
frequency could be obtained by altering the tension and by 
changing the position of the exciter along the wire. The vibra- 
tory amplitudes were controlled by the input voltages to the ex- 
citer. 

Power-supply leads were connected to the nichrome wire near 
its extremities. The heating current was controlled by a variac 
connected to a constant-voltage supply. 

The temperature at the center of the test length was measured 
by a 30-gage iron-constantan thermocouple connected to a Leeds 
and Northrup precision potentiometer. Each wire of the ther- 
mocouple was wrapped around the heating wire so as to give a 
split hot junction with a separation less than '/, in. Such a 
technique was adopted by Lemlich (2) for experiments on heat 
transfer from vibrating wires by natural convection and proved 
to be very satisfactory. 

Lemlich found welding a junction to the nichrome wire failed 
under sustained vibration. Because of the low-temperature 
coefficient of resistance of nichrome, the electrical resistance of 
the main wire could not be used for the measurement of tempera- 
ture. Further the temperature at a point on the wire rather 
than the mean temperature of the entire wire had to be measured. 
Hence the method of forming a split hot junction by wrapping 
each of the thermocouple wires around the nichrome wire was 
adopted. A check to determine whether the potentiometer 
readings were influenced by the potential drop between the points 
where the thermocouple wires were secured to the wire was made. 
Heating current through the nichrome wire was adjusted to give 
a potentiometer reading corresponding to the boiling point of 
water. When the reference junction was transferred to boil- 
ing water, the potentiometer reading was found to reduce to zero. 
This proved that the emf in the thermocouple circuit was essen- 
tially of thermal origin and that no spurious emf was included 
in that circuit. 

A pitot tube mounted on a traverse measured the air-stream 
velocities. Preliminary traverses along the wire revealed that 
the velocity over the wire for a distance of 1 ft downstream in the 
free jet was constant. 


Test Procedure 


Initially test data were obtained with the wire stationary. The 
next group of runs were made with the wire vibrating. The cen- 
tral portion of the wire 3 in. in length was taken as the test length 
for heat balance. The heat input to the test section is given by 


= 3.413 


The heating current was measured by a calibrated ammeter in 
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the heating circuit and it was maintained constant at 2 amp 
throughout the test. The cold resistance of the test section was 
evaluated from direct measurements of a foot length of the test 
wire in tension by a Leeds and Northrup resistance bridge. 
Changes in the tension employed in the tests did not show any 
significant variation in the resistance. Alteration in the resist- 
ance resulting from heating was negligible because of the low- 
temperature coefficient of resistance of nichrome. 

The net heat transferred by convection, q,, from the test sec- 
tion was determined, taking into account the heat loss or gain 
due to radiation, conduction, and generation by vibration. Heat 
loss by radiation, g,, was evaluated for each case and its maxi- 
mum value was about 6 per cent corresponding to a maximum 
surface temperature of 300 F. Heat flow by conduction through 
the ends of the test length was found to be less than I per cent 
even when worst conditions were assumed and hence it was 
neglected. The absence of addition of heat due to vibration was 
shown by no change in the temperature of the test section, when 
the wire was vibrated without the heating current. 

Hence the heat balance is given by 


The convective heat-transfer coefficient is given by 


qi — 


h, or hy = 


. [3] 
The minimum value of the temperature difference (t, — t,) was 
90 deg F. 

The frequency of vibration was measured on the graduated 
dials of the audio-frequency oscillator. Its accuracy was checked 
initially with a stroboscopic lamp. 

The vibrational amplitudes (defined as the distance between 
the extreme positions of the wire axis over the course of one cycle) 
were measured by viewing through a telescope with a least count 
of 0.01 mm. Its accuracy was sufficient for the amplitudes which 
ranged from 3 mm to 20 mm in the experiments. The measure- 
ments were at the center of the test length. This portion of the 
wire was flat even at the crest of vibration because of the long 
distance between the supports. The amplitudes at different 
points on the test length were uniform. 

The vibrational variables were included in a nondimensional 
vibrational Reynolds number given by 


(Vre)v 


This number is based on the mean vibrational] velocity Jy equal 
to twice the product of frequency and amplitude. 

For the case of the vibrating wire the investigation was made 
for nine air velocities ranging from 34 to 63 fps. At each air 
velocity, different frequencies and amplitudes in the range of 75 
to 120 cycles per sec (cps) and 3 mm to 20 mm, respectively, 
were employed as vibrational variables. 


Discussion and Evaluation 


Stationary Wire. Fig. 2 shows the plot of the test data for 
stationary wire. The relation between (Nwyu), and (Ne), com- 
puted using the principle of least squares is given by the expres- 
sion 

(Nwu), = 0.0522 (Nine) [5] 

No heat-transfer data for free flow parallel to wires were found 

in the literature. The only experimental data of Mueller (4) 


were obtained for wires of diameters 0.0007, 0.003, and 0.005 in. 
placed in ducts of diameters 1.81, 3.78, and 20.6in. The diame- 
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cause of increase either in frequency or amplitude was indicated. 
rr Since the experimental data were obtained to effect an over-all 
A PRESENT RESULTS T 
8 MUELLER'S RESULTS 


correlation of the vibrational variables, plots of the data showing 

the effect of any one of the vibrational variables, such as fre- 

quency or amplitude, at some air velocity were not attempted. 

| Figs. 3 to 5 show the effect of vibration on Nusselt number for 
ts ° three air velocities. It is clear that the nondimensional vibra- 


tional Reynolds number (Npre)y involving frequency and ampli- 
mB. m tude may be used for the correlation of the test data. Such a 
number was used by investigators for free-convection studies. 
| These figures show that the Nusselt number increased with in- 
crease in vibrational Reynolds number when the air velocity was 
maintained constant. But the slopes of the lines decrease with 
increase of air velocities. This indicates the moderating in- 
fluence of higher velocities, i.e., higher flow Reynolds numbers, 
on the rate of increase of Nusselt number due to vibration. Fig. 


TUBE DIA 
or 


6 810 


(Nee)s 


Fig. 2. Experimental data for stationary wire 


ter of the ducts in which the wires were placed was found to aff ct 
the heat-transfer coefficients. The correlation of the data of 
Mueller along with the one for the present work is shown in Fig. 
2. Mueller has used the ratio of wire diameter to tube diameter 
as correction factor to effect the correlation. The scatter of 
Mueller’s data without the correction factor can be seen in Fig. 2. 
The Reynolds numbers in Mueller’s correlation vary from 3 to 
120 whereas those of the present work range from 198 to 585. 
The differences in the experimental setup do not permit any di- 
rect comparison of the present data. Hence extrapolation of 
Mueller’s correlation to the range of Reynolds numbers in the 
present work, for purposes of comparison, is questionable. How- 
ever the change in slopes of the lines in Fig. 2 from 0.5 for Muel- 
ler’s to 0.729 for the correlation of this paper probably indicates 
transition in the character of flow as the Reynolds number 
changes from about 100 to 200. 

With Vibration. Plots of the test data for the effect of vibra- 10! 3 
tion are shown in Figs. 3 to 11. Tabulated results for different Wae)y 
air velocities revealed the increase in heat-transfer coefficients 
due to the vibration of the wire. Increase in heat transfer be- 
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Fig. 4 Effect of vibration on Nusselt number. Air velocity 49.4 fps. 
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Fig. 3 Effect of vibration on Nusselt number. Air velocity 34.1fps. Fig.5 Effect of vibration on Nusselt number. Air velocity 63.2 fps. 
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Fig. 6 Comparison ot effect of vibration of Nusselt numbers for 
different air velocities 


6 shows the lines for different velocities on a composite plot, the 
individual points being omitted in this case for clarity. 
For examination of the effect of vibrational Reynolds number 


and air velocities on increase in heat transfer, plots of propor-_ 


tional increase in Nusselt number [(Nwu)y/(Nwu).] — 1 versus 
vibrational Reynolds number (NRe)y were made with air velocity 
as parameter, Figs. 7 to 9. Fer every run the flow Reynolds 
number and the corresponding Nusselt number (Vyu), using 
Equation [5] were evaluated. In Fig. 10, the lines for different 
velocities are brought together for purposes of comparison. It is 
clear that the plots are straight lines of the same slope. Hence 


the improvement in heat transfer due to vibration alone was a_ 


power function of the vibrational Reynolds number. A vibra 
tional Reynolds number of 30 increased the heat transfer by 61 
per cent when the air velocity was 34.1 fps. 


same (.\Vre)y = 30, the improvement fell to 31.5 per cent when the 


(Nne)v 
Fig. 7 Proportional increase in Nusselt number due to vibration. 
Air velocity 34.1 fps. 
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Fig. 8 Proportional increase in Nusselt number due to 
Air velocity 49.4 fps. 
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Fig. 9 Proportional increase in Nusselt number due to vibration. 
Air velocity 63.2 fps. 


air velocity increased to 63.2 fps. The maximum increase of 135 
per cent due to a vibrational Reynolds number of 72 was obtained 
at the lowest air velocity and hence the lowest Reynolds number 
The lines for smaller air velocities are shifted upwards clearly in- 
dicating that the magnitude of improvement in heat transfer due 
to a vibrational velocity depended on the ratio of vibrational to 
flow velocities. The higher this ratio, the greater was the in- 
crease in heat transfer. Further a negligibly small increase of 
about 11 per cent has been obtained with a ratio of 0.035, Fig. 
ll. 

These findings are in conformity with those of previous in- 
vestigators at least in principle even though their experiments 
cannot be compared with the present work. Tessin and Jakob 
found no influence of vibration on heat transfer by forced convec- 
tion. However their attention was confined to the evaluation of 
error introduced by any vibration that might have been picked 
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Fig. 10 Comparison of proportional increase in Nusselt numbers 

due to vibration for different air velocities 
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Fig. 11 Final correlations of experimental data for effect of vibration 
up by the test cylinder transferring heat to parallel air streams. 
An analysis of their data indicated that the vibrational velocities 
obtained in their tests were very low compared to the air veloci- 
ties and therefore did not alter the heat-transfer coefficients. 
Free-convection studies with vibration also presented results 
similar in nature. Martinelli (1) found that for vibrational Reyn- 
olds numbers up to a critical value, the Nusselt number was 
independent of vibration. Further the proportional increase in 
heat transfer due to any vibration was greater for the smaller 
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Grashof number. Martinelli attributed these features to the 
relative magnitudes of the free-convection and vibrational veloci- 
ties. At low magnitudes of vibrational Reynolds number, the 
net resultant velocity in the viscous layer was essentially con- 
trolled by the free-convection modulus. The influence of higher 
vibrational Reynolds number was considerable when the free- 
convection velocities were lower; i.e., corresponding to lower 
Grashof numbers. 

Kubanskii (5) also found that to obtain observable increase in 
heat transfer from a cylinder at right angles to an air stream with 
superimposed acoustic vibrations of 0.031 to 0.366 watts per sq 
cm, smaller air velocities had to be used. The maximum increase 
in heat-transfer coefficient was of the order of 50 per cent. Asa 
preliminary conclusion, he stated that the average value of the 
vibrational velocity in the acoustical wave must not be less than 
the velocity of flow to produce acoustical currents near the walls 
of the solid body. 

Fig. 11 shows the final correlation in a plot of [(Nwu)v/(Nwu)e] 
— 1 against (Nre)v/(Np.);. The dimensionless ratio (NRe)y/ 
(Nre), is the same as the ratio of the mean vibrational velocity 
to the air velocity. The data can be represented by the equa- 


tion 
(N Nu), (N 
Determining the constants graphically, the following equation 


for the effect of vibration on forced convection heat transfer was 
obtained 


(Nwu)v 
(Nu), (Nre); 


The role of the ratio of the vibrational Reynolds number to 
flow Reynolds number, i.e., (Nre)v/(Nre), in effecting increases 
in heat transfer is clearly revealed by the trend of the test data 
in Fig. 11. The value of the ratio ranges from 0.035 to 0.34. 
The increase in heat transfer was about 20 per cent when (Nre)v/ 
(Nre), was equal to 0.045 and reached 130 per cent with the in- 
crease of (Nre)vy/(N re), to 0.34. The fact that ratios of (Nre)v/ 
(Nre), were obtained from different combinations of frequency, 
amplitude, and air velocity bears evidence to the reproducibility 
of the data and explains the clustering of a number of points along 
the mean line. 

Combining Equations [5] and [7] the following expression for 
the heat transfer from vibrating wire to air in parallel flow is ob- 
tained 


((N 0.977 
(Nyu)v = 0.0522(N re) [: 4.25 ]. . [8] 


Conclusions 


1 The heat transfer from a wire to air in parallel flow was 
given by the following expression determined experimentally 


(Nwu), = 0.0522(N 


2 Vibrations of heating surfaces can increase heat transfer in 
forced convection also, a doubling of the heat-transfer coefficient 
having been obtained in the present work. 

3 Both frequency and amplitude increased the heat transfer 
from wire to air in parallel flow when the air velocity was main- 
tained constant. 

4 The proportional increase in Nusselt number due to any 
vibrational velocity was controlled by its ratio to air velocity. 

5 A vibrational Reynolds number based on the mean vibra- 
tional velocity could be used for correlating the effect of the vi- 
brational variables. 
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6 The results for the effect of vibration of wire on heat trans- 
fer could be represented by the following relationship 


We), Lae), 

7 The effect of vibration on heat transfer by forced convection 
should be studied for other ranges of the ratio (Nre)v/(Nre); 
and with different geometrical configurations. 
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Discussion 


J. P. Hartnett. The paper treats a very interesting problem 
but unfortunately serious questions arise regarding the instru- 
mentation, and furthermore it is apparent that the authors have 
overlooked one of the important parameters in correlating their 
data. In regard to the instrumentation question, the authors do 
not show a detailed sketch of their thermocouple installation, but 
it appears that two thermocouples of 0.010 in. were attached to 
the main wire (0.018 in. diam) and, consequently, the thermo- 
couple wires will have a major influence on the flow past the main 
heated wire. This would occur since the boundary layer as it 
builds up on the main wire encounters the thermocouple, un- 
doubtedly giving rise to a very turbulent wake region behind the 
thermocouple. It would appear, therefore, that the authors are 
investigating a different flow situation from that indicated in the 
title of their paper and unfortunately the particular flow situa- 
tion of the investigation is not frequently encountered in engineer- 
ing situations. 

With respect to the major parameter overlooked in the correla- 
tion results, this parameter is z/d where z is the distance from 
the apparent start of the boundary layer. This is obvious since 
in the limit when the radius of the cylinder becomes very large 
(i.e., z/d very small), the results for flow over a nonvibrating 
circular cylinder should reduce to the flow on a flat plate. 

Finally, it would appear that the authors have overlooked 
considerable literature related to this problem; for example, a 
recent paper by Christian and Kezios* will yield information on 
the available literature. 


T. W. Jackson.’ Review of the paper indicates two technical 


&' Associate Professor, Mechanical Engineering, University of 
Minnesota, Minneapolis, Minn. Mem. ASME. 

¢“Experimental Investigation of Mass Transfer by Sublimation 
From Sharp-Edged Cylinders in Axisymmetric Flow With Laminar 
Boundary Layer,”” by W. J. Christian and 8. P. Kezios, Heat Trans- 
fer and Fluid Mechanics Proceedings, 1957. 
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points which should be investigated before the work is considered 
to be authoritative. These are as follows: 


1 It is stated that a 26 B & S gage nichrome wire of 0.018 in. 
diam was used. According to the writer’s charts a 26 B & S gage 
wire should have a diameter of 0.0159 in. Which is correct? Is 
the wire 0.018 in. and 25 gage or is it 0.0159 in. and 26 gage? 

2 In measuring the temperature of the test wire a 30-gage 
iron-constantan thermocouple was used. A 30 B & S gage wire 
has a diameter of 0.010 in. In other words the thermocouple 
wire size is of the same order of magnitude as that of the 
test wire. The thermocouple leads, therefore, are large heat 
sinks and could easily lower the temperatures of the junctions 
several degrees. In Lemlich’s work (reference 2 of the paper) 
wire sizes as follows were used: 


Wire size, Thermocouple wire size, Error in temp reading, 


in in, per cent 


0.0253 0.005 2-3 of temp difference _ 

0.0396 : 0.005 2-3 of temp difference 

0.081 — 0.005 2-3 of temp difference 

As can be seen from the table Lemlich’s test wires were several 
times larger than the thermocouple wires. In contrast, for the 


subject paper the sizes were 


Error in temp reading, 


percent 


In view of the foregoing the writer states that an experiment 
such as Lemlich performed of comparing the temperature inside 
a nichrome tube to the measured surface temperature with sizes 
similar to those used in the experiment is in order. 


Wire size, Thermocouple wire size, 
in. v4 in. 
0.018 


or 
0.0159 


0.010 


R. Lemlich.* With regard to the measurement of surface tem- 
perature, the writer wonders if the authors checked their thermo- 
couple for possible local cooling or other disturbance that 
might be caused at the hot junction by the extension of the 
thermocouple wires through the film. The split thermocouple 
junctions employed in the work of this writer to which the 
authors refer (and which the writer checked by comparison with 
an electrically insulated thermocouple threaded through an elec- 
trically heated length of hypodermic tubing) consisted of con- 
siderably finer thermocouple wires and appreciably thicker 
nichrome wire than that described here. Furthermore, the 
writer’s work was with free convection and therefore with a 
thicker “film blanket’’ than that for the forced convection em- 
ployed here. Accordingly, it would appear to this writer that the 
authors’ acceptance of the reliability of their relatively bulkier 
thermocouple junction, particularly with their relatively higher 
forced convective film coefficient, might be a bit too much to take 
for granted. 

This writer questions the validity of the test described to de- 
termine whether or not the emf of the heating current directly in- 
fluenced the potentiometer reading. However, he does go along 
with the conclusion, but for a prior? reasons. The small a-c volt- 
age drop could scarcely affect a d-c potentiometer. 

The Nusselt number here appears to include the effect of any 
superimposed free convection as well as that for forced convection 
plus any vibration applied. Free convection should be apprecia- 
ble at the temperature differences employed, particularly with 
low air velocities and weak vibration. For example, with no 
forced air flow and no vibration, the Nusselt number here for free 


® Department of Chemical Engineering, University of Cincinnati, 
Cincinnati, Ohio. 
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convection alone would be roughly in the neighborhood of unity. 
This is appreciable when compared with Fig. 2. 

Results for the final correlation, Fig. 11, certainly cluster well. 
The slope of the line (0.977 as given in Equation [7]) is very close 
to unity. Do the authors attach any special significance to this? 

It would be interesting to see how the authors’ correlation would 
handle variation in wire diameter. 

All in all, the authors have carried out an interesting piece of 
research and have prepared a simple and effective correlation of 
their results. Their work is a definite contribution to the rapidly 
expanding study of the effect of vibration on transport phe- 
nomena. 


Authors’ Closure 

The authors wish to thank the discussers for their interest in 
the paper which is the first report of a comprehensive study 
initiated on the influence of vibration in forced convection heat 
transfer. It was felt that initially the vibrating surface should 
be of a simple configuration so that the study will throw some 
light on the effect of vibration on heat transfer. 

As Professor Lemlich has pointed out, a simple and effective 
correlation of the data obtained in this 
been prepared. The authors are aware that the heat trans- 
fer from a cylinder to a fluid in parallel flow will not differ much 
from that between a plane surface and a fluid in parallel flow 
provided the diameter of the cylinder is large (i.e., z/d very small). 
The authors are familiar with the literature referred to by 
Professor Hartnett though not to the recent paper of Christian 
and Kezios which was not available to them at the time this 
paper was submitted. In these the heat transfer from cylinders 
to air streams in axial flow have been presented wherein the axial 


investigation has 


length has been used in evaluating the dimensionless groups and 
the parameter x/d also included. Jakob*® has pointed out that, 
if the cylinder diameter is small, eddies occurring in turbulent 
flow may be great compared to the cylinder diameter. In this 
Hence the diame- 
ter of the wire and not the axial length has been used in evaluat- 


investigation d is very small (i.e., x/d large). 


ing the dimensionless groups. Mueller (4) also has used the 


* “Heat Transfer,” by M. Jacob, vol. 1, John Wiley & Sons, Inc., 
New York, N. Y., 1949. 
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diameter of the wire as characteristic length in the dimension- 
indicated in the paper, 
wire. 


the airflow in this 
Fig. 12 


Fishenden and Saunders 


less 


groups. As 
investigation is parallel to the test shows a 
photograph of the test apparatus. 
have stated that the heat transfer by forced convection for flow 
parallel to the axis is about one half that for flow at right angles to 
Mueller (4) compared his results with the curve rec- 
ommended by MeAdams'!! for flow across wires and found that 
the Nusselt numbers in the range of Reynolds numbers investigated 
The Nusselt 
numbers obtained in this investigation for the stationary wire 


the axis. 


by him were only 40 per cent of those for crossflow. 


vary from 35 to 45 per cent of those for crossflow as the Reynolds 
number increased from 200 to 600, probably indicating transition 
in the character of flow, and is in general agreement with Mueller’s 
finding. 

In answer to Dr. Jackson’s points, the diameter of the nichrome 
The split 


thermocouple junction technique was adopted only after several 


wire used in the entire investigation was 0.018 in, 


other methods had been considered and found unsuitable. An 
experiment such as Lemlich (2) performed, of comparing the tem- 
perature inside an electrically heated hypodermic tubing to the 
measured surface temperature using a split junction thermocouple, 
was conducted. The sizes corresponded to those used in this 
investigation. At different heat-flux values, the temperature in- 
dicated by the outer thermocouple was lower than that of the 
inner by 1 to 2.5 per cent of At, the difference between surface 
and ambient temperatures. This is of the same order of magni- 
Calculations indicated that loss 
The minimum 
air velocity was 34.1 fps and hence the free-convection effect was 


tude as obtained by Lemlich. 
along thermocouple leads was negligibly small. 
small compared to the foreed convection. As to how the correla- 
tion will handle variation in wire diameter, further investigations 
with different wire sizes are necessary. In conclusion it is felt 
that analytical and experimental studies on the effect of vibration 
on heat transfer with different configurations in gases and liquids 
are called for. 

”**An Introduction to Heat Transfer,’’ by Fishenden and 
Saunders, Oxford University Press, London, England, 1950, p. 132. 

“Heat Transmission,’’ by W. H. McAdams, McGraw-Hill Book 
Company, Inc., New York, N. Y. 1954, p. 259. 
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Wedge-Shaped Passages 


¢ 
E. R. G. ECKERT: T. 


F. IRVINE, 


Heat transfer in noncircular passages recently has received in- 
creased attention in connection with various engineering appli- 
cations, especially with nuclear-reactor technology. The present 
paper presents the results of calculations for heat transfer con- 
nected with steady laminar flow through ducts whose cross sec- 
tions have the shape of circular sectors. Hydraulically and ther- 
mally developed flow is assumed. The temperature field, 
peripheral distribution of inner-duct surface temperature and of 
heat flux, as well as heat-transfer coefficients and friction factors, 
are presented for two boundary conditions: Peripherally con- 
stant heat flux and peripherally constant surface temperature, 
both with longitudinally constant heat flux. It is found that even 
average heat-transfer coefficients may be different by an order 
of magnitude for these two conditions. For this reason, it is 
pointed out that solutions for a class of boundary conditions 
can be obtained by linear superposition of the results obtained 


for the two conditions mentioned. 


following nomenclature is used in the paper: 


Nomenclature 
THE 


thermal diffusivity 
cross-sectional area 
specific heat 
circumference 
friction factor 
hydraulic diameter = 44/C 
= average heat-transfer coefficient (see Equations [10] and 
[4]) 
= heat conductivity 
normal to duct surface 
hD,/k = Nusselt number 
pressure 
heat flow from inner surface of duct to fluid per unit time 
and area 
radial distance from duct corner, Fig. 1 
radial dimension of duct, Fig. 1 
pwD, 


= Reynolds number 


= temperature 
velocity, Fig. 1 
co-ordinate parallel to duct axis 


half angle of duct, Fig. 1 
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angular co-ordinate, Fig. 1 
viscosity (dynamic ) 
p = density 


Subscripts 
B = bulk-fluid 
’ = center line 

friction 

hydraulic 

w = wall 


Introduction 


Heat transfer connected with flow through circular ducts has 
been studied thoroughly, theoretically as well as experimentally. 
It is well known that for a fluid with constant properties the flow 
is independent of the heat-transfer condition and that the de- 
velopment of the temperature field in the fluid depends considera- 
bly on the boundary conditions which are imposed on it. The 
two conditions most widely investigated are either a constant 
wall temperature along a heated section which follows an up- 
stream unheated section, or a constant heat flux, again with or 
without an unheated upstream section. More recently, methods 
also have been developed by which the solutions for the boundary 
conditions just mentioned can be used to obtain information on 
the temperature field in the fluid under any arbitrarily varying 
wall temperature (1).5 The information obtained in such a way 
has shown that the development of the temperature field depends 
on the length of the unheated upstream section; that it is, for in- 
stance, different if the temperature field develops directly from 
the entrance of the tube simultaneously with the flow field or 
whether it starts developing only after the flow has become 
established. It also was found that the way in which the wall 
temperature varies in flow direction has a marked effect on the 
heat-transfer coefficients. In hydraulically and thermally es- 
tablished laminar flow, for instance, the local Nusselt number 
based on diameter and on the difference between wall and bulk 
temperature was calculated as Nu = 3.64 for constant wall tem- 
perature, whereas it has the value Nu = 4.36 for constant heat 
flux. The thermally established temperature field has an es- 
pecially simple shape for the condition of a constant heat flux. 
The fluid temperature at any location increases or decreases at 
equal and constant rate in flow direction and the temperature 
profile does not change its shape in the direction of the tube axis. 

A new and interesting aspect comes into consideration when 
heat transfer to a duct with a noncircular cross section is in- 
vestigated. In such a duct, the velocity and the temperature 
field will not be rotationally symmetric and it has to be ex- 
pected that the heat transfer from the fluid to the duct surface 
will depend on what boundary condition is prescribed around the 
periphery of the duct. It will be shown in the following section 
that a constant prescribed heat flow from the duct surface to the 
fluid generates, for instance, a surface temperature which varies 
around the periphery and that, on the other hand, a peripherally 
constant temperature can be obtained only by a heat flux which 
varies in a specific way around the periphery. It also will be 
shown that these boundary conditions not only influence the 


6 Numbe ers in parentheses refer to Bibliography at end of paper. 
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local heat transfer but also its over-all value. In principle, 
asymmetric boundary conditions of course can be prescribed on a 
round duct as well; however, the investigations in the past ap- 
pear to have considered only situations in which heat flux and 
wall temperature are rotationally symmetric simultaneously. 

In this paper the results of a calculation will be presented which 
determines the temperature field and heat transfer in a fluid flow- 
ing with laminar flow through a passage whose cross section has 
the shape of a circular sector. Hydraulically and thermally de- 
veloped flow is assumed which means that the velocity profile, as 
well as the temperature profile, maintain their shape in flow 
direction. The wall temperature is postulated to increase linearly 
with length. Two boundary conditions around the duct periphery 
are investigated, a peripherally constant wall temperature and a 
peripherally constant heat flux. 

In actual applications, the distribution of the temperature and 
heat flux around the inner surface of the duct wall will depend on 
the characteristics of the wall as well as on the distribution of the 
heat transfer on the outside of the duct, or of the heat generation 
within the duct wall. A thick wall with good heat conductivity, 
for instance, will tend to equalize the inner surface temperature 
It is felt that the two conditions which are considered here are 
limiting cases between which the situations will generally lie 
which are encountered in engineering applications. A circular 
sector has been chosen as the shape of the duct cross section be- 
cause for this shape it is possible to find exact solutions for the 
velocity and temperature fields, and also because a variation of 
the opening angle of the sector leads to a family of widely varying 
duct cross sections. The calculations, the result of which are pre- 
serited in this paper, are also paralleled by an extensive experi 
mental program in which the transition to turbulence, the flow 
development, and the heat transfer for laminar and turbulent 
conditions is being investigated (2). 


The Velocity Field 


As a basis for the heat-transfer calculation, the velocity field 
existing in the duct must be known. In order to calculate it, a 
co-ordinate system is arranged in the duct as indicated in Fig. 1. 


The location within the duct cross section is described by the 
radial distance r from the corner and by the angular distance 
from the duct center line. The opening angle of the duct is 2a. 
Steady laminar flow of a fluid with constant properties and de- 
veloped flow conditions are assumed. This means that no ve- 
locity component exists within the plane of the duct cross section 
and that d0w/dz = 0. Under this condition the Navier-Stokes 
equation in cylindrical co-ordinates reads 


or? r Or 


OG: 
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The right-hand side of the equation is a constant for developed 
flow conditions. The velocity field described by Equation [1] 
must fulfill the boundary conditions 


w = Oforr = Rand for @ = +a...........[2] 


The solution of Equation [1] which satisfies boundary conditions 


[2] can be obtained from the analogous torsion solution as dis- 


_ 
n=1, 3,5 ‘ 


cussed in (2) 


1 Op 


w= 
4u Oz 


The first term in the square bracket on the right-hand side of this 
equation describes the velocity field near the corner of the duct; 
the series makes it possible to adapt the velocity field to the con- 
dition w = Oatr = R. Velocity fields described by this equation 
have been computed for a number of duct shapes, and for round 
numbers of the parameter tan a. Fig. 2(a) shows velocity pro- 
files w/w existing along various radii in a duct with an opening 
angle equal to 11° 25’ 20” which corresponds to tana = 0.1. It 
can be seen in this figure that the influence of the curved duct 
wall on the velocity field is felt only through a limited distance 
away from that wall. Fig. 2(5) presents velocity profiles en- 
countered along the center lines for ducts with various opening 
angles. The opening angle is again indicated in the figure by its 
tangent. Table 1 gives the connection between the tangent and 
the opening angles themselves. As expected, the influence of the 
curved wall extends farther into the fluid with increasing opening 
angle. 


Connection between tangent and opening angles 


2a 
11° 25’ 20” 
22° 37’ 20” 
33° 24’ 
43° 36’ 20” 
60° 


Table 1 


The connection between the pressure gradient in flow direction 
and the average velocity through any duct cross section is impor- 
tant for engineering calculations. It can be expressed by a fric- 
tion factor C, defined by the equation 


op 

oz 
This friction factor is conventionally based on the hydraulic 
diameter D, of the duct. It can be shown from dimensional 
analysis that the product C,Re has a constant value for each 
duct shape. Fig. 3 therefore presents this product plotted over 
the opening angle of the duct. It can be seen that the friction 
factor depends on the opening angle and is different from the 
value 64 of a round tube. This indicates that friction in laminar 
flow through a circular sector duct cannot be calculated from the 
relation for a round tube by use of the hydraulic diameter. The , 
other curves appearing in this figure will be discussed later. i. 
The Temperature Field 3 


For thermally developed conditions and for a heat flux from 
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(a) Velocity profiles along radii r. Tangent of half angle of duct 


equals 0.1. 
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(b) Velocity profiles along center line of ducts with various opening 
angles 

Fig.2 Velocity field for developed laminar flow through a duct whose 
cross section is a circular sector 


the inner duct surface to the fluid which is constant in axial 
direction, the fluid temperature at any location increases linearly 
in flow direction (07'/0z = const). The energy equation in 


A—CONSTANT PERIPHERAL 
WALL TEMPERATURE 


B —CONSTANT PERIPHERAL 
HEAT FLUX 


1 
20 30 40 50 60 
O€GREES 


Fig. 3. Friction factor (C;) and average Nusselt numbers (Nu) for 
hydraulically and thermally developed laminar flow through a duct 
whose cross section is a circular sector = 
a—half angle of sector ; 
Re—Reynolds number based on average velocity and hydraulic , 
diameter 


Nu—Nusselt number based on hydraulic diameter and difference — be 
between bulk temperature and average wall surface temperature 


cylindrical co-ordinates for a constant-property fluid reads cor- 
respondingly 


or 
or? 


This equation can be combined with Equation [1] to give 


> 1 or 
or r? dr? r or 


1 Op oT 


= .. [6 
wa Oz Oz (6) 


The right-hand side of this equation is again a constant. 

Heat generation by internal friction has been neglected, which 
restricts Equations [5] and [6] to moderate velocities. How- 
ever, the equation also can be applied to high-velocity flow of a 
fluid with a Prandtl number equal to 1 when the temperature Tis 
interpreted as total temperature. : 

Constant Peripheral Surface Temperature. The boundary con- 
dition for a peripherally constant temperature on the inner duct — 
surface is 


T = T,, = const forr = Rand for 0 = +a 
It has been pointed out by Marco and Han (3) that the differen- 
tial Equation [6] is identical with an equation occurring in solid _ 
mechanics. Jt, together with the boundary conditions given by _ 
Equation [7], also describes the deflection of a thin plate with a — 


| 
4 
—B 
| 


(a) Temperature profiles along radiir. Tangent of half angle of duct 


equals 0.1. 


shape identical to the duct cross section which is simply supported 
around its rim and under the influence of a uniformly distributed 
load. A solution can be obtained by a transformation of the 
semicircular plate-deflection problem discussed by Timoshenko 
(4). The result of such a transformation which satisfies the 
required boundary conditions [2] and [7] is 


Figs. 4(a, b, c) present temperature fields which have been calcu- 
lated with this equation. The figures as shown illustrate the 
situation that heat flows from the fluid to the duct walls. Fig. 
4(a) gives the temperature profiles along various radii in a duct 
with an opening angle characterized by tan a = 0.1. It can 
be seen from Figs. 2 and 4(a) and also from a comparison of 
Equations [3] and [8] that the increase with increasing dis- 
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(b) Temperature profiles along center line for ducts with various 
opening angles 
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(c) Local heat-flux distribution around periphery of ducts with 
various opening angles 

Fig. 4 Temperature field and peripheral heat flux for hydraulically 
and thermally developed laminar flow through a duct whose cross 
section is a circular sector and whose wall surface temperature is 
constant around the duct periphery 
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(a) Temperature profiles along radii r for duct with 60-deg opening 


angle 


tance from the duct corner is steeper for the temperature field 
than for the velocity field. Again the influence of the curved 
wall of the duct is felt only a moderate distance away from that 
wall. Fig. 4(b) presents the temperature profiles along the — 
center line for ducts with various opening angles, and Fig. 4(c) of 
dicates the distribution of the local heat fluxes from the fluid to— 
the duct surface around the periphery of ducts with various open- q 
ing angles. It can be observed that the heat flux drops to the i 
value zero in the duct corners. The local heat flux q was ob-— 
tained from the gradient of the fluid temperature in a direction 
normal to the duct surface and at the duct wall. The heat flow g_ 
averaged over the duct periphery is connected with the fluid — 
temperature increase in the axial direction by the heat balance 


= ¢,pwA [9] 


An average heat-transfer coefficient may be defined in the 
customary manner by 


kT, 


where 7’, is the fluid bulk temperature 3% 


wraa. 
wA 


or the temperature which would be obtained by mixing of — fe) 


fluid as it passes the cross section considered. The Nusselt num- 
ber Nu = AD,/k is found to be a function of the duct shape only. 
Its value is inserted in Fig. 3. Again it can be seen that it is dif- 
ferent from the value 4.36 for a round tube. This indicates that 
the hydraulic-diameter concept does not work for laminar heat 
transfer in circular sector ducts. 
Peripherally Constant Heat Flux. The boundary conditions for 
this situation are 
> = q = const for r 


2 


(b) Difference between local wall surface temperature and center- 
line temperature measured at distances r from corner of ducts with 
various opening angles ) 
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(c) Wall surface temperature distribution around periphery of 
ducts with various opening angles 


Fig. 5 Temperature field for hydraulically and thermally developed 
flow through a duct whose cross section is a circular sector. A 
locally constant heat flux from duct surface into the fluid is pre- 
scribed. 


The calculations necessary to obtain a solution of Equation [5] a 
for this boundary condition are much more involved than for the 
constant-wall-temperature case and only the results of such a_ 
calculation will be presented here. A detailed discussion of the - 
solution for this case together with the calculation details are 
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given in (6). Generally the solution of Equation [5] which satis- 


fies boundary conditions [12] can be expressed as 


1 j 4 
pa Oz R 


2 R | 3 R cos rT Ue R, cos U 


D,, ( 
R 
The constants C, to C,, A,,, B,,, and D,, have to be determined in 
such a way that Solution [13] satisfies the boundary conditions 
[12]. From the results of the calculation Figs. 5(a, b, c) have 
been prepared. These figures illustrate the temperature field 
existing when the heat flux at the duct surface is directed from 
the surface into the fluid. 

Fig. 5(a) shows the temperature profiles on various radii for the 
60-deg duct. It can be observed that the temperature variation in 
the radial direction is considerably greater than the one in the 
angular direction. This is yet more pronounced for smaller duct 
angles as evidenced by Fig. 5(b). This figure gives the difference 
between center line and surface temperature for various positions 
r and for ducts with various opening angles. Since the duct with 
an opening angle of 60 deg comes in shape quite close to an equi- 
lateral triangle, it has to be concluded from Figs. 5(a and 6) that 
the opening angle of a corner in a noncircular duct is the most im- 
portant factor in determining how strongly the temperature 
varies in its neighborhood. Fig. 5(c) shows the distribution of the 
wall temperature around the periphery for ducts with various 
opening angles. The connection between the temperature dif- 
ference 7’, — 7'z, the axial temperature gradient 07'/dz, and the 
heat flux g, can be obtained from the following equations. The 
relation between heat flux and axial temperature gradient is again 
given by Equation [9]. With an average heat-transfer coefficient 
defined by the equation 


m=1,3,5... 


a Nusselt number Nu = hD,/k is obtained and this parameter is 
inserted in Fig. 3. This figure now reveals the astonishing fact 
that a very great difference exists between the average Nusselt 
numbers for constant heat flux and for constant wall tempera- 
ture. In a duct with an opening angle of 20 deg the two parame- 
ters differ almost by a factor of 10. This difference might be ex- 
plainable physically by the fact that the boundary condition of 
constant heat flux forces more heat into regions of low velocity 
near the apex. From the Nusselt numbers in a circular tube ob- 
tained for axially constant wall temperature and constant heat 
flux, it appears that the influence of the peripheral variation of 


these parameters is for ducts with shapes similar to a circular sec- 
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tor considerably more important than the axial variation. This 
fact is also evident from the results of a calculation by Deissler 
and Taylor (5), which determined turbulent heat transfer be 
tween tube bundles and a fluid flowing in the axial direction out- 
side the tubes. Information even on average heat-transfer co- 
efficients for noncircular ducts with pronounced corners is prac- 
tically meaningless without a clear specification of the peripheral 
boundary conditions. 

Various possibilities for a presentation of the results of the fore- 
going calculations have been considered. It was felt that the 
method chosen here is most consistent with established practice 
in the field of heat transfer and that it is, for instance, not appro- 
priate to define local heat-transfer coefficients because these 
parameters assume at certain locations values equal to zero or in- 
finity when they are based on local wall temperatures. 

Generalization of Results. The great difference between the 
Nusselt numbers of peripherally constant wall temperature and 
constant heat flux suggests the question how heat transfer can be 
calculated for arbitrarily prescribed peripheral distributions of 
either parameter. The solutions for a family of such distributions 
can be obtained in a simple way from the results presented in this 
paper. The fact that the energy equation [5] is linear in the 
temperature 7’ makes it possible to obtain new solutions by super- 
position of the known ones. This means that new temperature 
fields for a certain duct shape can be obtained by adding the two 
known fields for constant wall surface temperature and for con- 
stant surface heat flux after having multiplied each one with an 
arbitrary scale factor. The corresponding wall surface tempera- 
ture can be obtained from Fig. 5(c) by adding to the respective 
distribution curve a constant wall temperature after multiplying 
each value with the proper scale factor. The same procedure ap- 
plied to Fig. 4(c) results in the proper heat-flow distribution. The 
average Nusselt number belonging to these temperature and 
heat-flow distributions is finally obtained from Fig. 3 by inter- 
polation between the values Nu for constant wall temperature 
and for constant heat flux in the ratio of the respective scale fac- 
tors. It can be verified easily from the foregoing equations that 
this procedure is correct and exact. 


Bibliography 


1 “Forced Convection From Nonisothermal Surfaces,” by 
M. Tribus and J. Klein, Heat Transfer Symposium, University 
of Michigan, Ann Arbor, Mich., 1952, p. 211. 

2 “Flow in Corners of Passages With Noncircular Cross See- 
tions,”” by E. R. G. Eckert and T. F. Irvine, Jr., Trans. ASME, vol. 
78, 1956, pp. 709-718. 

“Laminar, Transitional, and Turbulent Flow in Triangular Pas- 
sages,”’ by E. R. G. Eckert, T. F. Irvine, Jr., and R. Eichhorn, Wright 
Air Development Center Technical Report 54-443, 1954. 

“Analysis of Laminar Heat Transfer in Wedge-Shaped Passages,” 
by E. R. G. Eckert, T. F. Irvine, Jr., and J. T. Yen, Wright Air De- 
velopment Center Technical Report 56-98, 1956. 

3 “A Note on Limiting Laminar Nusselt Numbers in Ducts With 
Constant Temperature Gradient by Analogy to Thin-Plate Theory,” 
by S. M. Marco and L. S. Han, Trans. ASME, vol. 77, 1955, p. 625. 

4 “Theory of Plates and Shells,”’ by S. Timoshenko, McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, pp. 272-274. 

5 “Analysis of Axial Turbulent Flow and Heat Transfer Through 
Banks of Rods or Tubes,” by R. G. Deissler and M. F. Taylor, pre- 
sented at Reactor Heat Transfer Conference, New York, N. Y., 
November, 1956. 

6 “Exact Solution of Laminar Heat Transfer in Wedge-Shaped 
Passages With Various Boundary Conditions,” by J. T. Yen, Wright 
Air Development Center Technical Report 57-224, 1957. 


r mr 
. A, cos — 6 


Survey of Mathematical Methods for 


This paper is a survey of presently known mathematical 
methods applicable to nonlinear control problems. After empha- 
sizing the need for general theories which alone can facilitate 
equipment design, the author discusses: a Phase-plane and 
phase-space methods for graphical representation of general 
system behavior; b describing-function analysis of limit cycles; 
c piece-wise linear analysis; d probability calculus for the 
study of noise and random inputs in nonlinear systems; and e 
energy-balance and stroboscopic methods which apply to particu- 
lar features of a system. 


1 Introduction: Synthesis Versus Analysis 


ALTHOUGH nonlinear systems cannot be analyzed by means of 
the standard methods that have been developed for linear systems 
(Laplace transform, Nyquist diagram, etc.) their analysis is far 
from impossible. 

The analysis consists in integrating a system of nonlinear dif- 
ferential equations, knowing boundary conditions. Very seldom 
the solution appears as a combination of known functions, but 
this circumstance is no essential difficulty. What eventually is 
needed is a set of numerical values: Whether they come from 
tabulations of known functions or direct numerical integration 
is immaterial. Moreover, painstaking graphical methods belong 
to the past and computers have a widespread use. 

But engineering principally consists of systems synthesis. If 
one has only analysis methods, one is condemned to a series of 
trial-and-error steps, without being sure he will arrive at the best 
design. As a guide to better understanding of the synthesis 
problem, there is no decisive difference between hand and 
machine calculations, and none of these can replace general 
methods in the synthesis work. These methods can be classified 
in two categories: 

In the first category, we will put the methods such as ‘“‘phase 
plane’’ that fully recognize the nonlinear nature of the problem; 
practically, their field of application is limited to second-order 
systems (although general results already are known about 
“phase spaces’). 

In the second category, we must place all the methods that try 
to extrapolate the knowledge already obtained in the linear do- 
main: Such are the “describing function’’ method, the reduction 
to piecewise linear systems, the small disturbance method, etc. 

With these last methods, one enters the dangerous field of so- 
called ‘approximations’ (very seldom does the exposition of 
what is called ‘‘an approximate method” contain an evaluation of 
the error). However, such a shortcoming is not as important as 
it may seem, because the last step of the design of an equipment 
always is an analysis that can be performed with known and 
acceptable errors. 

Definition of needed performance concerns the customer as 
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be fulfilled can be expressed in terms of frequency band, signal-to-— 
noise ratio, etc... On the other hand, the tests to be performed 
are not so well known in the nonlinear case. The solution vm 
to be a reasonable application of probability calculus that deals — 
with signal and disturbance statistical data. : 
One word more about bibliography: Hundreds of papers have’ 
been written on nonlinear control. Although only mathematical 
methods are considered here, relevant papers are too many. The 
choice of quoted literature does not imply any affirmation of pre 
ority nor any hint that other papers, not quoted, are not as good. | 
The author knows them: That is all. 


2 Phase Plane 
2.1 Differential Equations of the Second Order (1)? 
So-called ‘‘rational mechanics’’ began with the calculation of - 
the motion of a “material point’’ subject to known forces. The 
equation of the second order was therefore thoroughly studied, 
and the results found for the material point rapidly were extended 
to the case of one solid lump of matter whose position is deter- 
mined by one co-ordinate, such as the simple or compound 
pendulum. 
Cauchy showed that a differential equation 


S(4, z,z,t) =0 


ta 
- 


that relates an unknown co-ordinate z and its derivatives z and 
# with respect to time t can be decomposed into two equations of 
the first order 


Sy, z, t) = 0 


This approach was used to derive Cauchy’s classical theorem ag 
about uniqueness of the solution. 
Very often, ¢ does not appear explicitly in the equations and [2] 
can be written, after some manipulation, as 
dy 
P(z,y) Qz,y) 


dy _ Qz, y) 
dx P(z,y) 


2.2 Phase Plane Representation 


Q(za, ta) 
of the tangent AB to the curve AC (called a trajectory) that — 
represents the evolution of the system. This curve can be thought 


velocity. From za and a, one can calculate the slope 


? Numbers in parentheses refer to the Bibliography at the end 


of the paper. 
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Equation [3] immediately suggests a graphical method for the _ 
plot of the solution (Fig. 1). 4 
The point A represents the initial state of the system: The : 


1 
a Fig. 1 Phase-plane approach—graphical integration method 


of as coinciding with its tangent AB for a very small increment of 
time. At B, one knows the new values of co-ordinates 


zp and zp 4 
Pook 


and the process can be repeated. 

It has been mathematically proved that when the segments 
such as AB become infinitely small, the process is convergent. 
This means that any approximate solution consisting of small 
segments of straight lines tends toward the same curve, the de- 
sired solution. Equations with a forcing function also can be 
graphically integrated (2 and 3). As explained above, this 
way of doing the calculations must be classified as an analysis 
method. 

2.3 Singular Points (Poincaré) 

Fortunately enough, this method fails when P(z, y) and Q(z, y) 
are equal to zero at the same point X, Y. The slope of the tangent 
becomes 0/0 and is indeterminate. Such points are called ‘‘singu- 
lar paints.”’” Near these points linear methods can be used, since 
P and Q can be expanded in increasing powers of x and 1 


P = ax + by + Pi(z, y) | 
{ 
Q=cr+dy+Q(z,y) 
where P,; and Q; do not include any constant or linear terms. 
2.31 Linear Approximation 


Around singular points, possible trajectories can be approxi- 
mated by the equations 


In the vicinity of a singular point, the solution of the nonlinear 
equation is approximated by a linear equation of the second 
order. The solutions are well known, but it is ‘nteresting to use 
the phase plane representation. They can be classified in the 
following categories. 


Undamped Motion 

a) Periodic solutions (Equation @ + a ,*z = 0). The trajec- 
tories are closed curves (ellipses for linear approximation). The 
singular point V never is attained: It is called a vortex (Fig. 2). 

b) Nonperiodic solutions (Equation ¢@ — wz = 0). The 
trajectories are open curves (hyperbolas for linear approxima- 
tion). The singular point S can be attained in an infinite time, 
positive or negative: It is called a saddle point (Fig. 3). The 
asymptotes to the hyperbolas AA’, BB’ play a very important role 
in the theory. They mark the limit between regions I, II, III, IV 
of the plane, and therefore are called separating curves. 

In each of these regions trajectories have the same shape, and 
one can be deduced from the neighboring trajectory by means of 


Fig. 3 Saddle point 


A 


a very small adjustment. On the contrary, when the asymptote 
SB’ is passed, there is a jump in the shape of the curve; for in- 
stance, the final point of the trajectory abruptly jumps from A to 

Damped Motion (positive damping) 


c) Oscillatory solutions (¢ + 2Di + w 2x = 0) with D? < @,?, 
i.e., damping smaller than critical value. The ellipses of Fig ? be- 
come spirals. In the linear approximation, with suitable scales 
on z and « axes, the trajectories are logarithmic spirals. The 
singular point F is called a focal point (Fig. 4) and is reached after 
an infinite time. 

d) Nonoscillatory solutions (¢ + 2Dz + wr = 0) with D? > 
@p?, i.e., overcritical damping. The hyperbolas of sector IV, Fig. 3, 


— 
I 
4 
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Big. point 
a 
are transformed into curves of sector I, Fig. 5. The singular point 
is called a nodal point and is reached after an infinite time. 


2.32 General Case 


Since in the neighborhood of a singular point (without damp- 
ing) ellipses and hyperbolas are a good approximation, the actual 
curves are not substantially different and can be considered as 
slightly distorted ellipses or hyperbolas. This remark looks 
trivial; however, it shows how the phase plane approach can be 
not only a means of painstaking analysis, but also the powerful 
tool of synthesis needed by the engineers. In effect, it brings into 
the picture a branch of mathematics called topology.* 

Coming back to Fig. 3, all the hyperbolas of sector I are topo- 
logically equivalent, but differ from those of sector II because it is 
necessary (in order to pass from one family to the other) to cross 
the line SB’. 

3 Topology (4) is the study of geometrical figures, regardless of their 
exact shape, but with an emphasis on striking features, such as 
their place with respect to other figures of the plane, existence of 
double points, closed curves, etc.... For instance, curves a, b, ¢ of 


Fig. 6 are topologically equivalent (simple closed curve), but different 


from d, that shows a double point P. 


a Cc 
Fig. 6(@, b, c 


Fig. 6(d) 


Topologically equivalent curves 


Topologically different curve from a, b, and c 


Fig. 7 Distorted saddle point, topologically equivalent to Fig. 3 


Separating Curves 

In Fig. 7, are represented some trajectories that are “almost”’ 
hyperbolas. The curves ASA’ and BSB’ are particular trajec- 
tories that attain S within an infinite time (positive or negative). 
They separate the plane into sectors I, II, III, IV where the tra- 
jectories topologically are equivalent. It is possible, when the 
separating curves have been drawn, to get a fairly good idea of 
the system behavior for any given initial conditions. In the 
general case, separating curves must be drawn by means of 
graphical methods sketched in paragraph 2. 


2.4 Limit Cycles 

Here appears a deep difference between linear and nonlinear 
problems. When one studies the stability of a linear device, one 
finds circumstances where the amplitude would increase beyond 
any limit if linearity could be maintained: For instance, elec- 
tronic oscillators or hunting servomechanisms are systems where 
the origin (x = 0, ¢ = 0) is an unstable focal point. Linear 
analysis indicates that an oscillation actually will start. But it 
will be of no help for the calculation of amplitude or exact fre- 
quency of the oscillation. 


x 


ah 


Fig.8 Limitcycle 


The phase plane approach allows one to describe sustained 
oscillations: The trajectory is a closed pattern that is run during 
one period and repeated indefinitely. Fig. 8 shows an example of 
self-sustained oscillation taking place after the system has been 
slightly disturbed from a focal point F. The curve starts at A 


where z4 and za are small. The trajectory T, topologically is 
equivalent to a logarithmic spiral diverging from F. Physically, 
we know that the gain of the closed loop must decrease when the 
amplitude increases, due to saturation. There exists a closed 
curve C that is a limit to expanding trajectories such as T;. 
After enough time has elapsed, the asymptotic part of T, to C 
will be undistinguishable from C: The system operates on a 
periodic mode. If the initial point is B, the amplitude tends to 
decrease and the limit cycle C is attained from the outside. 

H. Poincaré has done much work with limit cycles and has 
shown that they are alternatively stable and unstable. More re- 
cently trying a periodic solution 

I = a; cos wt + b; sin wt + a2 cos 2wt + b; sin Wi +... 
where 4), a, , # are the unknowns of the prob- 


lem, B. Van der Pol (5) has thoroughly examined the limit cycles 
of equation 


2.5 Use of Phase Plane Approach 
The general way of dealing with a nonlinear problem (of the 
second order) is the following: 
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a Determine the singular points and the separating curves. This 
can be done without solving the equation for all the initial con- 
ditions. Singular points are found by solution of simultaneous 
equations 


Separating curves always can be found by graphical integration. 

b Determine the limit cycles, if any, by trial and error choice of 
a starting point. 

These two computations give the “land marks”’ of the phase 
plane, and a fairly good idea of the behavior of any proposed sys- 
tem. The needed general theory now exists at least for a qualita- 
tive knowledge that is very helpful in the great many cases. It 
gives a survey of all possible trajectories and makes it possible, 
without computing the general solution, to foresee the effect of 
any change in the design. 


P(z, y) = 0 
Q(z, y) = 0 


3 Phase Spaces 


The limitations of phase plane representation and analysis are 
evident: No practical control system, subject to possible hunting, 
is described by a second-order equation; (one can except the 
case, quoted in (6), of a second-order system where backlash 
causes self-sustained oscillations). For higher-order systems, one 
still can replace the unknown by a set of unknowns subjected to 
lower order differential equations. 


3.1 Three-Dimensional Phase Space 


It has been shown (7) how some solutions of a third-order equa- 
tion can be represented by nonplanar curves whose projections 
on three planes are drawn. The three co-ordinates are z (repre- 
senting a position or a voltage), z, and ¢. The curves which are 
shown are computed for particular initial conditions, but it is 
also possible, although much more complicated, to define land- 
marks, such as vortexes, focal points, ete. . . in the 3-D space. One 
has first to put the equations under the form 


dx dy _ de 
P(z,y,z) Q(z, y, 


~ R(z, y, 2) 
with y = gandz =z 
and study singularities defined by 


P(z, y,2z) = 0 Q(z, y,z) = 0 R(z, y, z) = 0. .[8] 


3.2 Two-Dimensional Approximation 

New mathematical methods can be applied to a very wide 
category of control systems. It frequently happens that a control 
system comprises a nonlinear part such as a relay or an elaborate 
computer, whose inertia can be disregarded, and a linear part such 
as the armature of a big electric motor, coupled to the load 
through resilient shafts and gears. The diagram is given by 
Fig. 9. 

In particular, the procedures to be described can be applied to 
so-called “‘piecewise linear systems”’ that are discussed in Section 5. 
When treating these control systems, one applies the well-known 

Di He rential 
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Fig. 9 Feedback system comprising a linear part and a time inde- 
pendent nonlinear part 
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algebraical process called ‘decomposition in simple fractions’’ (8) 
to the transfer function of the linear part. 

As ‘is known, the transfer function of a linear network (or 
mechanical system) can be expressed as a ratio of two poly nomials 
in the Laplace variable s 

N(s) 
D(s) 


The degree of the denominator D is higher than that of the 
numerator N. Such a fraction can be expanded as 
a, + 7,8 
+ &,7S + 


where n is an integer; a,, b,, and &, are dimensionless con- 
stants; andr, and 7, are time constants. Among all the time 
constants 7',, it often happens that one or two are much larger 
than the others. Let us call them 7; and T;. Now, it is possible 
to choose the set of independent variables in such a way that two 
of them are subject to differential equations involving only 7; 
and 

For instance, in the case where the decomposition comprises 
terms like 


a b 


1+ 7S 


there are two variables, say u and v, that obey differential equa- 
tions Fon? 
u+Tu=0 
Tx = 0 


One often is interested in the return of the system to rest (u = 0, 
v = 0) after a disturbance. The time constants 7, and 7; as- 
sumed to be larger than the others, are a measure of the time 
necessary for the return to rest. So one can imagine that, after 
the disturbance, all the other variables die out fairly rapidly. 
After a short time the law of evolution of the system is approxi- 
mately the same as if there were just two independent variables, 

e., if the system were of the second order. However, this pro- 
cedure allows one to deal with more complicated systems than 
second-order ones. Multidimensional analysis can be found in 
(9 and 10). Following these papers and (8), one can treat the 
general problem by means of multidimensional geometry. The 
independent variables z, y, z . . . are the co-ordinates of a point 
in the multidimensional space. The particular study of the two 
variables z and y that come to zero in the longest time is equiva- 
lent to a projection of the multidimensional space on a particular 
surface described by co-ordinates z and y chosen for its practical 
importance. For instance, third-order systems with optimum 
switching have been investigated. For the representation of such 
systems, a particular surface (Fig. 10) is used that represents the 
locus of 3-D space trajectories ending at the origin O. This 
system is described in paper (11). If the initial point B, represent- 
ing the state of the system after the disturbance, is not on the 
surface S, there will be a first section of trajectory Bb, run over in 
a very short time, the rest bO being thoroughly described by a 
two-variable equation. 


4 ‘Describing Function’? Methods 


The basic idea of this paragraph is to provide the definition of 
some kind of transfer function that would be valid in the non- 
linear case. For a long time, pioneers such as Van der Pol (5) 
have seen the advantage of using Fourier series expansion when 
dealing with periodic solutions. As is natural, some emphasis has 
been put on the fundamental Fourier component. The first step 
in the elaboration of generalized transfer functions is the following 
trivial analysis (Fig. 11). This figure represents the simplest 
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< a Fig. 10 Phase-space representation of optimum relay system 


Fig. 11 General single-loop feedback system 


closed loop where A is the amplifier, generally nonlinear. If the 


device is to be used as a servomechanism (a position control, for 
instance) z represents the input, in other words, the desired value 
of the output y. We now will find under what conditions a closed 
loop can produce self-sustained periodic oscillations. When the 
system is hunting, the oscillations exist even if z = 0. This is 
possible only if the output y is equal to the input with a change of 
sign due to the action of the differential element. Then, the neces- 
sary and sufficient conditions for the existence of a periodic solu- 
tion of period 7 defined by 


y = f(t) = f(t+ KT) (K integer) 

is that the output y should be related to the input in such a way 
that all Fourier components would be equal (with the change of 
sign). In particular, the effect of the amplifier on the fundamen- 
tal component must be just to change the sign of the signal. This 
last condition is necessary, but not sufficient, and does not give 


much help to the engineer. 


4.1 Filtered Systems (12, 13) 

The device represented on Fig. 9 has a very interesting prop- 
erty: The linear part, characterized by some inertia, can be con- 
sidered as a filter for high frequencies. When the servo is hunt- 
ing, the harmonics that come from the nonlinear part are ap- 
proximately filtered out. It becomes useful and legitimate, in 
these conditions, to express the properties of the whole system by 


Input 
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nen linear element linear element 


Fig. 12 Decomposition of the open loop 


ponents. This definition relies on the possibility of performing 
the following experiment (Fig. 12). At the input terminals, one 


applies a signal 
= z cos wt 


The output S of the nonlinear element (for example, a relay) is 
strongly distorted, and it would not be permissible to overlook 
the harmonics at this point. But the output S, is nearly sinu- 
soidal and can be written 


S, = X cos (wt + ¢) 
The ratio S/S; is a complex number that depends on w and also 


on x. For instance, in a relay the ratio S/S; tends toward zero 
when z increases. Doing this, we have defined a complex function 


| 
A(z, = x +¢ 


that is a generalization of the transfer function of linear systems. 
This two-variable function is a generalization of the usual ‘‘De- 
scribing Function.”” The describing function method can also be 
interpreted using the phase-space approach (Section 3). When a 


system actually is oscillating on a limit cycle its representative — 


point follows a closed curve C in the multidimensional space. In 
the general case, where harmonics must be considered, the 


problem is too complicated for discussion. Fig. 13 is an <i te 


the complex ratio between output and input fundamental com- 
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s 
| 
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~ 
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to display (curve yy) on a two-dimensional sheet of paper, a non- 
planar curve C in a more-than-two-dimensional space. 

Let us now assume that the system includes some part, such as 
the armature of an electric motor, that has a large inertia. There 
will be two co-ordinates, i.e., the angular position @ of the shaft 
and its derivative @ by means of which the motion of the whole 
system can be represented very simply. In effect, if one can over- 
look harmonics, both are sinusoidal functions of time, and the 
curve in the plane a, & is very close to an ellipse. This curve y 
can be considered as the projection of the very complicated curve 
C on the plane a, &. In this way, the describing function method 
can, more generally, be considered as a suitable choice of two 
co-ordinates following which the projection of the complicated 
curve C is not very different from an ellipse. 

Here now is an example of application of these ideas. Let us 
take an on-off servomotor controlled by a switch, that operates 
when the co-ordinate @ changes its sign. There is only a pure 
inertia and, the force applied has a constant modulus K. The 3-D 
limit cycle is shown on Fig. 14. It is composed of the arc of 


Fig. 14 Phase-space representation of the limit cycle for an on-off 
oscillating system 


Fig. 15 Projection of 14 on the a-a-plane, with the describing func- 
tion approximation 


parabola AB in the upper plane & = +K, the vertical straight 
line BC corresponding to the reversal of acceleration, the parab- 
ola CD in the lower plane &@ = —K and the straight line DA. 
The well-known “phase plane” trajectory of Fig. 15 really is the 
projection on the a, @ plane of the more complicated curve 
ABCD of Fig. 14. Now the describing function approach will 
consist of replacing the exact curve by the ellipse E, neglecting 
the harmonics associated with the angular points BC and AD. 

We must keep in mind the limiting assumption that all com- 
ponents other than the fundamental are strongly reduced by the 
linear part, but fortunately harmonics are more reduced when the 
order of the differential equation is high. 

Describing function methods can lead to errors when a second- 
order system is dealt with (it is fortunate that in this case the 
phase-plane approach is usable). For instance (6) an unstable 
limit cycle given by describing function analysis of an on-off 
second-order system does not really exist although the stable os- 
cillation is correctly indicated. Moreover, a nonlinear part can 
also give a constant term (14) or even subharmonics. In these 
cases, the describing function method cannot be used, or must be 
very complicated (15). 

In the cases where it is applicable, the describing function 
method is a very valuable tool since it is usable for higher order 
systems. 

At present, it is the only approach that allows the engineer to 
foresee self-sustained oscillations in a higher order nonlinear 
servo. 


4.2 Oscillation Criteria Using Conventional and Generalized De- 
scribing Functions 
Knowledge of the generalized describing function A(z, w) al- 
lows one to tell whether self-sustained oscillations can exist. 
If so, there are one or several pairs of values (z, w) such that 
A(z,w) = —1..... 
A first consequence of this condition is the well-known curve in- 
tersection diagram (13), valid for the .ystem of Fig. 9. The 
generalized describing function can be written 
A(z, w) = f(x)g(w) 


where f(z) is the usual describing function and g(w) is the usual 
frequency response (magnitude ratio and phase shift) of the linear 
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part. It is assumed that the nonlinear part does not depend on 
w; for instance, if it is a relay, the operating lag of the armature 
is very small compared to the shortest period of signals that must 
be transmitted. In this case, one will plot, on the complex plane, 
two curves (Fig. 16). 

The first (solid line) is the locus of the values of f(z) for various 
values of x, say %1.... 


The second (dotted line) is the locus of the values of aan for 
g(w 


various values of w, say Wo, W.... 
In Fig. 16(a). both curves intersect; the pair of values x, and 
@s; makes 


f(x)g(w) = 


In Fig. 16(6), the curves do not intersect, and no oscillation is 
possible. 

It is also possible (16) to give a criterion valid for any general- 
ized describing function A (z,w). It suffices to plot on the com- 
plex plane the double family of curves (Fig. 17). The solid lines 
represent A(w, x). Each line is labelled with a given value of z, 
say 2%, 7... and scanned with various values of w. The dotted 
lines also give A(w, x), each line being labelled with a given value 
of w, say Ww, @... and scanned with various values of z. These 
families of curves generally fill a certain region R of the plane: 
If R contains the Nyquist point (—1 + 7 0) there are pairs of 
values (z, w) for which 


A(z,w) = -1l 


and the system can oscillate. If R does not contain it, no oscilla- 
tion is possible. 


(a) Oscillation 
Fig. 16 


+ TZ, 
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Fig. 17 represents the following case: The nonlinear part is a 
relay with a threshold ¢ and an output voltage +Vo, the linear 
part is a third-order system such as an electric motor whose in- 
ductance is not neglected. One can compute the relay’s transfer 
function y = f(z), where y is the amplitude of the fundamental 
term of output and z the amplitude of sinusoidal input. When 
€ is the instantaneous value of the input 
~<&<-o y 
for -ac<t<a y 
fora<§<o@ y 
If the input is — = X cos wt 
the fundamental term Y of the output is (regardless of w) in 
phase with and has an amplitude 


when X > 


and equal to zero when | X| < a [see reference (13)). 
The describing function Y/X of the relay is then 


pad (1 = 0 
rX x? 


The motor (linear part) has the well-known transfer function 
1 
Ts(1 + T\s + 
where time constants 7’, 7;, and 7; are calculated from the 


characteristics of the motor: Inductance, inertia, voltage versus 
velocity in absence of load, and so on. 


(b) No oscillation 


Curve intersection criterion 
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This case presents an interesting peculiarity: When the input 
amplitude is smaller than the threshold, the gain is zero. It in- 
creases and reaches a maximum corresponding to curve z,, and 
then decreases to zero because of the effect of saturation. 

In Fig. 17(a) the Nyquist point N is covered by the families of 
curves. Then, two modes of oscillation are possible w:, z, and 
In Fig. 17(5) no oscillation is possible. 

This example can be considered as another, very intuitive, 
demonstration of Nyquist criterion for that case: The curve z,, 
corresponds to the gain of a linear device. In the linear language, 
one says that “‘N is enclosed by the curve z,,.’’ This corresponds 
in nonlinear language to the statement “N is covered by R.” 
Here we learn something more than the possibility of oscillations: 
We learn how the system actually oscillates. This knowledge is 
equivalent to the knowledge of limit cycles in the phase-plane 
approach. 


4.3 Dynamics of Limit Cycles 

At this point we have criteria about the possibility of oscillation 
on & mode defined by the amplitude z and the angular frequency 
w. But this is not yet sufficient to allow one to predict actual 
hunting on this mode. 

In effect, we still have to solve the problem of limit cycle sta- 
bility. (Section 4.2 is purposely not entitled “Stability criteria.” ) 
Generally, a servo is called “unstable” when it is hunting, i.e., 
when steady oscillations take place. We would suggest that the 
phrase “stability of a servo” be avoided, reserving the notion of 
stability to characterize the hunting mode. 

Let us imagine that we analyze the motion taking as initial 
conditions a situation (z, w) very close to the co-ordinates (z,, w;) 
that satisfy the relationship [11]. 

Two behaviors are possible: Either the mode tends toward the 
limit cycle: The limit cycle is then called stable; or the actual 
mode diverges from this limit cycle, which in this case is called 
unstable, 

A criterion has been devised (16) for the stability of limit 
cycles in servos like that of Fig. 9. 

Following the notation of Section 4.2, f(z) is the function 
characterizing the nonlinear element, and g(w) the transfer func- 
tion of the linear part. It can be proved that if 


one is allowed to make the following assumption: If the initial 
data are such that the system operates very near the limit cycle 
(x, ®:), z is no longer constant, but can be expressed as 


+ e~*) 


where @ is a damping factor, the sign of which must be determined. 
So, we add to the angular frequency w an imaginary component 
ja and we apply Equation [11] as follows 


f(a + +€ + ja) = -1 


where £ is the difference between actual z and 2, and ¢ is the dif- 
ference between actual w and @. 

The equations used to determine the unknowns &, ¢, and @ are 
two equations obtained by expanding the first member of [13] in 
a Taylor series with real and complex terms. They yield a pro- 
portionality between £ and @ 


a=Ké 
If K is positive, an increment on z gives a true damping that 


causes z to decrease. The limit cycle then is stable. It is unstable 
in the contrary case. A complete derivation of the following re- 


(a) Unstable limit cycle (b) Stable limit cycle 


Fig. 18 Limit cycle stability criterion 


sult would unduly load this paper but the result can be stated 
very simply in the following geometric way (see Fig. 18 which is 
related to the situation of Fig. 17). Starting from the oscillating 
point N, let us draw two vectors that mark the increments dw of w 
on the line z, = constant and dz on the line w = constant. Ifan 
observer standing on the half-space above the plane of the figures 
sees Ox at the right of dw, the limit cycle is stable [Fig. 18(b)]. If 
the contrary happens [Fig. 18(a)], the limit cycle is unstable. 

For the relay system, the limit cycle determined by the satura- 
tion (z, obtained when the gain decreases) is stable. The limit 
cycle related to increasing gain after the threshold is reached (z,) 
on Fig. 18(a) is unstable. When Condition [12] is not fulfilled, 
the problem becomes very complicated because the derivatives of 
w and a@ enter the picture. 


4.4 Subharmonics (15) 
It is possible to state in what conditions a subharmonic of fre- 
quency w/n (n integer) can be generated: 


In this case, the input of A is OS 


w 
z cos (wt + 6) + +1) 


At the output of A, we have, among other terms 
xg(z, w) cos (wt + 8 + ¢) 
+ yg'(z, y, &) cos +n+ $(z, y, | 


The functions g’ and @’ indicate how the amplifier modifies the 
subharmonic; they depend on z, y, and w in a first approxima- 
tion. 

The subharmonic w/n can take place if there is an amplitude y 
satisfying the conditions 


g(z,y,e)=1, O(z,y,w) =m.........[14] 


where z and w are given. 
4.5 Conclusions 

The describing function method is very powerful when (a) the 
system is filtered, (6) limit cycles and neighboring transient modes 
are dealt with, (c) no rectification nor subharmonics occur. It al- 
lows one to handle higher order systems when the problem con- 
sists of analyzing self-sustained oscillations. 


5 Series Expansion (5) ae 
It often happens that an equation _— 
z, = 0 


really depends on a small parameter ¢€ in such a way that one can 
write 


he | Wf 
a] 
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f(%, Zz, t,€) = 0 


For instance, the case € = 0 would be a linear case. Then the 
solution z can be expanded into a series in increasing power of 


X(t) + €X;,(t) + e*X;(t) 


where X» is the solution of the linear equation. Van der Pol has 
dealt with this category of problem. 


6 Piecewise Linear Computation 


Whenever one can apply the results of the linear differential 
equation theory in a calculation, one is very anxious to do so. 

Cauchy’s method (Section 2) is a decomposition of the trajec- 
tory in small parts where the linear equation dg 8 


Be . 
dy _ de 


z 
= — = const be ¢ = ai 
dz dz z 


is valid. 
The idea can be generalized in the following way. Let us deal 
with a second-order equation 


2+ f(z, + O(z, = 0............ [15] 
6.1 Phase-Plane Partition 


It is possible without “solving” the equation to find some re- 
gions of the phase-plane inside which f and ¢ do not vary too 
much. Inside these regions I, II, III .. . (Fig. 19) the equation is 
linear and the trajectory can be calculated, provided the starting 
point Ag is given. The linear equation is valid until the represent- 
ing point reaches the boundary between I and II at point Ai. 
Then the equation changes a bit, and the following part of the 
trajectory A;, A; can be calculated since initial conditions are 
known through the co-ordinates of A;. Such a method can replace 
Cauchy’s method in the same way that second-degree interpola- 
tion can replace linear interpolation in algebraic equations. 


Fig. 19 Domains of approximately constant coefficients 


6.2 Relay Systems 


As often happens, people responsible for the development of 
some particular device have created the necessary mathematical 
tool for their problem. It later appears, when a general survey 
is carried out, that these methods find their place in a wide classi- 
fication (17). 

A very important class of nonlinear controls are relay systems 
(18). For instance, in the optimum third-order control system 
(11) there is a two-variable function generator that computes the 
desired value of acceleration. The actual value of acceleration is 
compared to the desired value and a relay is operated accordingly, 
in order to give the third derivative z the appropriate value +K 


or —K (K isaconstant). Whenever K is positive, the system 


obeys the equation 


The 3-D phase space can be divided into two regions where re- 
spectively Equations [16a] and [166] must be applied. 


6.3 Variable Coefficients 


Although it is not strictly correct, the term “linear” has com- 
monly been reserved for equations with constant coefficients. 
Thus equations like 


# + + g(tz = 0 


whose solutions generally do not consist of known functions, 
sometimes are considered “not linear.”’ It is a very useful tech- 
nique to divide the total span of time into small segments. Dur- 
ing short time intervals the coefficients f and g are almost con- 
stant, and the piecewise linear method can be applied. 


7 Response of Nonlinear Elements to Random Inputs 


It has become a trivial truth that control systems have only one 
reason for existing, their ability to perform their duty despite 
random disturbances and signal randomness. If there were 
no random features in the picture, accurately programmed systems 
would suffice. 

So, it would be desirable to know the response of all sections of 
a control system to random inputs. This work has been recently 
done for linear elements (19). Unfortunately, the problem be- 
comes very difficult for nonlinear elements, and the situation is 
far from being satisfactory in this field. We just will sketch a 
mathematical approach. Before we do this, we have to review 


some results of probability calculus we will need. 
7.1 Stationary Time Functions 

In order to define a random function of time, we must imagine 
the following procedure. There are a great number (in general 
infinite) possible functions, and only one of them actually exists. 
For instance, sin (wt + a@), where a is a random number, is a ran- 
dom function. So, the function that actually takes place can be 
considered as being “drawn,” in the same way that a number is 
drawn from a hat. In general, the function will be written f(t, a), 
where a emphasizes that f(/) is one member of a set of random 
functions. Now, there are two ways of taking average values of 
such functions: 

First, we can find the time average 


4 


This operation is performed on the actual value of the function 
with a given a. For example let us feed a galvanometer with the 
noise coming out of an amplifier: Because of the inertia of the coil 
the displacement of the spot measures the average value of the 
current that actually flows. We can also imagine another ex- 
periment. Let us take a great number, say N, of amplifiers that 
feed as many galvanometers. 

This time we suppose these galvanometers have no inertia, 
At the same instant ¢ the indications f,, fo, .... f, of the galvan- 
ometers will be different, and we can perform an average 


1 
fe WV [filt) + folt) + 


+ Fy(t)) 


We note this average fa in order to show that it is taken at the 
same instant over all possible “drawings” of the function. We 
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will in short call the first, the time average, and the other the en- 

semble average. Most generally, the random functions we use 

have equal time and ensemble averages. Such functions are 

called stationary time functions. 

7.2 Probability Distributions 

Statistical approaches give us some information about the 
probabilities of these “drawings.” 

First, one defines as p(x)dz the probability that the function lies 
between z and z + dz. Following our assumption that f(t, a) is a 
stationary function, p(x) does not depend on time. 

Secondly, we must analyze more sharply the probabilities of the 
values f(t, a). In the example of the inertialess galvanometers, the 
deflections indicate the instantaneous values of the currents. 
They do not depend on previous values of the currents, nor does 
the probability p(z). 

Now, let us come back to existing galvanometers that have 
inertia. When the current at instant ¢ flows into the galvanome- 
ter, the position of the spot is not zero and depends on previous 
values of the current. We consider two instants é& and é, sepa- 
rated by a time span 7. The galvanometer inertia produces a 
causal relationship between the values of the deflection at in- 
stants & and 4. This causal relationship can be expressed as a 
joint probability 


P(x, y, T)dy 


which is the probability of the function lying between y and y + 
dy, when at a time (¢ — 7) one already knows it was equal to z. 

We are allowed to write this probability p,(z, y) without any 
other time dependence since we assume the function is station- 
ary. 

7.3 Correlations (19) 

We will now take the products of all possible values of the fune- 
tion evaluated at two instants separated by a constant time span. 
The value at time ¢ is x and the value at time (¢ + 7) is y or f(t + 
T). We then will compute the average values of the product zy 


Or) = + 7)......... 117] 


We can write it in two different ways 


1 +T 
Time average zy, = lim = S(Of(t + r)dt 
2T -T 
me [18] 
Ensemble average Z¥a = f f ryp(x)p-(z, y)dz, dy 


These expressions are equal when the function is stationary. 
They only depend on 7 and give the so-called auto-correlation func- 
tion or. 


7.4 Response of Linear Systems to Random Inputs 

One can predict the response of linear systems to any input 
when their response to sinusoidal inputs is known. The response 
is a function of the frequency of the input signal. For a nonran- 
dom function, one defines the power spectral density by means 
of Fourier analysis. For random functions, the equivalent of this 
spectrum is a spectral density which can be computed from the 
auto-correlation function. In fact it is the Fourier transform of 


bens +o 
A very important result related to linear networks (that un- 
fortunately does not hold with nonlinear systems) is that the input 


spectral density ,(w), the output spectral density &,(w), and the 
transfer function ¥(w) of the network related by 
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7.5 Response of a Particular Kind of Nonlinear System 


P{w) = |V(w)|?(w) 


The only kind of nonlinear devices whose output can be calcu- 
lated in the same way are the (20) commonly called “zero- 
memory” or “time-independent” class. Here the output depends 
only on the value of the input at the same instant. This excludes 
systems that have inertia. Systems that can be treated include 
a relay whose inertia is neglected and the detector of a radio re- 
ceiver. What we want to know are statistical properties of the 
output. Since this output generally has to be fed into a linear 
component, it will be necessary to compute the spectral density 
of the signal transmitted by the nonlinear section. 

In general the nonlinear system is described by y = f(x). For 
example, y = Kz? represents the operation of a square law detec- 
tor, while y = sgn (x) represents the operation of a relay. 

Now we have to calculate the averages of the output y knowing 
some statistical properties of the input z. 

We cannot use the time average, because we do not know the 
actual shape of the function z(t), and hence we cannot find 
the actual shape of y(t). I! we know however the probability dis- 
tribution p(c), we can easily find the mathematical expectation of 
any function f(z). It is Ee i 


For instance, the power, i.e., the average of z? is eae 


f 


Now the auto-correlation also can be computed. We saw that 
the ensemble average of ry (where y is the value of the function at 
a time ¢ + 7 for a value z at the time ¢) is 


= zy = ff tyP(2)P Ax, dy 


When the output is a function of the input, the average to be 
computed is 


= or) = f dy. .[20] 


It must be noticed that the knowledge of p,(z, y) gives much more 
information than the knowledge of ¢(7). Equation [19] cannot 
be reversed and cannot yield p,(z, y) knowing (7). This discus- 
sion holds for open loop systems only 

As an example of application of these ideas, we will borrow 
from (21) the results concerning the operation of a square law 
rectifier. The input z(¢) is a filtered noise whose spectrum density 
is represented by Fig. 20(a). 

The output shows a predominance of low frequencies coming 
from the detector [Fig. 20(6)]. 

This example illustrates how deeply the spectrum density of a 
random input can be modified by a nonlinear device. 


8 Global Features 


Some authors recently have suggested different approaches to 
the nonlinear problem. The general idea is to de-emphasize the 
search for a complete solution and try to get some global or general 
idea of the system evolution. A full explanation of these theories 
would go far beyond the scope of this paper, and we will just try 
to show how some new conceptions can work. 


8.1 Energy Balance Sheet (22) 


From this paper, let us just extract the idea of measuring what 
physicians call “basal metabolism.’”’ A limit cycle is character- 
ized by the fact that the sum of kinetic and potential energy is 
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(b) After detection 


Fig. 20 Square-law-detected noise spectrum 


the same at any instants separated by a period 7. So, the 
average energy brought by power sources must be completely 
transformed into heat. 

The mathematical expression of this principle in the case of a 
second-order system is the equation 


where v is the voltage across a parallel RLC circuit whose resonant 
frequency isw = 1/+/(LC). The right-hand member of Equa- 
tion [21] is a term corresponding to energy dissipation. The re- 
sistance R can, in general, be a function of v and dv/d¢. 

Now, let us call W the sum of potential and kinetic energy 


W= Cv? 


where 7 is the current in the coil. 
Equation [21] can be written 
dw 
dt 
During one period 7, the total variation of W, say AW, must be 


equal to zero for an oscillation of fixed amplitude to occur. If 
there is a limit cycle, there exists a time 7 such that, for any ¢ 


t+T dv \2 
Example of Application 
_ In Equation [21] let us take 


The author of (22) gives a first approximation by supposing 
that power corresponding to harmonics is negligible. Another 
hypothesis is that the actual period 7 is equal to27/w. Then, let 
us take for the fundamental 


v = V sin wi 


where V is the unknown voltage. 
Now let us put into Equation [23] v taken from [25] and R 
taken from [24]. Equation [23] becomes 


T 
[bo + cos wt — cos? wt] cos? wi dt = 0. . [26] 


. 


(Of course, in this computation, R is not always positive and 
represents the action of a more complicated feedback circuit). It 
would be interesting to try to use this idea for higher order sys- 
tems. 


8.2 Strobos@opic Methods (23) 

We will explain here a way of representation rather than a 
computation method. 

Let us suppose we have a nonlinear system submitted to a peri- 
odic input, and that its state can be represented by two variables 
x andy. This is true when second-order systems are considered 
and can be approximately true for higher-order systems when, 
following the indication of Section 3, one has found two time 
constants much larger than the others. The evolution of the 
system will then be represented by the motion of a representa- 
tive point in co-ordinates z and y. This representation is useful 
when one considers a stable system that would be at rest in the 
absence of an input and one wants to know whether the ampli- 
tude of oscillation will remain within reasonable limits or diverge. 

The emphasis is put, not on the history of what happens inside 
one period, but on the general evolution. In this way, one can 
summarize the knowledge of-one cycle by the indication of one 
point of the cycle. The process is identical to an optical strobo- 
scope, where the subject is illuminated once per cycle. For in- 
stance, an exactly periodic response will be represented by a mo- 
tionless point S [Fig. 21(a)]. An “almost periodic” response is 
represented by a succession of points S,, 8; . . very near each 
other [Fig. 21(b)]. It may happen that point S, exactly coincides 
with §,: This shows a subharmonic. In Fig. 21(c), there is a sub- 
harmonic of order 3, since S, coincides with §;. 

9 Expression of Required Servo Performance 7 

This paragraph is directed, not only to the engineers who are 
responsible for the design of nonlinear control equipment. but 
also to the people who buy it. As long as linear servos are con- 
cerned, responses to elementary inputs, such as sinusoidal, step, 
or ramp inputs, allow the customer to foresee the behavior of the 
control system when other kinds of input are applied. 

The situation is completely different with nonlinear controls. 
The response to actual inputs cannot be computed from the 
knowledge of responses to elementary inputs. Even the “de- 
scribing function” can be used only in order to study the limit 
cycles and the behavior of a system in the neighborhood of these 
cycles. 

Fortunately, the knowledge of the responses to elementary in- 


controls) is much greater than neces- 
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(a) Periodic 
Fig. 21 


sary. Generally, a control system is intended to play a role within 
a given equipment that has to perform a definite job. Hence one 
has in advance many data concerning the actual inputs and dis- 
turbances. 

In the final analysis, what is wanted is to make the error as 
small as possible. The computation of the error corresponding to 
given inputs and disturbances must be of a statistical nature. 
The customer should know how to express his requirements con- 
cerning the error, because they depend on the industry. For in- 
stance, in position control problems, such as radar positioning 
(24) the rms error must be minimized despite given target motion 
and given disturbances. The necessary data are the sets of 
probabilities indicated in Section 7. Unfortunately, as we saw, 
second-order averages such as auto-correlation functions theo- 
retically do not suffice in nonlinear problems. 

In other problems, on the contrary, the error must not be 
greater than a given value. For instance, it often happens in a 
chemical industry that the temperature inside a reaction tank 
must not exceed a given value because of the danger of explosion. 
In this case, it would be of no use to have a low rms error if there 
was one chance in 100 that the error might reach a dangerous 
value. 


10 Conclusions 


Although the accurate computation of the response of any 
material assembly always is possible and relatively easy through 
the use of modern computers, there still is a wide field of investi- 
gation for mathematicians. Engineers who are responsible for 
the design of equipment need much more than plain analysis 
methods; they need general theories as guides for their synthesis 
work. 

For this work, fortunately, accuracy is not essential since the 
ultimate step always is an analysis of equipment. But a clear 
vision of a wide class of possible systems is necessary. So synthe- 
sis methods need representations that can be seized at a glance. 

This explains the importance of the phase-plane, piecewise 
linear systems, and stroboscope approaches. 

The describing function approach appears to be limited to the 
study of limit cycles and their neighborhood. 

Random function theory appears as a necessary tool that has 
to be improved. In particular joint probabilities related to 
values of a random function at various intervals have to be com- 
puted. 

So far as specifications for the purchase of equipments are con- 
cerned, the difficulties related to nonlinear features make impossi- 
ble the advance computation of system behavior for all cases. 
One must give up this idea and limit the specifications to actual 
problems defined by the statistical knowledge of the signal and 
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Development of 


f the Generalized | 


Phase- Diagram Method 


The present study is concerned with the stability of linear sys- 
tems with real coefficients. The author reviews the graphical 
method of the generalized phase diagram worked out in 1949, in 
collaboration with Mr. Demontvignier,? and presents a new rule 


for interpreting the phase diagram. 


Introduction 


For a long time, the stability of linear systems has been studied 
by means of the Hurwitz (1)* or the Routh (2) criteria both of 
which use coefficients of the characteristic equation with the 
terms ordered according to increasing or decreasing powers of the 
variable. The application of these criteria becomes rapidly more 
difficult when the equation considered is of higher order. 

The harmonic method of Nyquist (3), then the method of 
Leonhard (4), devised in order to study electronic amplifiers, 
were used extensively during the last war and particularly in the 
United States where many research workers applied the Nyquist 
criterion to the study of servomechanism stability. 

A few years ago, Mr. Demontvignier and the writer were led 
to the study of the stability of complex systems governed by a 
ninth-order differential equation where the Nyquist criterion 
could not be applied. 

A new harmonic method was developed for studying the 
stability of linear systems. This method, just as the previous unes, 
is deduced from the Cauchy residue theorem and constitutes a 
generalization of the Nyquist criterion. It is the “graphical 
method of the generalized phase diagram’’ published in the 
Revue Générale de I Electricité (5). 

Several results, subsequently obtained in this field, were pub- 
lished in the ‘‘Mémorial de lArtillerie Frangaise’’ (6). 

In the present paper, the graphical method mentioned is 
reviewed briefly. Some developments follow, including a rule for 
interpreting the phase diagram. 

Among the results already published (6), which are not treated 
in this paper, the graphical method for the study of an interval of 
stability must be mentioned. This method, which gives the varia- 
tion curve of the guaranteed damping of a given system, has led 
to some fruitful developments in the determination of corrective 
networks. 


Elementary Classification of the Different Forms of Unstability 


The free state of any system governed by a linear differen- 
tial equation can be studied from the corresponding characteristic 
equation. This equation is algebraic and of any order, with real 
coefficients. 
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If this equation has a complex root 


a term such as e** = e* (cos wt + j sin wt) appears in the general 
integral of the differential equation. The real part of the second 
term represents an oscillation of angular frequency w, whose am- 
plitude approaches infinity with ¢ if a > 0, and approaches zero 
when ¢ increases indefinitely if a < 0. 

If the characteristic equation has a real root 


the integral contains the exponential e*‘ which increases or de- 
creases with ¢ according to the sign of a. For a stable system, 
one should have in any case 


This condition can be visualized in the complex p-plane: The 
roots of the characteristic equation cannot lie inside the positive 
real half-circle. This curve is composed of the imaginary axis 
and is bounded on the right by a half-circle about the point at 
positive infinity, Fig. 1. 

This curve will be called the exclusion contour because the roots 
for a stable system cannot lie within this contour. 


Graphical Construction of the Generalized Phase Diagram 
2.1 Number of Roots of an Algebraic Equation in Any Contour 


The theorem of Cauchy relative to the integral of a holomorphic 
analytic function along a closed contour, and the residues 
theorem, lead to the following: 

Theorem: Let f(z) in the algebraic equation f(z) = 0 be a ra- 
tional function of Z. If the point Z describes in the p-plane a 
closed contour I’, and if this contour T contains N zeros and P 
poles of f(z), the corresponding contour I’, described the repre- 
sentative point of f(z), circles around the origin Q = N — P 
times, Q being counted positively if the positive directions are the 
same on both contours. 

Remark: In most problems, one has to deal with equations in- 
volving rational functions with real coefficients. It can be seen 
from Fig. 1 that the contour I’ is symmetrical with respect to the 
real axis. Hence the contour I’, mapping of I by the function 
f(z) admits the real axis as the axis of symmetry. 

In this particular case, the preceding theorem can be simpli- 
fied. One can simply describe '*, namely, half the contour of 
Fig. 1 as shown in Fig. 2, and count the number Q of half turns 
described by the contour I’ (a half turn of I’’ runs from a point on 
the real axis to another point on the real axis because the value of 
z at points A and C are real) around the origin, with the sign 
assumption stated above. In what follows Q will be taken to be 
half turns. 

The number Q will equal again the difference N — P between 
the number of zeros and poles of the given equation situated 
inside the closed contour I’. 


2.2 Generalized Nyquist Criterion 


2.21 Proper Form of the Characteristic Equation. Let us 
consider a closed-loop system, as in Fig. 3, ams m components 
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Fig. 1 p-plane contour 
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Fig. 3 Closed-loop system 


Fig. 4 p-plane contour 
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Fig. 5 Plots of the generalized phase diagram liable to change the 


Fig. 2. Contour quantity \-P 

The various ‘‘boxes’’ shown in the loop are defined by the 
following differential equations: 

Wi fi- (p) 

(P) 
where f and ¢ are polynomials in p. 

To maintain the generality of the argument without taking 
into account the nature of the variables, the functions 7',(p) 
have been referred to as ‘‘transfer functions”’ or “‘transmittances.” 

The characteristic equation of the system can be written as 


— 1 = 0 


1 1 
Tp) T.(P) 


Ti(p) 


This expression has the advantage of keeping the transfer 
functions of the components separated and permits a step-by- 
step study of the whole system. 

In both cases, the characteristic equation has the general 
form: 


with 


where 7,(p) and 7'(p) are polynomials of degree r and s re- 
spectively, it being assumed that the terms of degree r and s have 
the same sign. 

The sign of the parameter A is determined by this equa- 
tion. Equation [7] need not describe a system with feedback. 
If the system under study does not have the simple cyclic struc- 
ture of Fig. 3, it is still possible to write its characteristic equa- 
tion in canonical form as [7]. But, in this case, the physical 
meaning of 7(p) = as is not as obvious. 

2.22 General Terms. As an application of the general theorem 
given in paragraph 2.1 to the characteristic Equation [7], we will 
now consider the curve described by the representing point 
T(p) — A in the complex plane when the variable p follows the 
contourI’. We will then determine the number of times the con- 
tour circles the origin. This is equivalent to evaluating the 
rotations, around the point (+ A, 0) of the point representing 

the function 


T(p) 


T(p) = 


In the preceding theorem the poles of the transfer function 
T(p) are taken into account. These poles are: (a) Either inside 
the exclusion contour of Fig. 1 as just stated—their number will 
be referred to as P, (b) or on the imaginary axis (part of this con- 
tour). 

The value of P corresponds to the number of unstable solu- 
tions of the equation 7,(p) = 0; P can be directly obtained if 
the polynomial 7,(p) is a product of low-order polynomials. 
Likewise, the number P is obtained directly by applying the 
method hereunder described. 

As to the poles on the imaginary axis, in most cases of physical 
systems, one finds a pole of order uw at the origin, and a number 
of simple or multiple poles distributed on the positive half of the 
imaginary axis. 

In the case of an equation with real coefficients, a conjugate 
pole of the same order but lying on the negative half of the 
imaginary axis corresponds necessarily to each of these poles. 

Each pair of conjugate poles p = +jw) physically implies 
the presence of resonance at the angular velocity ws. Accord- 
ing to the remark of paragraph 2.1 the exclusion half-contour 
to be used is shown in Fig. 4. 

Circles of infinitely small radii are described around the origin 
and the poles such as p = jw because Cauchy's theorem applies 
only to holomorphic functions. Let us study the transforms of 
those small contours. The presence of a pole of order uw at the 
origin means that 7'(p) can be written as 


p*Q(p) 


If, as shown on Fig. 4, this pole is avoided, it is seen that the point 
representing 7'(p) goes along uw quadrants at infinity in the nega- 
tive direction. See Appendix. 

It can be seen in the same way, that a number of half-turns at 
infinity equal to the pole order will correspond to any pole on the 
positive imaginary axis (except at the origin); if there are poles 
like this, every pole being counted n times if n is its order, there 
will be @ negative half-turns at infinity. The contour shown in 
Fig. 4 involves: 


T(p) = 


(a) The positive imaginary axis slightly distorted in order to 
avoid the poles; to these poles correspond, with the sign con- 


vention adopted, @ + 5 half turns at infinity on the 7'(p) plane, 


and therefore around the point (+A, 0). On the other hand, the 
locus representing 7'(p) has some branches at finite distance or 
going to infinity toward the circles representing the poles. Let v 
be the number of turns, at finite distance, around the point (A, 0) 


i 
1452 TRANSACTIONS OF THE ASME 
i, In | 
A = 
| 
or 
| 
4 


when w goes from zero to infinity; by convention v is positive for 
clockwise rotations. 

(b) The positive quadrant at infinity, which corresponds to 
(r — s) quarter turns at infinity on the 7'(p) plane, if r is larger 
than s, and to (r — s) quarter turns infinitely close to the origin 
if ris smaller than s [i.e., (s — r) negative quarter turns) if r equals 
8, & point at finite distance on the real axis corresponds to the 
quadrant at infinity. 

According to the theorem of paragraph 2.1 where NV — P is 
the number of half turns corresponding to the half contour of 
Fig. 4, we have 


ifr>s 


 ifr<s 


for the closed contour around the right-half p-plane encircling to 
the right, each pole on the imaginary axis, as in the example 
shown in Fig. 4. 
For stability it is necessary and sufficient that N equals zero. 
Thus one can obtain a very general statement of the Nyquist 
criterion. 


Theorem I 


The characteristic equation 


_ 


= —-A=0 
T,(p) 


T(p) —A 


will correspond to a stable state if, and only if, w varies between 
0 and + , the representative point of 7'(jw) circles around the 
point (+A, 0) v times at finite distance where vy is given by the 
following relation 


ifr>s (244455 


@ P 


ifr<s 


where P is the number of poles having a positive real part; @ is 
the total number of poles lying along the positive part of the 
imaginary axis, each pole being counted with its order; yu is the 
order of the pole at the origin. 

It is advisable to recall that the Nyquist criterion assumes that 
there is no pole within the root-exclusion boundary, nor on its 
contour and, moreover, that the physical-frequency character- 
istic reduces to zero when w = Oandw = +. In such a case 
one has r < s, @ = uw = P = 0, and the Equation [9] gives » = 0. 

By applying the Theorem I, we have been led into divising the 
polar diagram by representing the complex transfer function 
T (jw) by two rectangular diagrams. 


(a) A magnitude diagram giving \T (jw) | in terms of w. 

(b) A phase diagram giving |7'(jw) in terms of w. 
These diagrams are drawn with a logarithmic scale for magni- 
tudes and angular velocities, and a linear scale for the phases. 

There is a relationship between the phase diagram and the 
magnitude diagram. Bode (7) has established an equation which 
permits going from one diagram to the other when the frequency 
characteristic is limited to a finite domain. 

The dependence between these two diagrams induced the 
author to think that it should be possible to study the stability 


problems from only the phase diagram and different character- 


istic points of the magnitude diagram. 


Ne 
2.3 Study of Stability From the Phase Diagram 

From Theorem I, the problem can be reduced to a study of the 
number of circlings of the representative point of 7'(p) around the 
point (+A, 0). It is therefore obvious that the phase diagram 
assumes a particular importance, whereas the diagram of the mag- 
nitude is more limited. 

2.31 Generalized Phase Diagram. This is a phase diagram 
giving the phase variation of the transfer function 7'(p) when the 
variable describes, not only the positive half of the imaginary 
axis, but the whole half contour shown in Fig. 4, including the 
point of infinity. 

In order to avoid a pole of order u at the origin, as shown in 
Fig. 4, a half-circle infinitely small will be described from the 
point (€, 70) to the point (0, je). The ordinate of the diagram de- 
parture point is 0 or 7, according to whether 7(€) is positive or 
7 
computations of those discontinuities are presented in Appendix, | 
A. 

In the same way, it can readily be seen that a pole of order re 
at the point p = jwo, gives a discontinuity of the phase diagram — 
which is equal to — u'r forw = wo. Moreover, these discontinui- 
ties are introduced when the diagram is plotted by means of the 
charts given in paragraph 2.44. The phase variations, occurring 
when p follows the contour at +, will be plotted versus the 
z-axis (w = o) of the diagram. These variations are equal to 


negative, immediately followed by the discontinuity —y 


—(r — 8) > Appendix, B. 


2.32 Utilization of the Generalized Phase Diagram. The pro- | ; 


cedure for using generalized phase diagrams has been established = 
by investigating all the various circumstances under which the 

polar diagram can be a semicircular path about the point (+A, 
0) from a point of the real axis up to another point. = 

It has been pointed out that there are 8 possible plots of the 
phase diagram liable to cause variations of the number N — P. 
These plots are given in Fig. 5 under the Roman numbers I, II... 
VIII. For each segment, only the departure and arrival points 
[necessarily on the lines y = (2k + 1)m and y = 2km] are to be 
taken into account, particularly the curvature is of no impor- 
tance. 

Table 1 gives the conditions under which the plots I, II... VIII 
of the phase diagram result in an actual change of the number 
N — P. Besides, as previously stated, the subscripts 1 and 2 are 
the end points of the segments representing the phase diagram 
under consideration; they correspond, respectively, to the angular 
velocities w, and a, such that aw; < we. 


Using Fig. 5 and Table 1, it is now possible to work with any J 


generalized phase diagram. One divides it into type I to VIII | 
segments, and one lists for each segment the points having the 
amplitudes given in Table 1. 


applies the conclusion of Table 1. 

Thus a summation of the variations gives the difference N — P | 
between the number of unstable solutions and the number of real 
positive poles for the various values of |A|. 


2.4 A Simple Method for Constructing Phase and Amplitude | 
Diagrams 
It has been seen in paragraph 2.21 that in problems dealing with 
cyclic-structure systems, the symbolic transfer function, when in-— 
troduced into the equation, appears as a ratio of products of ra- 
tional factors of the variable p. 
Use of a logarithmic scale for ampiitudes and of a linear scale 
for phases leads to a plot of the diagrams relative to the transfer — 


function 7(p) by simple addition of the elementary diagram — % 


ordinates. 


The ordinate of these points is 
equal to 2Kzx for A> 0 and to (2k +1)rforA <0. Then one 


: 
— 
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: Table 1 Recapitulative table of the conditions giving a change of 
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Fig. 7 Arguments © = —O’ of the functions § = 1 + jz, § = 1 — jz, and the argu- 
ment y of the function 7 = 1 — y? + j2ay in terms of the reduced variables z = wr, 
y = w/Q, and the damping factor a 
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Most usual rational factors are first-degree binomials of the 
form a + bp, second degree trinomials of the type a + bp + cp’, 
or terms such as a p” in integral powers of p. 

It will be seen that elementary diagrams corresponding to these 
factors can be readily obtained by proper changes of variables and 
by use of suitable charts. 

2.41 Reduced Forms and Representative Charts of the First- 

Order Factors. Let us consider a first-order factor 


X(p) = ap +B 
‘By setting p = jw, we have the complex form 
X(jw) = ajw + B = B(1 + jrw) = B(1 + ja) ...[11] 


The positive sign corresponds to af > 0 and the negative sign 
to a8 <0; 7 and z are defined as follows 


Values of 
3 


10 20 
Values of y’ 


Fig. 8 Modulus of the function n’ = 1 + y’? + j2a’y’ in terms of 
the reduced variable y’ = w/2’ and the damping factor a’ 


Thus the first-order factor is equal, within a constant factor 8, to 
one of the following functions 

F=1+jz 

The new variable z is proportional to the angular frequency w and 
the proportionality coefficient has the dimensions of a time con- 


stant. 
If 8 and O’ are the phases relative to — and £’, we have: 


1 
The values of |f| = |¢’| and of 9 = —O’ have been plotted in 
dotted lines on the charts of Figs. 6 and 7. These charts use a 
logarithmic scale for the z-axis; for the ordinates, a logarithmic 
scale is used for the amplitudes and a linear scale for the phases. 
2.42 Reduced Forms and Representative Charts of Second-Order 
Factors. Let us now consider a second-order factor 


H(p) = yp? + dp +e 


Its complex expression can be written as 
6 
H (p) 1 +20] 


This implies, of course, that ¢€ ~ 0. Otherwise, the complex 
form could be reduced to a product of first-order factors. 
First Case: ye > 0; if we introduce the new variable 


then we get 
(jw) = e[1 — y* + j2ay]............. [23] 


Second Case: ye < 0: we make the new change of variable 


Values of y' 


Fig.9 Argument y’ of the function 7 = 1 + y’? + 2ja’y’ in terms of the red 


ble y’ = w/2’ and of damping factor a’ 
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where 


and 


The factor in question can be written as 
H (jo) = ell + + j2ay’] 


The quantities 2 and 2’ are identified as natural angular fre- 
quencies; a and a’ are nondimensional numbers called “damping 
factors.” 

The second-order factor is, in short, equal to the product by the 
» p y 
constant € of one of the following functions: 


We have plotted in Figs. 6 to 9 the amplitude and phase 

charts relative to the functions 7 and n’, taking into considera- 

tion only the positive or zero values of the coefficients a and a’. 
The phase and amplitude diagrams of a second-order factor can 

be constructed by means of the following procedure: 


(a) From Equations [21] and [22], or [25] and [26] compute 
the value of the coefficients 2 and a (or 2’ and a’). 

(6) On a tracing paper, draw along the z-axis and the y-axis 
the same scales as those of the chart. 

(c) In the case of a phase diagram, set the point y = 1 of the 
chart on the point w = {2 of the tracing paper. Then make the 
ordinate seales coincide. In the case of an amplitude diagram, set 
the point y = 1 of the chart on the point w = © of the tracing 
paper. Also, superimpose the ordinate ¢€ of the tracing paper upon 
the ordinate n = 1 of the chart. 

(d) Finally, the diagram plot can then be constructed entirely 
by tracing on the chart the curve corresponding to the value of a 
(or a’) previously computed. 


2.43 Case of Factors Composed of Integral Powers. Let us con- 
sider a factor p“, where yu is a positive or negative integer. This 
factor is related to the complex function 

j 


af u > O, the amplitude of this factor is reduced to zero for 


w = 0 and its phase is constant and equal to ry as w varies from 


Oto +o. A negative value of u means that the transfer func- 
tion has a pole of order wu at the origin. The relation [30] shows a 


break point ry at the phase-diagram origin and the phase remains 
constant as w goes to infinity. 


A New Method of Interpretation of the Generalized Phase 
Diagram 

As stated in paragraph 2.32, use of phase diagrams involves, 
according to the preceding method, eight possible mappings of a 
phase diagram, and an interpretation table. It is possible to 
simplify this investigation procedure by replacing Fig. 5 and 
Table 1 by a much more convenient rule. We know already that 
the only amplitudes of the transfer function that are to be con- 
sidered in this discussion correspond to the x = w, of the inter- 
section points of the phase diagram with the lines 2km or (2k + 
1)a, according to whether the parameter A is positive or negative. 
The transfer function is said to present a critical phase at the 
angular frequency «, just defined. 
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Fig. 10 Representation of the phase-diagram curves 


The following analogies result from inspection of Fig. 5 and 
interpretation of Table 1. 


(a) The curves I and IV show the same resulting change of the 
number (NV — P) as curve VI if A> 0, or as curve VIL if A < 0. 

(b) The curves II and III show the same resulting change 
of the number (N — P) as curve V if A > 0, or curve VIII if 
A<0. 


It is therefore possible to reduce the effective curves of the dia- 
gram to four types only: I, II, III, and IV. 

Table 1 also shows that the variation rules relative to curves I 
and II may be unified whatever the polarity of A may be; 
as a matter of fact, each of them shows a unit increase of the 
number (NV — P) when is less than |T (jw,)|, where «w, is again 
the angular frequency for which the transfer function presents a 
critical phase. On the other hand, when |7'(jw,)| < |A], the de- 
scribing curves I and II do not affect the number (NV — P). 

These two segments are represented in Fig. 10 by the path 
ABC of the phase diagram that indicates their position with 
respect to the straight line whose ordinates correspond to the 
critical phase. 

The segment AB corresponds to the curves II or I according 
to whether A is positive or negative. In the same way, the seg- 
ment BC corresponds to the curve I for A positive and to the 
curve II for A negative. 

When the generalized phase diagram approaches the critical 
phase for decreasing values or leaves it in the same way, the 
variation A(N — P) is in both cases equal to +1 or 0, according 
to whether |T'(jw,)| is larger or smaller than |Al. 

In the same way, it can be seen that the two curves III and IV 
have an identical behavior whatever the polarity of A may be; 
as a matter of fact, both of them are likely to induce a unit de- 
crease of the number (N — P). The path DEF of the phase dia- 


gram shown in Fig. 10 shows the resulting contour; DE and 


EF become identical to IV and III, respectively, or conversely 
according to the sign of A. 

When the generalized phase diagram approaches the critical 
phase for increasing values, or leave it in the same way, the 
variation A(N — P) is, in both cases, equal to —1 or 0, according 
to whether |7'(ja,)| is larger or smaller than |A}. 

Every time that the phase diagram cuts a critical phase axis, 
we have the case of a segment similar to the curves AC or DF in 
Fig. 10; the variation A(N — P) will equal two units or zero; 
each segment under consideration involves a departure and an 
arrival point. Moreover, the polarity of this eventual A(N — P) 
variation will be defined by the slope of the diagram at its point of 
intersection with the critical-phase axis. 

The points of the diagram that are likely to induce an (V — P) 
variation of only one unit are the end points of the contour when 
they coincide with critical-phase ordinates; in this case there is 
only one departure and one arrival, both of them being remote. 

It is now possible to set forth the following general rule (9). 


Interpretation Rule of a Generalized Phase Diagram 
The only possible variations A(N — P) occur when the phase of 
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Fig. 11 Interpretation of a generalized phase diagram 
the transfer function given by the generalized phase diagram takes 
the following critical values: 
= 
/T(jw,) = 2krforA>O 
The A(N — P) variations occur actually only if the modulus satisfies 
the inequality 


/T (joy) = (2k + for A <0 


|A| < |T(ja,)| 


When this condition is satisfied, this variation is equal to two units if 
the diagram crosses the critical phase; the variation is only one unit 
if the diagram departure or arrival point is on the critical phase (end- 
point case). The variation of polarity is opposite to the sign of the 
phase-diagram slope at the considered point. 

This rule enables one, as in Fig. 11, to mark directly on the 
phase diagram all the possible A(N — P) variations. Only the 
variations for which |A| < |7'(jw,)| will be retained. A classifica- 
tion in terms of increasing amplitude of |T'(j,)| is given by a 
Table, of the same type as the Table of Fig. 11 which presents a 
simple summing the number (N — P) in terms of Al. 


Remarks 


(a) The preceding investigation shows the damping influ- 
ence of the generalized phase-diagram sections that admit a 
positive slope; as a matter of fact, any these sections are likely, 
under certain previously stated conditions, to decrease the num- 
ber (V — P). The diagram sections presenting a negative slope 
can only increase the instability of the system. 

(b) Thus it can be seen that the break-points at infinity of any 
phase diagrams tend necessarily in every case to increase the 
number of unstable solutions, 


s 
q 
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When r > s, the phase diagram has, when w goes to infinity, a 
break-point of r — s quadrants with a negative slope. As 
|7'(@)| is equal to @ all the crossings of the critical phase are 
active and induce, each of them, an increase in the number (V 
—P). 
In return when r < s the break points at infinity have actually 
a positive slope, but their intersections with the critical phase axis 
cannot have any influence, as |7( w)| is now zero. 
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APPENDIX 


Study of the Phase Discontinuities of T(p) Due to the Soieion: C 
of Poles on the Imaginary Axis. 

A. Presence of a Pole of Order u at the Origin. The function 7'(p) 
has the following form: 


where G(p) is analytic around the origin and different from zero. 
for p = 0. In order to avoid this pole, the variable p describes 
around the origin a quarter-circle of radius €.  € is infinitely small 
and the variable p goes from the point (+¢; 0) to the point (0, 
+e). This circle is defined by: 


‘ 
where 0 varies from 0 to +3 in the positive direction. This 


circle is transformed by the conformal mapping 7'(p) into the 
following contour: 
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Its magnitude increases indefinitely when € goes to zero; the phase 

discontinuity is 
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B. Presence of a Pole Order s' at p = jar. 
can be written as: 


In that case 7 (p) 


1 
T = ——; -¢ 
(p) 
where G(p) is analytic around p = jw», and different from zero 
at that point. 
The half-circle of radius € centered at p = jw» corresponds to: 


r= joo + 


where ¢ varies from —2/2 to +7/2 in the positive direction. 
This half-circle is transformed by conformal mapping into the 
following contour 


= +> 


Its magnitude increases indefinitely when € approaches 
the phase discontinuity is equal to 


= [-w'e + = [-n'¢] 


Discussion 


R. Oldenburger.* The paper under discussion is one of the 
outstanding contributions to the modern theory of frequency 
response. It throws considerable light on the problem of sta- 
bility with or without poles in the right-half plane. The parame- 
ter A corresponds to the gain of the open loop. The author’s pro- 
cedure therefore determines the correspondence between gain and 
stability. Although the theory of the paper brilliantly treats the 
problem of stability one is naturally led to ask whether or not 
this theory can be modified to shed light on the quality of the 
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yette, Ind. Mem. ASME. 


TRANSACTIONS OF THE ASME 


control. The control system must be designed not only to be 
stable but to give fast transients without too many oscillations. 

The plotting of curves is a tedious matter. It appears to the 
writer that considerable labor can be saved by using a purely 
analytic approach. 


Author’s Closure 


The condition [3] which excludes the roots of the characteristic 
equation from the positive real half-plane determines the limit 
stability only, because this condition allows roots to be situated 
on the negative side very near to the imaginary axis and conse- 
quently the corresponding oscillations are very slightly damped. 

We can further appreciate the quality of control by introducing 
the notion of guaranteed stability which imposes a certain mini- 
mum damping on the system: The real parts a; of the roots of 
the characteristic equation must not only be negative but in ad- 
dition must be in absolute value superior or equal to the given 
minimum damping Xm. 

This tends to replace the initial condition [3] by the following 
one: 


a) a <—XAm 


On the analytical plan the introduction of a guaranteed damping 
\ can be translated by the change of variable p’ = p — X. 

The study of the guaranteed stability of the system governed 
by the characteristic equation: 


b) T(p) — A = 0 thus becomes the study of the limit stability 
of the transformed equation: 


ec) Tip—dA)-A=0 


Apart from these considerations we have been able to deduce 
from the theory of the phase diagram a method previously pub- 
lished (6) which rapidly procures the guaranteed damping A for 
a given control system and as the angular frequency of the oscilla- 
tion the least damped. 

The author wishes to express his deep gratitude to Prof. R. 
Oldenburger for inviting this contribution and for editing the 
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On-Off C 


Control With Periodic Sensing Devi ice 


By KEISUKE IZAWA,' LAFAYETTE, IND. 


The paper describes the effectiveness of PD-type control func- 
tion for the on-off control system with a periodic sensing device. 
When the system is subject to steady random disturbance, pro- 
vided that the disturbance is varying rather slowly compared to 
the time constant of the controlled plant, the properly chosen PD 
control action can effectively decrease magnitude of fluctuation 
of the controlled variable. 


Nomenclature 


= temperature or controlled variable 
= time 
time constant of the controlled plant 
dead time of the controlled plant 
generated heat (or manipulated variable) by the heater 
at “‘on’’ stage 
generated heat (or manipulated variable) by the heater 
at “‘off’’ stage 
ambient temperature or external disturbance 
sensing interval. Every d minutes the sensing device 
detects the magnitude of the actuating signal 
dead time of the controller for taking ‘‘on’’ action after 
sensing is done 
dead time of the controller for taking “off” action after 
sensing is done 
fluctuating time lag introduced by intermittent sensing 
with on-off action 
= density of 
t/T = dimensionless time 
KQ, 
KQ, 
equalization factor between plant temperature and sup- 
plied heat from heater 
6 — 6, 
6 — 6. 
reference value of the controlled variable 
derivative time of the PD action for ‘‘on 
taken 
derivative time of the PD action for “off’’ stage to be 
taken 
= D,/T = dimensionless derivative time for “‘on’’ stage 
D,/T = dimensionless derivative time for “off” stage 
d/T dimensionless sensing interval 
= (L.+d,)/T = dimensionless dead time from controlling 
means to controlled plant at the ‘‘on’”’ stage 
(L + d,)/T = dimensionless dead time from control- 
ling means to controlled plant at the “‘off’’ stage 
variance of z 
= variance of 
mean of z 
= mean of 6, 
A, -2z 
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stage to be 
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ky = Ay = § 
E,(y) = expectation of y; the suffix a under the symbol £ is a 
stochastic variable on which the expectation is taken 
V(y) variance of y 
Introduction 


On-off controllers are commonly utilized throughout process 
industries, especially for temperature control, and there have 
been several papers published [1, 2].? 

Several years ago the author noted that the magnitude of 
fluctuation of temperature decreased remarkably when the 
ordinal thermocouple was replaced by a combined thermocouple 
in an on-off temperature-control system with a periodic sensing 
device. This paper deals with this kind of on-off control problem 
in order to elucidate the afore-mentioned phenomenon and also 
to establish a reasonable design basis. 

Three basic results may be emphasized concerning this prob- 
lem. First, the phase-plane method can be effectively applied, if 
a controlled process or plant is approximated by first-order 
tardity (first-order lag) and dead time. Second, the time be- 
havior of on-off control of a controlled process, whose dynamic 
character is approximated by first-order tardity and dead time, 
can be investigated by means of time co-ordinates fixed on the 
phase plane and not affected by the character of the on-off action 
[3]. Third, a periodic sensing action or sampling-plus-holding 
action accompanied by on-off control can be treated as if it were 
a dead-time element with fluctuating magnitude of dead time. 

These basic results are straightforwardly applicable to those 
on-off control problems which have constant loads or disturbances 
[4], but it is still useful to consider such on-off control problems as 
those with steady random disturbances. 


Behavior of the Control System 


As one of the practical examples to which the theoretical re- 
sults introduced here may be applied, the following on-off tem- 
perature-control problem is considered: A specially constructed 
thermocouple (so-called combined thermocouple) detects the 
temperature of the controlled plant plus constant times its rate 
of change, i.e., the couple generates proportional-plus-derivative 
emf signal of the controlled temperature. The difference be- 
tween the output emf of the couple and the reference emf is ap- 
plied to a galvanometer. A sensing bar driven by a synchronous 
motor pushes down an index attached to the moving coil of the 
galvanometer at equally spaced instants or at every d minutes, 

If the sensed magnitude of galvanometer deflection is positive 
at a certain instant, a cam mechanism d, min later closes the 
heater circuit of the plant so as to heat it up. Whereas if the 
sensed magnitude is negative, after an elapsed time of d, min all 
or a certain part of the heater current is cut off, so that the plant 
temperature gradually decreases. 

The dynamic characteristics of the plant are approximated with 
reasonable accuracy by a first-order tardity with time constant 7 
min and dead time / min. 

Fig. 1 is a sketch of a periodic sensing-and-holding and an on- 
off control mechanism, and Fig. 2 is a biock diagram of the control 
system showing the outline of signal transmission in the system. 


? Numbers in brackets designate References at end of paper. 
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Fig. 2 Block diagram of the controller 


Phase-Plane Technique for the Problem 


(See references [3 and 4] or Appendix 3) 


Derivation of Optimum Setting Condition 

Let Q, cal/min be the heat generated by the heater at the 
“on’’ stage and Q, cal/min be the heat at the “‘off’’ stage, and let 
K deg C/cal/min be the equalization factor of the plant tem- 
perature for the heat input. The following equation expressing 
the “‘on’’ and “off’’ stages of the control system is then obtained 


+ L) 
dt 


+ Kt + L) = Qt) + 


and Q(t) takes on the value Q, when 


At —d, — \) + DA&t — dy — A) >, 


Here Q(t) takes on the value Q, when 


ot —d, — + D,&t —d, — < 8 


(2) 


where 6, is the ambient temperature or external disturbance, 
is a fluctuating time lag within the sensing interval d, and @, is 
the temperature setting or reference value. 

Introduction of the fluctuating time lag A is justified by 
the following consideration: Suppose that at an instant ¢ the 
sensing bar senses the deflection of the index of the galvanometer 
and if then @(f) + D,6(t) < 6, is fulfilled, the manipulated varia- 
ble Q(t) takes a value Q, d, min thereafter, which is a dead time 
of the control mechanism at “on’’ stage. But if immediately 
after the bar senses the galvanometer deflection, 6(t) changes to 
fulfill the inequality 0(¢ + €) + D,O(t + €) < 8,, Q(t) will take on 
the value Q, thereafter d, + d — € minutes. Until then Q(t) 
equals Q,. Therefore the time delay or dead time between 6(t) 
and the corresponding manipulating quantity Q, may fluctuate 
between d,, and d, + d, and is considered as a stochastic variable 
distributed within this range with probability density 1/d (see 
Fig. 3). The same consideration holds for the delay between the 
sensing of the controlled variable and the instant the “‘off”’ stage 


6-6, =2, 
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5 = 


_ Fig. 3 Probability density of delay for ‘‘on’’ stage 


Fig. 4 Probability density of delay for ‘‘off’’ stage 


value Q, is taken on. 
time delay. 

From this discussion, \ may be considered a statistical varia- 
ble with constant-probability density 1/d for 0 < \ < d and with 
zero-probability density for elsewhere. Or this is expressed by 
the next equation. 


(1/dfor0<dA<d 
PO) =} 


Fig. 4 shows the probability density of this 


- 


KQ, = Ay 


0 for elsewhere 
By the following substitutions 


6, —0, =z, KQ, = A,, and (4) 


and using the dimensionless time r = t/T, Relations (1) and (2) 
lead to 


dzx(r) 


+2(r) = A(r) —2:A(r) = 

dr 
dx(r — h,) 

a(r — + B, < 0 


f 
dr 


+ 2(r) = A(r) — 2:A(r) = Ay 


(r —h 


(6) 


for 


where h; and h, are stochastic variables and their probabilities 
h,a<h<h, +6 


are 


1/6 :hy<he<hy +6 La (8) 


0 : elsewhere 


P(h) = 
. : elsewhere 


P(hz) = { 


It is easily shown in phase-plane analysis that the sound con- 
trol actions continue as long as the following two conditions are 
satisfied (see Appendix 3): 

(a) The right-hand side of Equation (5) must be kept positive, 
whereas the right-hand side of the Equation (6) must be kept 
negative. 

(b) B, and B, of Equations (5) and (6) are both less than unity. 
Under these conditions the system will continue to hunt with 
limited amplitude, although the amplitude changes due to the 
effect of an external disturbance and periodic sensing. 

When the external temperature or disturbance 9, is varying in 
a steady random fashion, with ordinal distribution characteristics 


= = 
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and with a certain autocorrelation function, z in Equation (4) is 
also a steady random variable. There exist simple relations 
among the mean values and variances ee 


2=0, — 


(9) 
(10) 
where 2 and 6, are the mean values of z and 0, respectively, and 
o,? and o,? denote their corresponding variances. Probability for 
z> 2+ 30, orz < — 3a, is usually very small and might be 
neglected unless the distribution curve of @, has any intense skew- 
ness. Consequently the conditions (a) and (b) for sound control 
action can be expressed by the following inequalities: 


A, —%-—30,>0, A, —%+30,<0 
B,<1 


(11) 

Under these conditions the plant temperature will certainly 
continue to cycle around its temperature setting #, by the be- 
havior of the cycling, e.g., its amplitude or period of cycling will 
be influenced by the varying external disturbance 64. 

Since B, and B,; of Equations (5) and (6) are less than unity, 
they can be expressed in exponential form by introducing new 
parameters @ and 8: 


me <4, 


B, = 1 (12) 


Consideration of Equations (5), (6), and (12) on the phase 
plane leads us to the fact that the manipulating signal for the 
transition from the “‘on’’ to “off’’ stage or the “‘off’’ to “on’’ stage 
is generated a dimensionless time ah, or Bh, before z reaches 
zero (Fig. 9). 

Let us limit ourselves to the “on’’ stage and investigate the 
peak value z, of x. In order to calculate the peak value, it is 
convenient to shift the time origin to ah, before the instant where 
increasing negative x reaches to 0. The z for the “‘on’’ stage is 
shown as 


= — 1) + f, (13) 


where 


A, — 2(&). (14) 


)= 


Since x(7) takes its peak value z, at T = he (Appendix 3) 


he 
= —k,(O)e~ — 1) + kA (15) 
The mean value of x, is calculated as an expectation of x, over he 
and k,, as follows: 


(see Appendix 1) 


6 


where k,(7) is assumed to maintain its initial value k,(0) from 
tT = Otor = h, + 4, since we are dealing with the case where the 
external disturbance changes very slowly. In other words, the 
autocorrelation function of k,(7) or 2(7) may be assumed con- 
stant within the region 0 < 7 < h +6 (Fig. 5). 

After calculation of E(z,*), we have 
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Fig. 5 Autocorrelation function of forcing term, at ‘‘on’’ stage 
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Fig.6 M versus 5 


Taking u in place of e~*1Q—e) and differentiating V(2,) by u, 
we find that the value uw of u which minimizes the variance of x, 
or V(z,) is given by 


~ (1 + cosh (6/2) — [sinh (8/2)} (8/2) 


6 ( 18) 
where 


v = (19) 


When we use this value of u in the Equation (6), B, of the equa- 
tion becomes 
B,=1—e-"M 


M of Equation (20) is expressed as 


; (1 + v?) cosh (6/2) — [sinh (6/2)] /(6/2) 


(21) 


and also illustrated in Fig. 6 for a few values of v. 

We can now determine the optimum condition for the transi- 
tion from ‘‘on”’ to “‘off’’ stage in order to minimize the fluctuation 
of the peak value of z. From Equations (6) and (20), the opti- 
mum transition condition is 


T 
oat a(r) + {1 — (22) 
@ dr 
The value of M in this condition is determined by Equation (21). 
Substituting wp from Formula (18) into (16) and (17), it is clear 
that the eondition (22) guarantees 
= £1 — N), 


V(z,) = — N) 


(23) 
(24) 


ee 
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Fig. 7 N versus 6 
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Fig.8 Relation between variance of peak value and 6 


where 


N = 06/2) cot (6/2) 1 (25) 


Fig. 7 shows the dependency of N on 6 for three different values 
of v. It will be worth while to note that N does not involve h, or 
total dead time of controlled plant and controlling means, so that 
#, and V(z,) of (23) and (24) are independent on the dead time. 
But if we do not set the controller as shown in (22), these values 
are naturally influenced by the dead time. 

Fig. 8 explains the relation of V(x,) to 6 for three cases of v. 

A discussion like that for z, can be carried out for the case of 
the “‘off’”’ stage and for the determination of the average value and 
variance of the minimum value of z. Simply by replacing h, and 
k,, of (22), (23), and (24) by h, and &, respectively, we shall have 
the setting condition for optimum transition from the ‘off’ to 
“fon’’ stage and also the values of #, and V(%,) under the optimum 
condition. 


Conclusion 


Because of the practical difficulty of giving different values to 
B, and B, of (5) and (6), and because 6 is usually very small 
(6 < 0.05), it is then possible to introduce the following practical 
condition. 


6+T7{1 — 6, for “‘on”’ to “off,” 
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d* = min(d,, d,).* 


When (Z + d)/T is smaller than 0.1, these inequalities can be 
reduced with practical satisfaction to ht 


6+ (L + d*) > 6, for “on’’ to “off” stage, 


d 
+ (L + d*) < 6, for “off’’ to “‘on’’ stage. 


This optimum setting condition is different from the one defined 
by Formula (22), but the difference of the control behavior be- 
tween the ideal and the practical case will be small in practical 
sense. The PD detecting action of temperature is easily furnished 
by a combined thermocouple, which is also effective in attenuat- 
ing annoying disturbance with high frequency when combined 
with a sensing-bar mechanism. 
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Calculation of x, 
The parameter k, of Formula (15) is assumed to vary so slowly 
that the difference between the value of k, at rT = 7 + 0 and the 
value of k, at r = 7 + hy + 6 is negligibly small. This feature 
can be assured by means of its autocorrelation function. The 
constant hz of Equation (15) is a stochastic variable as defined by 
Relation (8) and is independent upon k,. Consequently the 


operation of taking the expectation of z, over hz and k, can be 
carried separately. From Equation (15) 
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APPENDIX 2 | 
Calculation of V(x,) 
As there is a well-known relation 
V(z,) = E(z,*) — 2,°, 
to determine V(z,) it is only necessary to evaluate E(z,*). From 
Equation (15) 


E(z,*) = [ — 1)? 
— 2k,(O)e~ — 1) X 


The last term of the right-hand side is rewritten by means of 
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Fig. 9 Phase-plane representation of on-off control characteristics 
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Fig. 10 On-off control with periodic sensing 


the autocorrelation function of k, or Ri,(7). Then the last 
term will appear as 


Since the argument of R,, of (30) takes place within the range 
(0, hy + 6) and &, varies very slowly, Ri,(7 — &) in (30) can be 
approximated by #,,(0) or E(k,?) as 


Rij(T) = Rix(0) = E(k,?) = £,? (31) 
From Formulas (29), (30), and (31), expectation of x,* is given as 
—25 


1] (32) 


E(x,?) = + 0,2) E 


= 


Combining Relations (28) and (32), Equation (17) is obtained. 


APPENDIX 3 


Phase-Plane Technique for the Problem 


Assume the disturbance be constant. Then we get a phase- 
plane representation of (7) as Fig. 9 from Equations (5) and (6). 
A point on one of two characteristic lines, i.e., L; — Z,, goes up and 
when it reaches point A apart from P by nondimensional time he 
it will immediately shift to point B. Thereafter it will go down 
along the other characteristic line: L2 — Le. 

The point C is separated from point Q by the nondimensional 
time h:. Thus we shall have a cycling of z which corresponds to 
the parallelogram ABCD on the phase p!ane. 

For an acceptable performance of the control condition, z 
should be kept close enough to 0 or z cycles around 0, so that A, 
B, C, and D should be located in the Ist, 2nd, 3rd, and 4th 
quadrant, respectively. This fact gives us the conditions (a) and 
(b) of this paper. 

As h, and hz include constant parts, i.e., A, and h,, and the vary- 


> 


DISTURBANCE VARIES 
RAPIDLY. 


Fig. 11 Difference of phase-plane representation due to condition of 
disturbance 


ing part 6 which has an equal probability density 1/6 within cer- 
tain ranges, points A and C in the phase plane will appear every- 
where on the segments (A;, Az) and (C;, C2) on the characteristic 
lines as shown in Fig. 10. From this figure one may conclude that 
there may exist many types of cycling although their amplitudes 
and periods are limited. 

If the disturbance 0, or z is not constant but varies, the two 
straight characteristic lines L; — L, and L; — Lz are not ex- 
actly straight lines but curves only defined in stochastic way (see 
Fig. 11). If the period of the disturbance is large compared to the 
maximum of L + d, + dand L +d, + d, the portions of the two 
characteristic lines on the phase plane contributing the cycling, 
ie., PA and QC in Fig. 9, can be approximated by straight lines 
with an inclination of —1. This is the starting point of this 


paper. 
Discussion 


R. Oldenburger.' The paper by Professor Izawa is of particular 


* Professor of Mechanical Engineering, Purdue University, Lafa- 
yette, Indiana. Mem. ASME a 


DISTURBANCE VARIES 
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interest in that the author pioneers in the treatment of the prob- 
lem of optimizing on-off control systems from the statistical 
point of view. The restriction that the probability density 
of Fig. 3 be 1/d is made for mathematical reasons. Although 
this restriction simplifies the analysis it may be a severe one 
in practice. The theory of the paper should be much simplified 
if the disturbance @,is 0. This case should be of particular in- 
terest to the practicing engineer. Professor Izawa has chosen the 
minimum peak value of the error as a good measure of the quality 
of the control. The results may be quite different if other criteria 
are used. In the conventional case of on-off control the use of a 
proportional and derivative control function may be detrimental. 
Whether or not this is true for the case of the present paper is an 
interesting question. 


Author’s Closure 


The author appreciates the interest shown by Prof. R. Olden- 
burger. One feels intuitively that the delay between sampling 
instant and control action will occur with equal probability 


ia! 
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within the range zero to d minutes, where d is sampling period. 

The analysis of the case where @; is a constant gives better 
understanding of this approach of the problem Professor Olden- 
burger mentions, and it is discussed in the author’s book.*® 

Whether or not a proportional plus derivative control function 
is detrimental due to high frequency noise may depend upon the 
location of the input point of the disturbance. In temperature 
control systems PD detection of temperature is achieved by a 
combined thermocouple.?' This is a phase advance element with 
high frequency attenuation characteristics rather than a pure 
PD element. Also the controlled process has a relatively large 
time constant. Therefore almost all high frequency external 
disturbances may be considered to have no detrimental effect on 
control behavior. 


*K. Izawa, “Introduction to Automatic Control,’’ OHM-Sha, 
Tokyo, Japan, 1954, pp. 234-238. 
7K. Izawa and T. Hosoda, ‘‘Combined Thermocouple,”’ Journal of 


the Society of Instrument Technology, Japan, vol. 2, No. 6, 1952, pp. 
266-268. 


Investigation of Erosion and Corrosion of — 


wee 


Turbine Materials in Wet | 


Oxygenated Steam 


By H; A. CATALDL' C. F. CHENG,? ano V. S. MUSICK,? SCHENECTADY, N. Y. 


Steam from the boiling water reactor of the Dresden Nuclear 
Power Station will enter the turbine at 869 psia and 525 F with 
1/; per cent moisture and with oxygen concentration higher than 
normal in power-plant practice. This paper discusses a series of 
preliminary laboratory tests evaluating the resistance of various 
materials for turbines and related components to erosion (im- 
pact, washing, wire-drawing) and corrosion (weight loss, pitting 
depths, crevice, and galvanic attack) in wet, oxygenated steam. 
Materials tested included carbon and low-alloy steels and cast 
iron, austenitic and ferritic stainless steels, Monel, cupro- 
nickels, leaded bronze, Stellite, and Ductile Ni-Resist No. 3. 
It is concluded that, with proper design, conventional materials 
may be used in the Dresden turbine except in a few critical areas. 


Introduction 


Object. Steam from a boiling water reactor is unusual in 
power-plant practice in several respects; it is radioactive, it is wet, 
and it contains some free hydrogen and oxygen. Because of the 
possibility of unexpected effects of these unfamiliar conditions on 
the erosion and corrosion of practical metals, it was necessary to 
consider carefully the selection of turbine materials for the 
Dresden Nuclear Power Station of The Commonwealth Edison 
Company. Published information indicated that the radio- 
activity in the turbine would not be an important materials 
factor. However, there was little information on the erosive 
action of wet high pressure steam (with or without oxygen) and 
only scattered data on the effect of oxygen on the corrosion of 
metals in high-temperature water-steam mixtures. In order to 
fill in some of the gaps in our experience in these fields, a two-part 
experimental program was undertaken: The first, a series of 
tests to aid in the selection of materials for the Dresden turbine; 
the second, a more fundamental study of the effects of tempera- 
ture, pressure, oxygen, velocity, and pH on erosion and corrosion 
by water-steam mixtures. The purpose of this paper is to review 
briefly some of the potential turbine materials problems in a 
boiling water nuclear power plant, and to discuss some of the 
results of the special erosion and corrosion tests. 

Dual Cycle Boiling Water Nuclear Power System. The design 
of the Dresden Nuclear Power Station has been described 
recently (1); a brief review will suffice here. Wet steam is 
produced in the reactor at 1015 psia (545 F), passes through a 
steam purifier where most of the water and “‘solids’’ are removed, 


1 Materials and Processes Laboratory, Large Steam Turbine- 
Generator Department, General Electric Company. 

2 Structural Engineering Unit, Large Steam Turbine Engineering, 
Large Steam Turbine-Generator Department, General Electric 
Company. 

3? Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Power Division and presented at a joint ses- 
sion with the Nuclear Engineering Division at the Annual Meeting, 
New York, N. Y., December 1-6, 1957, of THe American Society 
or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
20, 1957. Paper No. 57—A-134. 
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DEMINERAL IZER 


Fig. 1 Flow diagram of Dresden Nuclear Power Station 
and enters the first-stage nozzles of the turbine at 869 psia (525 
F) with '/2 per cent moisture, Fig. 1. 

The exhaust from the turbine is condensed and pumped to air 
ejectors. The condensate is then split in two streams. One 
passes through feedwater heaters to the secondary steam gener- 
ators and drum; the secondary steam then enters the ninth 
stage of the high pressure turbine at 415 psia (450 F). The other 
condensate stream passes first through demineralizers, then feed- 
water heaters, and finally to the reactor. The water conditions 
may be summarized as follows: 


Reactor feedwater 
Conductivity 0.1 micromho/cm 
Reactor recirculating water 
Conductivity... .. 1 micromho/em 
Total solids... . 0.5 ppm max 


pH 


Secondary steam generator (boiling side) 
Total solids 
PO. 


100 ppm, max 
5 ppm, max 

0.1 ppm, max 

20-35 ppm, approx 
—4 ppm 
10.5 max 

Corrosion by High Temperature Steam-Oxygen-Water Miztures. 
When water is exposed to high intensity fluxes such as exist in a 
nuclear reactor, some net decomposition into hydrogen and 
oxygen occurs. In a boiling water reactor system, these gases 
pass through the turbine. It is necessary, therefore, to consider 
the behavior of standard turbine materials in high temperature 
steam-water-oxygen mixtures. In particular, the possibility of 
“oxygen concentration cells’’ raised the question of pitting and 
crevice attack in the turbine. 

Erosion by Wet Oxygenated High-Pressure Steam. The princi- 
pal questions regarding erosion in the Dresden turbine arose 
from the presence of moisture (and oxygen) in the high-pressure 
stages. In designing the erosion tests, it was convenient to 
visualize erosion as occurring by three processes (which might 


actually arise from the same mechanism), : 


é 
200° F 
GEN 
ORUM fix 
)CONDENSER 
SECONDARY 
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1 Surface or Washing Erosion. This is the eroding of a 
metal by high-velocity water flowing along a surface such as in a 
nozzle. Theoretical treatment of this problem together with 
early company experience with wet turbines and some published 
data (2) indicated that this would be minor with 12 Cr steel, 
even at the highest pressure prevailing in the turbine. 

2 “Wiredrawing’”’ or Channel Erosion. Wet steam leaking 
with high velocity past narrow restrictions can cause deep 
undercutting of metal. There is little information on this type 
of erosion. 

3 Impact Erosion. This is caused by the impingement of 
water droplets against a surface at high velocity, and is a familiar 
occurrence in the last-stage buckets of condensing turbines. In 
a high-pressure turbine, both the high steam density and rela- 
tively low bucket velocities would tend to minimize the impact 
velocity and hence the damage. 


Test Program. At the outset, it was expected that the most 
serious conditions of erosion and corrosion would be at the front 
end of the turbine because of the oxygen, high temperature and 
pressure, and pH about 7. Of particular interest was erosion 
due to leaks of high density, oxygenated wet steam with high 
velocity; and the effect of oxygen and water on pitting, gal- 
vanic, and crevice attack. The exact oxygen concentrations 
of particular interest could not be predicted because it was 
expected to depend on the precise water composition and hydro- 
dynamic conditions in the reactor. Although the resistivity of 
the water in the high-temperature stages of the turbine would 
be high, the resistivity in restricted areas such as in crevices 
conceivably might be much lower. Moreover, the resistivity of 
pure water at 500 F is appreciably lower than that at room 
temperature. For these reasons it was interesting to check the 
effects of galvanic corrosion. 

Beyond the point of secondary admission, conditions were 
expected to be less serious because of the lower temperature and 
pressure and also because of the effect of dilution by deaerated 
and inhibited (high pH) steam. 

Tests were devised with these thoughts in mind. Con- 
ditions were chosen to approximate roughly those prevailing at 
various points in the high-pressure and intermediate turbines. 
At the high pressure (1015 psia, 545 F) only static corrosion 
tests were completed because of the time required to assemble a 
high-pressure loop. These tests were considered adequate for 
this preliminary evaluation. 

The tests to be described are grouped under three headings, 
corresponding to the facilities used: 


Test 1—Erosion and corrosion with wet Schenectady Plant 
steam: 350 psia and 430 F max; pH 6.8; with 0.05, 80, and 110 
ppm oxygen, Fig. 2. 

Test 2—Erosion and corrosion tests with wet steam using 
desuperheated steam from 14th stage of a turbine at Mystic 
Station of Boston Edison Company: 43 psia and 272 F, 70-110 
ppm O:, pH 8.8-9.5, Fig. 3. 

Test 3—Pitting, crevice, and galvanic corrosion tests in water 
and steam in autoclaves, 545 F (1015 psia), 50 and 100 ppm O, 
(initially), pH 7, Fig. 4. 


Materials used in these tests are described in Table 1. 


Procedure and Results 

Test 1. These corrosion and erosion tests were conducted in 
the Large Steam Turbine-Generator Department’s Product 
Development Laboratory, using steam from the utility supply 
mains. This steam is produced from river water which is first 
treated by precipitation, then filtered and softened with zeolite. 
Sodium metaphosphate and sodium-hydroxide additions main- 
tain the boiler water at pH 11.3. Steam condensate analyzed as: 
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H 6.8 
Fe 0.01 ppm 
Cl 0.4 ppm 


8.7 micromhos/cm 
4.8 ppm 
0.4 ppm 


Specific conductivity 
Total solids 
Suspended matter 


This steam, of a purity below that specified for the Dresden 
system, was admitted to a system of three loops, Fig. 2. The 
desired ‘‘wetness”’ of the steam was maintained by the automatic 
injection of water above the test sections so as to maintain the 
appropriate temperature in the calorimeter downstream from 
the tests. Oxygen was admitted to loops Nos. 2 and 3 from a 
high-pressure cylinder at a controlled rate. The concentration 
was checked at regular intervals by condensing the steam and 
measuring gas volumes. 

In loops 1 and 2, which are identical except for the oxygen 
line, wire-drawing (channel erosion) and corrosion tests were 
run. In the wire-drawing tests, steam flows through three 
channels ('/; in. long X '/, in. wide X 0.005 in. high) formed by 
stacking 40 appropriately machined strips, Fig. 2. The pressure 
ratio across the specimens was 1.42. Results of the tests were 
appraised by the depth of erosion grooves, Figs.5and6. Details 
of the erosion test conditions and the results are summarized in 
Table 2. 

Each corrosion test section consisted of 26 rectangular speci- 
mens separated by 18-8 stainless-steel spacers so as to form 
channels for the steam, Fig. 2. Weight losses of acid-cleaned 
specimens were converted to corrosion rates (mils/yr). In addi- 
tion, pitting tendencies were noted. Test conditions and results 
are shown in Table 3. 

The nozzle-impingement test consisted of four miniature 
nozzles (two each of Types 347 and 405 stainless steel) through 
which steam originally at 350 psia and 6 per cent moisture was 
expanded to 290 psia (pressure ratio 1.61). This expanded steam 
was directed against a row of eight specimens (Types 347 and 
403 stainless steel) about 2 in. distant, at an angle of 15 deg. 
Beyond these impingement specimens, the steam pressure was 
245 psia, Fig. 2. These results were assessed visually only and 
are discussed in the next section. 

Test 2. Erosion and corrosion tests were run in steam ex- 
tracted from the 14th stage of a turbine in the Mystic Station of 
the Boston Edison Company at Everett, Mass. Boiler water 
treatment included disodium-phosphate and sodium-sulfate 
additions to the boiler; and sodium-sulfite, sodium-hydroxide, 
and morpholine additions to the deaerator storage tank. 


Steam condensate analyzed as follows: 
Total 
solids 


(boiler) 
262 ppm 


Specific 

conductivity 
5.7 micromhos/em 
4.7 micromhos/cm 


The extracted steam was desuperheated to 272 F in a water- 
cooled condenser and mixed with sufficient air to give the desired 
oxygen content. 

From a common header, the steam was led to eight parallel 
test stations and specimens which are modifications of those 
used at The Detroit Edison Company (2). Steam traveled 
through the '/,-in-diam center hole of the plug (1'/s-in-diam 
1/;-in. corrosion specimen), impinged on the erosion specimen 
below, and escaped radially through two '/,-in-wide X 0.025-in- 
high slots. The corrosion specimen was shielded from high- 
velocity erosive effects by a stainless-steel washer which was 
inserted between it and the erosion specimen, Fig. 3. With this 
arrangement, it was possible to distinguish the weight loss due to 
“corrosion’’ from that due to high-velocity erosion. Corrosion 
rates were calculated from weight losses after acid cleaning. 
Erosion resistance was determined both by weight loss and pit 
depth measurements, Fig. 7. Velocities were calculated from 
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Fig. 3 Flow diagram and test specimens, Test 2 


pressure-drop data. The significant details and results of these 
tests are included in Tables 2 and 3. 

Test $. At the maximum temperature of interest, only auto- 
clave corrosion tests were feasible. The Type 347 stainless- 
steel autoclaves were of 3 liters capacity (about 3 in. diam X 
20 in. long). In one series of tests, autoclaves were rocked with 
a period of about one-half minute so that specimens were alter- 
nately exposed to steam and water. In other tests, stationary 
autoclaves were provided with cooling coils in the vapor space. 
This allowed testing of specimens exposed to condensing steam 
and immersed in water. 

Specimens were one-inch disks machined so that, when two 


were coupled (with a stainless-steel screw), a crevice 0.002 in. 
wide was included between them, Fig. 4. Pairs of metals 
were chosen to form galvanic couples which were likely to occur in 
a turbine. These couples were strung on axial rods and cooling 
coils suspended from the heads of the autoclaves. 

The bombs were half filled with deionized water (less than 
1 micromho/em conductivity at room temperature). After seal- 
ing, the bombs were heated electrically to boiling at a low pressure 
and degassed by venting some steam. Oxygen was introduced 
by a high-pressure pipette sufficient to give 50 or 100 ppm based 
on the total weight of water (1500 grams). The temperature was 
then increased to 545 F (1015 psia). 
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Table 1 Materials tested _ ¢ 


Testno. Hardness, Chemical composition, % = 
Type Condition 2 3 Bhn Cr Mo Ni Fe Others 
Carbon steel — 
ASTM A201 Boiler plate 103 
ASTM A27 Cast N1925F,T1200F x ... 126 eee 


Low-alloy steel 
1/, Mo (ASTM 204) Firebox quality x 131 .. Ba 
1/, Mo Cast N 1700 F, T 1200 F x 131 : So «. woe 
1 Cr, 1/2 Mo Forged A1550F,T1100F ...... 3 223, soc 
1 Cr, 1/2 Mo, !/, V ASTM 
A193-B16 HR T 1200 F ae Ss 262 
1 Cr, 1 Mo, !/, V Cast 
ASTM A389-—C24 N 1925 F, T 1200 F 
1 Cr, 11/, Mo, '/, V Forged 
A293-—Class 8 A 1750 F, T 1250 F 
2 Ni, '/. Mo, Forged ASTM 
A293-—Class 2 A 1550 F, T 1100 F 
2'/. Ni, !/2 Mo Forged ASTM 
A293-Class 2 A 1750 F, T 1250 F 
2'/2 Ni, 1/2 Mo Forged ASTM 
A293-Class 2 \& SR, 1100 F 
2 Cr Cast Ann. 1650 F 
21/, Cr, 1 Mo Forged 


ASTM A155 a’ Ann. 1650 F 
FC to 500 F 
Nitrided 
Nitralloy4 


(ASTM A352-Class A) HR Bar (Base) ee 60Rc 
EME‘ nitrided HR Bar (Base) c 62Rce 


Stainless steel 
ASTM Type 304 CR Bar 
ASTM T 304L CRSheet 
ASTM Type 304L (Sen) Sen 1250 F 
ASTM Type 504L HR Bar 
ASTM Type 304L (Sen) Sen 1250 F 
ASTM Type 347 A-1800 F & OQ 
ASTM Type 403 HR & T 1200 F 
ASTM Type 403 CR & HT to hard 
/ ness 
ASTM Type 405 HR Plate 
ASTM Type 410 HT Bar +" hardness 
12 Cr, Mo, W, V % 1400 F 


1200 
12 Cr, Mo HR Plate mt 
12 Cr, Cb HR Plate 

Nonferrous alloys 
90/10 Cupro-nickel HR Bar 
90/10 Ann Sheet 
80/20 Cupro-nickel Ann Sheet 


ASTM Type 410 y 
stainless nitrided HT Bar (Base) 
Cast iron 
ASTM A48 cast SR 1200 F 
Ni-Resist 43° SR 1150 F 
Ductile Ni-Resist #3” SR 1150 F 


70/30 Cupro-nickel Ann Sheet 
Monel? CR Sheet 
Monel? HR Bar 
BTH Pb bronze* 


Stellite #1° Strip 9.8 ... 3. 0 
Stellite #6° HRStrip | x 29.0 . 3.0 
KEL-F-/ Elastomer 3700-336 Canadien cured) Co-poly me triflu orochloroethy lene and vinylidene fluoride 
* Trade name of Midvale Steel Co. A, Austenized N, Normalized ; 
+ Trade name of International Nickel Co. rey CR, Cold rolled OQ, Oil quenched = 
* Trade name of Haynes Stellite Co. FC, Furnace cooled Sen, Sensitized >» oa oe 
4 Trade name of Nitralloy Corp. HR, Hot rolled SR, Stressed relieved — 
* Special General Electric Co. alloy —_ - HT, Heat-treated T, Tempered 
_ 4 Trade name of M. W. Kellogg Co. ; CC, Centrifugally cast Ann, Annealed 
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0.25 V 
0.20V 
0.25 V 
0.02 V 
0.05 V 
0.05 V 
x 149 U.1lo 2.40 1.U bal. 
15 19.0 ... 12.0 Bal. 1.10 
Cb + Ta a 
wes 62Rc 0.15 12.0 ... ... Bal. ... 
97 2.75 3.0 ... 30.0 Beal. 
x x ... 166 240 2.5 ... 30.0 Bal. 0.08 Mg = 
156 0.03 18.0 .. 8.0 Bal. 
x ... 43 0.038 18.0 ... 8.0 Bal... 
149 0.03 18.0 ... 8.0 Bal. 
162 13:9 ... 8.0 Bal. Cb-10X C 
xs ... 2335 0.19 19.5 ... ... Bel 
x x 217 12.5 ... ... Bal 0.5Si 
S82 6070 ... Be 1.08 
| 
311 O21 13.0 1.0 ... Bak 
z ...... 233 0.08 13.58 ... ... Bal. 0.38Cb 
46 ...  ... 80.0 0.55 69 Cu 
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+ fi Fig. 4 Autoclave and test specimens, Test 3 


Oxygen - 0.05 
Time - 1000 hrs. 


Max. Depth Ci 
Erosion - 2 rdls. 


CGaygen - 110 pp: 
Time - 1150 hrs. 


Max. Depth Cf 
Erosion - “ mils. 


Fig. 5 Channel erosion specimens, 5X. BTH Pb bronze (50 Bhn 
Erosion occurs at exit end of channel. (Bottom edge.) 


Once weekly, the bombs were cooled, opened, and recharged 
with fresh water and oxygen as before. After 6 weeks of ex- 
posure, and again after 16 weeks, the specimens were separated, 
inspected, cleaned in inhibited acid, weighed, and inspected 
again for pitting, crevice, and galvanic corrosion. At the end of 
16 weeks, the depth of the deepest pit on each specimen was 
determined with a microscope. 

The results of this test are summarized in Table 5 where the 
weight losses have been converted to “average penetration” in 
16 weeks (with one intermediate cleaning). The depth of the 
deepest pit on each specimen was measured. For each metal, the 
average of these maxima is shown in Table 5. In addition, the 
deepest pit encountered under each set of conditions also is 
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Some of the weight losses are shown as corrosion rates (mils/ 
yr) in Table 3 for comparison with the corrosion under the dy- 
namic conditions of Tests land 2. ‘“Rates’’ for other conditions 
may be inferred from Table 5. 


Discussion 


Erosion in Wet Steam. In Tests 1 and 2, erosion of the wire- 
drawing or channel type was assessed by measuring the depth of 
the deepest pit on each specimen. In Test 1, specimens were 
tested in duplicate; in Test 2, only singie specimens were run. 

Under the conditions of Test 1, increasing the oxygen con- 
centration did not increase the erosion rate except in the case of 
BTH leaded bronze which also was the only alloy which showed a 
simultaneous marked increase in corrosion rate, Tables 2, 3. 
The maximum pitting depth in Test 1 (1000 hr) was about 
twice that in Test 2 (1900 hr) reflecting the greater severity of 
Test 1 (higher temperature, higher velocity, and lower pH). 
However, the relative erosion resistance of the alloys remains 
the same in these tests. This is seen in Table 2 which gives 
the ratio of the maximum depth of erosion for each alloy to the 
maximum depth of erosion of 2'/2 Ni, '/2 Mo. In Test 2 the 
volume of the metal lost also was calculated from weight loss. 
On this basis the relative erosion resistance is the same as that 
obtained from pit depths. 

The condition in Test 2, where the steam is obliged to make a 
sudden turn, simulates conditions of leakage past diaphragms 
and shell ledges. These ledges frequently erode in marine 


Oxygen - 0.05 ppm 
Tim - 1000 hrs. 


Max. Depth Uf 
srosion - 3 mils. 


Caygen - 110 ppm 
Time - hrs. 


Max. Depth Cf 
srosion - 3 mils 


ast steel (131 Bhn). 
preferred paths. 


Fig. 6 Channel erosion coupon, 5X M« 
Note pitting occurs both randomly and along 


Fig. 7 Erosion disk, 5X. Ni, '/: Mo steel (Bhn 262). Maximum 
depth of groove, 0.5 mil in 1930 hr. Note flow pattern indicated by 
stains. Maximum grooves in elliptical pattern below straight 
bore. 
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Table 2 Maximum depth of erosion in wet steam—mils* 


Temperature of entering steam, °F..... . 
Pressure of entering steam, psia 

Moisture of entering steam, % 

Pressure of exit steam, psi 

Velocity of steam, ft/sec 

pH of steam 

Oxygen in steam, ppm... 

Duration of test, hr 


Material 
Carbon steel 
ASTM A201 


Low-alloy steel 


1 Cr, 1 Mo, '/, V Forged 
2 Cr Cast 

2'/2 Ni, '/2 Mo Forged 
2'/2 Ni, '/2 Mo Forged 


Nitrided steel 
Nitrided Nitralloy 
Nitrided EME 

>» Nitrided Type 410 stainless... .. . 


Cast iron 


Stainless steel 
ASTM Type 347 
ASTM Type 403 


BTH Pb bronze 
7 Stellite #6 


@1 mil = 0.001 inch. 
> Actual values: 


Hardness, Mils* Ratio“ 


pH 9.5, 70 ppm O: first 780 hr. 
pH 8.8, 110 ppm O: next 1150 hr. 


Max erosion depth of alloy 


Test 2 
Mystic Station 
272 


Test 1 


Loop #2 
430 


Mils* Ratio® 


© Ratio: 


turbines which operate with saturated steam unless they are 
faced with special alloys. 

From Table 2 it is immediately obvious that resistance to 
erosion as determined by depth measurements follows roughly 
the order of expected corrosion behavior; that is, stainless steels 
are most resistant, low alloy steels intermediate, and carbon 
steel and cast iron least resistant. The predominance of chemi- 
cal effects in erosion under the conditions of Tests 1 and 2 
(calculated velocities up to 460 ft/sec, 270-430 F, pH 7-9) are 
further suggested by the absence of any definite influence of 
hardness. Stellite No. 6, the hardest material tested was not the 
most resistant. Carbon steel A201, however, lower in hardness 
than A27, was the more susceptible of the two. In the low-alloy 
steels, eding from 1/2 Mo steel to 2'/: Ni-'/: Mo steel, 
Table Fae is a progressive increase in hardness and a cor- 
responding increase in erosion resistance. This apparent effect 
of hardness may not be real, however, since, paralleling the 
increasing hardness, there is also an increasing alloy content and 
perhaps corrosion resistance. 


Max erosion depth of 2'/: Ni, '/: Mo forged steel” 


In other tests in wet steam at about 1000 ft/sec the erosion of 
12 Cr steel was reduced by 60 per cent when its hardness was 
increased from 230 Bhn to 415 Bhn (3). This seems to indicate 
that with any particular alloy, increasing the hardness may be 
beneficial. 

Nitrided EME and nitrided Type 410 stainless were not as 
resistant as the unnitrided alloys. Nitrided Nitralloy was 
poorer than the nitrided stainless steels, seeming to indicate an 
influence of the resistance of the base meta! to erosion-corrosion 
as the hardened case eroded away. Earlier work at Mystic 
Station (3) showed nitrided Nitralloy to be much more resistant 
in alkaline steam than in acid steam. 

Other published erosion results in steam show no correlation 
between hardness and resistance. Venton (4), with steam at 
350 psi, found 18 Cr-8 Ni (169 Bhn) more resistant than bard 
cast iron (194 Bhn) and nitrided steels. Lébel (5), with steam at 
885 ft/sec (1900 psi), obtained with Stellite No. 1 (702Hv) 40 
times the weight loss obtained with 25 Cr-12 Ni (373Hv). 
Marshall (6), with low-pressure geothermal steam (high in CO, 


9 9 6 
in 6.8 6.8 9.2% 
< 
4 4 4 4 Soe 
> 
I Cr, 1 Mo Cast.............. 202 2 2 2 2 
62Re 3 3 3 3 
60Re 1 1 1 1 
J 
ASTM Type 405.............. 202 <I <1 <1 <1 al, 
ASTM Type 410.............. 241 “<<a <4 
af. 
2 2 6 6 3.0 6.0 
1 1 1 1 0.4 0.8 
> 


1958 


Test no. 1 


Table 3 Corrosion in wet steam 


Corrosion Rate, mils/yr— 


~ -—Test no. 2— ——_————Test no. 


Loop or run 

Temp, °F.... 
Pressure, psia. . 
Moisture, %....... 
Velocity feet per sec. 
pH 

Oxygen, ppm 
Duration, hr 


Carbon steel 
ASTM A106, A212, 
A201. 
ASTM AQ27 Cast... . 


Low-alloy steel 
Ni, '/2 Mo, 

Forged....... 
2'/, Cr, 1 Mo, 

(A155). 


Cast iron 
ASTM A48.. 
Ductile Ni-Resist 


#3. 0.2 


Stainless steel 
ASTM Type 304L 


0.2 


& Sen..... 
ASTM Type 347. 
ASTM Type 403 

Nonferrous alloys 
90/10 Cu-Ni....... 
80/20 Cu-Ni. 

70/30 Cu-Ni. . 
Monel..... 
BTH Pb bronze 
Stellite #1..... 


2 Cr cast steel. 
+ Ni-Resist No. 3. 


and H.S) at 850-1050 ft/sec, obtained less erosion-corrosion 
with 18 Cr-8Ni (160 Bhn) than with 13 Cr (190 Bhn). 

The relative resistance to erosion in steam obtained by Venton 
and by Marshall are also according to expected corrosion resist- 
ance; stainless steel, low-alloy steel, carbon steel, cast iron. 
No comparison is made with Lébel’s work since he is concerned 
only with highly alloyed metals. 

The wire-drawing specimens, Figs. 5, 6, showed the most 
severe attack at the exit edges. This is partially due to the 
fact that the velocity is highest at this point. There also may 
be effects due to peculiar turbulence and vortexes at this point. 

In 1000-hr tests with wet steam flowing at about 850 ft/sec 
(6 per cent original moisture, 0.05 and 80 ppm O,) there was no 
visible ‘“‘washing erosion’’ of the Types 347 and 405 stainless- 
steel nozzles. There was one “gouge’’ presumably due to a 
hard solid particle. The impact specimens (Types 347 and 403 
stainless), placed two inches from the discharge of these nozzles, 
suffered some roughing as expected. Some of this also might 
have been caused by solids. There was no difference between 
the Type 347 stainless steel and the hardened Type 403 stainless 
specimens. There was no significant effect of oxygen on either 
the nozzle or impingement specimens. 

Turbine buckets normally are protected with erosion shields 
when the tip velocity and moisture exceed 1000 ft/sec and 4 per 
cent, respectively. The possible need for additional shielding 
in the Dresden turbine, where velocities may be below 1000 ft/sec 
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General Corrosion in Wet Steam. In Tests 1 and 2 with 
industrial steam, all specimens became covered with thin, te- 
nacious brown films which may have influenced the results. 
Similar coatings have been reported in the Borax boiling water 
reactor system on surfaces contacting water. Whether such 
films will develop also in the Dresden system, where the water 
purity will be higher, is not known. 

All corrosion specimens in Test 1 were in duplicate; in Test 2 
only single specimens were used. Weight losses in 1000 hr 
(after cleaning) have been converted to corrosion rates using 
“exposed’’ areas. Since some corrosion occurred on other areas 
of the specimens, errors from this essumption tend to make the 
calculated rates high. In Test 1, Table 3, Fig. 8, the corrosion 
rates of all the alloys tested increased with temperature (300 F- 
430 F), plots of the logarithm of the corrosion rate versus the 
reciprocal of the absolute temperature approximating straight 
lines. There is a marked increase in corrosion rates of high- 
copper cupronickel alloys (BTH leaded bronze; 70/30, 80/20, 
and 90/10 cupronickels) with increase in oxygen from 0.05 to 
110 ppm. This effect of oxygen becomes greater with increasing 
temperature. Under the same conditions, Monel (a high- 
nickel cupronickel alloy), low-alloy steel, and Ductile Ni-Resist 
No. 3, show moderate increase in corrosion with added oxygen. 
With carbon steels, oxygen increases the corrosion rate greatly at 
lower temperatures, but has little effect at higher temperature. 
In autoclave tests (545 F, oxygen) BTH leaded bronze dezinci- 
fied. 

Austenitic and martensitic stainless steels showed no significant 
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Fig.8 Corrosion rates of materials (descaled) 


effect of oxygen in Test 1 (up to 430 F). In the rocking auto- 
clave tests (Test 3, 545 F) there was no difference in the results 
with oxygen initially at 50 ppm and 100 ppm in 6 weeks. After 
cleaning these specimens and re-exposing them for an addi- 
tional 10 weeks, the corrosion was more severe with 50 ppm 
than with 100 ppm oxygen for all metals. In another autoclave 
test, results with stainless steels of Types 310, 410, 440C, and 
446 reproduced the results shown for the austenitic and ferritic 
stainless steels in Table 3. In Fig. 8 the alloys are listed in 
order of decreasing resistance to corrosion in wet steam with high 
oxygen content. 

Other autoclave corrosion rates may be obtained from the 
calculated average penetration values given in Table 5. Rates in 
water tended to be lowest; those in condensing vapor inter- 
mediate; and those under alternating (rocking) conditions 
highest. This may be due in part to differences in effective 
oxygen concentration. For instance, the specimens submerged 
in water developed less red oxide than the others. The rocking 
results also may include a velocity effect. All these effects in 
the autoclave tests are small, practically speaking, but they 
appear consistent. Couples of dissimilar metals, which included 
combinations of stainless steel, low-alloy steels, carbon steel, and 
cast iron, showed no noticeable galvanic effects. 

The oxygen concentration in the liquid phase in the autoclave 
tests was much smaller than that in the vapor. Further, the 
oxygen concentration varied during the course of the weekly 
cycle. Thus, in one case 80 per cent of the oxygen disappeared 
during the first week, while only 40 per cent was consumed during 
the sixth week. The hydrogen accumulation also varied. For 
the first and sixth weeks, the ratios H./O. were 3/1 and 1/4, 
respectively. These reflect the decrease in corrosion rate with 
time. Another indication of the decrease of rate with time was 


the resistivity of the water which fell from its original value of 
over 10° ohm-cm to 5000 ohm-cm during the first week, but fell 
only as far as 300,000 ohm-cm during the sixth week. 

The effects of velocity and pH cannot be distinguished in 
these tests. For instance, in Test 2, after 1150 hr, the corrosion 
rate of carbon steel at pH 9 and 90 ft/sec was about twice that in 
Test 1 at pH 7 and 45 ft/sec. In tests at 600 F with steel 
capsules filled with distilled water, Bloom (7) found that the 
effect of ammonia was to increase the corrosion of carbon steel by 
a factor of two at 1000 hr. This effect disappeared as the ex- 
posure time was increased; e.g., 150 days. There was no effect 
if NaOH was used. However, in earlier tests at Mystic Station 
(with no oxygen), the addition of morpholine to steam decreased 
the corrosion rates of carbon and low-alloy steels (3). Douglas 
(8) in autoclave tests at 600 F with no oxygen, obtained no effect 
on the corrosion rate of iron with additions of NaOH. It is 
probable, therefore, that the increased corrosion in Test 2 is due 
to the higher velocity. 

Some comparisons with other published results are shown in 
Table 4. In a qualitative way, agreement is good. Results in 
autoclaves without oxygen indicate rates of 0.0001—0.0002 in/ 
year for low carbon steel in 1000 hr at 500-600 F (7, 8, 9), and 
for stainless steel, about one tenth of these values. 

There was no intergranular corrosion of Type 304L stainless at 
430 F with oxygen in 1000 hr (Test 1), even when sensitized. 
Nor was there any cracking around heavily stamped crosses. 

Pitting. In the dynamic tests with wet steam at 430 F, pH 
6.8, with oxygen (Test 1, Table 3), carbon steel pitted to a 
maximum depth of about 0.002 in. at the periphery of crevices. 
In the exposed areas, the pitting was scattered and about one 
tenth as deep, Fig. 9. The depth of attack increased with 
increase in temperature between 300 and 430 F. Without 
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Table 4 Comparison of corrosion rates in high-temperature 

water at pH 7—-mils per year’; descaled specimens 
——-Velocity, fps———— 
—No 0.— —With O,— 


Temp deg F Hours 0-5 10-30 0-5 10-3 
Carbon steel}: 


Blaser (9).... 500 to 600 


Beeghley (11). 500 


430 


Present work 


Stainless steel— 
304: 
Wroughton 
10).. 
Present work 


*1 mil = 0.001 i 
b pH 7-11. 


Oxygen - 0.05 ppm 
Time - 1000 hrs. 
Max. Depth of Pit: 
Border - } mil 
Exposed - None 


Oxygen - 110 ppm 
Time - 1150 hrs. 
Max. Depth of Pit: 
Border - 2 mils 


Exposed - 3} mil 


Fig.9 Corrosion specimen, 2X. A212 carbon steel. Pitting mostly 


bordering crevices. 


Oxygen-0.05 ppm 
Time - 1000 hrs. 


Max. Depth of 
Fit - 3 mils. 


Oxygen-110 ppm 
Time - 1150 hrs. 


Max. Depth Of 
Pit - 5 mils. 


Fig. 10 Corrosion specimen, 2X. A106 carbon steel. Pitting oc- 
curred only on side facing KEL-F with high and low oxygen. 


oxygen, the crevice pitting at 430 F was minor (0.0003 in., 
Fig. 9). Low-alloy steels showed the same behavior to a 
lesser extent (0.0008 in. at 430 F with oxygen, negligible pitting 
without oxygen). The stainless steels, cupronickels, Monel, 
and Ductile Ni-Resist No. 3 developed minor pits with oxygen 
and none without. 

In Test 1, strips of KEL-F disintegrated at 430 F in less than 
200 hr. With oxygen in the steam, pitting occurred on the sur- 


Gaygen - 0.05 ppm 
Time - 1000 hrs. 


Max. Depth Of 
Fitting - None 


Oxygen - 110 ppm 
Time - 1150 hrs. 


Max. Depth of 
Fitting - 2 axils. 


occurred only on side facing KEL-F with high oxygen. 


faces of specimens facing the KEL-F. On carbon steel, the 
depth of these pits was 0.005 in., Fig. 10, and on Type 403 
stainless steel, 0.002 in., Fig. 11, after 1000 hr. Without oxygen, 
pitting occurred on the carbon steel specimens (0.003 in.) but 
not on the Type 403 stainless-steel specimens, Figs. 10 and 11. 

There was no pitting at crevices or exposed areas of corrosion 
specimens in Test 2 (Table 3) at 272 F, pH 9, with oxygen. 

In the autoclave tests (545 F. with oxygen) the extent of 
general pitting paralleled the weight loss, indicating the major 
loss of metal was by pitting attack. Again, the austenitic 
stainless were most resistant; then followed ferritic 
stainless steel, low-alloy and carbon steel, and cast iron. Pitting 
on the exposed surfaces of the couples was more extensive (but 
not deeper) than on the contact and crevice areas. Deposits of 
iron oxides from solution and easier access to oxygen may 
explain this. Heavier deposits led to larger, but not deeper, 
pits. This was especially noticeable on the stainless-steel speci- 
mens since they pitted less frequently. Pitting at the 0.002-in.- 
wide crevices was largely confined to the mouths of the crevices. 

In Table 5 is shown the average penetration calculated from 
the loss in weight (after descaling) obtained after exposure to 
steam-water-oxygen at 545 F for a total of 16 weeks. The 
deepest pit on each specimen was determined with a microscope. 
The average of these specimen maxima and the deepest pit for 
each alloy are also shown in Table 5. The depths of the deepest 
pit varied less from alloy to alloy than did the average penetra- 
tion value. For cast iron and low-alloy steels the deepest pit 
was from 10 to 80 times deeper than the average penetration. 
For stainless steel, the deepest pit was from 40 to 200 times 
deeper than the average penetration, reflecting the greater 
general corrosion resistance of the stainless steels. As noted 
previously, the average penetration may be taken as a rough 
guide to the number of deep pits. 

In cast iron and cast steel a few very deep pits were observed. 
These might have been associated with inclusions or pin-hole 


steels 


porosity. 

In some cases, the depth of the deepest pit, rather than some 
average value, is of primary interest. Representative portions 
of the pitting data for Types 347, 403, 1 Cr-'/, Mo, A48, and 
A201, were analyzed by the method of variance for possible 
differences in the maximum depth occurring: 


(a) On different surfaces (external, contact, crevice). 

(b) On different portions of a surface; e.g., near or removed 
from edges and screw heads. 

(c) With exposure to water, condensing steam, and with 
alternating conditions (rocking). 

(d) With 50 ppm and 100 ppm ©, (initially 


(e) With different metals. 
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Table 5 Pitting of metals in autoclave tests in steam-water-oxygen; time, 16 weeks; temperature, 545 F; pressure, 1015 psia. 


Depth in mills (1 mil = 0.001 inch). 


Water = Steam 


— Rocking (water and steam)—~ 

50 ppm O, 100 ppm 0, 
Cale Avg Max Cale Avg Max 

ASTM A201.. 


0 41 4.0 
ASTM A27 Cast... 


0.19 6.4 


0.57 5.5 
0.20 0 


Low-alloy steel 
1 Cr, '/. Mo Forged 
1 Cr, 1/, Mo, 
2 Cr Cast.... 
2'/, Cr, 1 Mo, A155 
Ni, '/2 Mo 
Forged 
2 Ni, '/: Mo Forged 


Nitralloy nitrided 0.18 


Cast iron 
A48 


Stainless steel 
ASTM Type 347....0.04 
ASTM Type 403- HR 0.08 
ASTM Type 403-CR 0.08 
ASTM Type 405 0.06 
12 Cr, Mo dais 

* Average penetration calculated from weight loss after descaling. 

+ Average of specimen maxima. 


wf Deepest pit for alloy. 
Single specimen. 


0.25 
0.25 
0.18 


. 0.66 


=>" 


50 ppm O, 
Cale Avg 


100 ppm O, 
Cale Max 


50 ppm O, 
Cale Avg Max 
b 


100 ppm O, 
Max Cale Avg Max 


6.0 


5 0.18 
7 6.5 


0.37 9 6.5 0.37 
0.10 0 5 84 OL 


For practical purposes, the only on differences were due 
to the metals themselves. The results of one analysis are shown 
in Fig. 12. Type 347 stainless was the most versatile metal, 
appearing best under most conditions. Low-alloy steel, carbon 
steel, and cast iron fell into one indistinguishable group. Type 
403 stainless was intermediate, falling most often with Type 
347 but sometimes with the low alloys. In this group, Type 403 
stainless alone showed some effect due to oxygen. A greater 
number of specimens might have revealed other instances. 

Because of the small number of specimens, it was interesting to 
speculate on the maximum depth that might have occurred in a 
large number of specimens. Extrapolation of these data was 
made assuming the distribution of the maxima is of the form 
® = exp( —e)~¥ as described by Gumbel (12). Special probabil- 
ity paper reduces this to fitting a straight line tothe data. This 
line, representing points with 50 per cent assurance, may be 
extrapolated to any probability desired. From Table 6, for 
instance, for 403 stainless, the odds are even that a depth of 
0.004 in. will not be exceeded in more than one specimen out of 


Table 6 Extrapolation of maximum pitting depths by extreme 
value theory = exp (—e)~”; 50 ppm O.; rocking autoclave; 
depth in mils® 
Pit depth with 
50% assurance for 
speci- pit ob- —probability of— 
mens served 0.90 0.99 
ASTM AQ27 cast steel.... 7 23 40 
ASTM A48 cast iron.... f 4 
ASTM Type 403 stainless 4 
ASTM Type 347 stainless 2'/2 
ASTM A201. 6'/s 
1 Cr-1/2 Mo + Ni-'/ 
Mo. 9 
5 


Max. 


12 Cr alloy steels. 
2Cr +1 Mo-'/, V 


*1 mil = 0.001 inch. 


ten. With the same odds, a depth of over 0.006 in. would not be 
expected in more than one specimen in one hundred. 

If the data for all alloys containing 12 per cent Cr are grouped 
together so as to increase the number of observations, the 
corresponding predictions are 0.005 and 0.007 in. A comparison 
of average penetration, average of the maxima measured, and 
the pit depth expected to be exceeded not more than 1 per cent 
of the time, is shown in Fig. 13, for the cases in Table 6. 

There is not enough experience with pitting to indicate how 
significant such extrapolations are. Besides questions of the 
applicability of the particular distribution assumed here, errors 
in the pit depth measurements are not known; there were no 
independent checks on these values. 


Summary and Conclusions 

1 On the basis of this preliminary evaluation, erosion and 
corrosion of a turbine in a boiling water nuclear power system can 
be maintained within tolerable limits with proper design and the 
selection of special materials for critical areas. This evaluation 
is being supplemented by continuing laboratory tests, and by the 
operation of a 5000-kw turbine directly connected to a 10,000-kw 
boiling water reactor at the Vallecitos Atomic Laboratory 
(Atomic Power Equipment Department). 

2 In wet steam with low (0.05 ppm) and high (100 ppm) 
oxygen, stainless steels, Monel, and Stellite 6 were most resistant 
to “wire drawing” erosion. Ductile Ni-Resist 3, low nickel 
steels, and low chromium steels were better than low molyb- 
denum and carbon steels; plain cast iron was the least resistant 
material tested. 

3 In wet steam at pH 7 and 430 F, there was no effect of 
oxygen on erosion in tests with high and low oxygen concentra- 
tions, except for BTH leaded bronze. With low oxygen, BTH 
leaded bronze resembled low chromium steel in erosion; with 
high oxygen, it resembled plain cast iron. 

4 In wet steam at 300-430 F, and pH 7, with low and high 
oxygen, stainless steel, Stellite No. 1, and Ductile Ni-Resist No. 
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logarithm of the corrosion rates varying approximately linearly 
with the reciprocal of the absolute temperature. 

7 At 430F, pH 7, with high oxygen, there was no intergranu- 
lar corrosion of sensitized types 304 and 304L stainless steel 
specimens in 1000 hours, nor were there any cracks around 
heavily stamped crosses. 

8 With low oxygen, at 300-430 F, pH 7, there was no pitting 
observed except with carbon steel, where the effect was minor. 
With high oxygen, all materials pitted especially at crevices. 
Stainless steel and Stellite No. 1 were most resistant. Monel, 
cupronickel, and BTH leaded bronze were better than low-alloy 
steel. Carbon steel pitted most severely of the alloys tested. 

9 In autoclave tests in steam-water-oxygen mixtures (545 F, 
1015 psia, 50 and 100 ppm O,), run for 6 and 10 weeks, the rates 
of corrosion decreased with time. The maximum depth of 
pitting, however, did not increase significantly. 

10 In the autoclave tests, the order of resistance, as measured 
by the maximum depth of pitting, was the same as for resistance 
to general corrosion. There was less difference in the maximum 
pitting depths among the ferrous alloys tested than there was in 
the corresponding weight losses. This reflects the greater num- 
ber of pits in the least resistant alloys. 

11 There were no significant galvanic or crevice effects in the 
autoclave tests. Naturally formed deposits of iron oxides were 
more effective in promoting pitting on all classes of steel tested 
than were artificial 0.002 in. crevices. 

12 Cast iron and low-carbon cast steel were subject to occa- 
sional very deep pits in the autoclave tests. These may be 
related to inclusions and/or pin-hole porosity. 
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3 were most resistant to corrosion. Monel and low-alloy steels 
were superior to carbon steel. BTH leaded bronze was the least 
resistant material tested. At lower temperatures (300-400 F) 
and low oxygen, the cupro nickels were comparable to the most 
resistant materials; at high oxygen, they very rapidly approached 
the extreme corrosion rate of BTH leaded bronze. 

5 At 300-430 F, pH 7, increasing the oxygen level from low to 
high increased the corrosion rate of all materials tested except 
stainless steel. In the case of carbon steel, this effect of oxygen 
on corrosion diminished rapidly with increasing temperature. 
With the cupronickels, the effect of oxygen was much more 
severe at 400 F than at 300 F. 

6 Corrosion rates of all the materials tested, at 300-430 F, 
pH 7, high and low oxygen, increased with temperature, the 
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In addition, the authors and their Department express their ap- 
preciation to Mr. T. E. Nolan and his operating personnel at 
Mystic Station of Boston Edison Company, for their co-opera- 
tion and testing facilities. It would take considerable space to 
acknowledge individually the authors’ indebtedness to the many 
who contributed to this investigation, but special mention is 
deserved by Mr. P. H. Knowlton of Large Steam Turbine Engi- 
neering, Dr. G. V. Browning of the Materials and Processes 
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Laboratory, and the Turbine Advance Engineering Section. 

Authors’ Note: When this paper was written, the authors in- 
cluded information and expressed opinions they believed to be 
correct and reliable. However, because of the constant advance 
of technical knowledge, the widely differing conditions of possible, 
specific applications, and the possibility of misapplication, neither 
the authors nor their employer make any warranty with respect 
to, or assume any liability arising out of this paper, its contents, 
or its use. 
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D. L. Douglas.‘ The authors are to be congratulated on a fine 
contribution to the accumulating body of knowledge concerning 
the behavior of structural materials in high-temperature water 
systems. Despite the great amount of work done under the 
auspices of the Atomic Energy Commission in support of the 
design and construction of water-cooled and moderated reactors 
our theoretical understanding and empirical knowledge of these 
systems are sufficiently limited that predictions of behavior in 
untried combinations of the many variables are not reliable 
enough for design purposes. 

The authors’ findings indicate that erosion and corrosion will 
not be serious problems in a turbine if proper materials are used. 
A gratifyingly wide range of conditions covered in the tests puts 
this conclusion on a firm basis. 

Regarding the autoclave tests, one of the purposes of which was 
to look for galvanic and crevice corrosion, the question of the 
effect of the considerable hydrogen content of the water on the 
results may be raised. DePaul’ states, ‘Tests made in high- 


‘Research Laboratory, General Electric Company, Schenectady, 
LY 


3 ‘orrosion and Wear Handbook for Water Cooled Reactors,”’ by 
D. J. — ed., USGPO, Washington, D. C., 1957, p. 156. 
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oxygen bearing water (1-10 ce/kg) caused all material combina- 
tions with clearances up to and including 0.002 in. to seize within 
a few weeks of testing.’’ While the suthors here do not specifi- 
cally state which couples were tested it is fair to assume that the 
132 couples in the work reported by DePaul covered some if not 
all of the DePaul in fact suggests that oxygen con- 
tents as low as 1 ce per kg (approximately 1 ppm) will lead to 
serious crevice corrosion. It is proposed that the hydrogen 
present in the water accounts for the limited amount of crevice 
corrosion found by the authors. Previous work has shown that 
hydrogen is effective in preventing crevice corrosion.6 Would the 


same ones. 


authors comment on this? 


C. R. Breden.’? The authors of this paper are to be congratu- 
lated on a very timely, significant, and interesting paper. At the 
time the experimental work, reported here, was started, there was 
a very large gap in our knowledge as to what materials could be 
used in a boiling water reactor and its associated steam plant. 
At that time the materials suitable for a pressurized water reactor, 
and its steam plant, had been quite well defined. The steam plant 
being isolated from the primary circuit could be conventional. 
The primary circuit being pressurized could use excess hydrogen 
to minimize the water dissociation, and corrosion could be 
minimized by maintenance of high pH. 

The picture, with regard to the boiling water reactor, was not at 
all clear. In absence of experimental evidence, some people as- 
sumed that the degree of water dissociation in a boiling water 
reactor would not be appreciably different from that in a pressur- 
ized water reactor. Others were of the opinion that it could be 
much greater. When a determination was finally made of the 
amount of water dissociation occurring in BORAX, the boiling 
reactor experiment in Idaho, it was found to be significantly higher 
than that in a pressurized water reactor. Due to this dissociation 
into hydrogen and oxygen, the steam issuing from the reactor 
contained an appreciable amount of oxygen. The important 
question then was, what happens to conventional turbine ma- 
terials when the steam contains oxygen? An additional factor of 
uncertainty was the effect on materials of using saturated steam 
instead of superheated steam. When we started inquiries on 
these two points, we were informed that no one could remember 
what happened to the early turbines operated in this manner. 

Being already committed to a turbine of conventional materials 
for EBWR, the simplest expedient appeared to be to coat the 
inside of the turbine (except for the rotor) with Kanigen nickel. 

After the plant was put into operation, it was found that the 
amount of oxygen present in the steam was about 30 ppm. Since 
no corrosion coupons were placed in the steam lines of EBWR 
until very recently, it is difficult to determine exactly what is hap- 
pening to the materials. From such observations as have been 
made through various openings, there appears to be no cause for 
alarm. When the test coupons are removed for examination we 
should be able to tell more about it. 

As a result of the extensive experimental work described in this 
paper, and the supplemental test work being carried out with the 
boiling water reactor at Vallecitos, the authors should be able to 
specify the materials for the Dresden power plant with considera- 
ble more confidence than was available when EBWR was built. 

The authors set out to study the corrosion behavior of possible 
materials under all of the conditions that they could anticipate 
would occur in the Dresden boiling reactor steam plant. The re- 
sults reported here cover about every possible condition except 
the effect of irradiation. This factor, according to the authors, is 
to be examined at Vallecitos. 


Ibid., p. 157. 
7 Reactor Engineering Division, Argonne National Laboratory, 
Lemont, Illinois. 
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2 per cent boron, stainless steel, A 4494 G 


Fig. 15 4 per cent boron, stainless steel, A 4561 


Of particular interest was their approach to the problem of 
evaluating the pitting characteristics of the various materials, 
and the degree of correlation they obtained. Their experience 
with 403 SS in water and steam, however, is similar to ours with 
410 SS in water. Sometimes it behaved like 347 and showed very 
good corrosion resistance. At other times it behaved like carbon 
or low alloy steels, showing excessive attack. 

Some of our biggest corrosion problems would be minimized if 
we only knew enough about pitting corrosion to be able to pre- 
dict it consistently 

As an extreme example of the apparently inconsistent behavior 
that is occasionally met with in testing materials subject to pit- 
ting attack, see Figs. 14 and 15, pictures of two samples we ex- 
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amined a short time ago. Fig. 14 shows a sample of 304 stainless 
steel to which 2 per cent boron had been added. Fig. 15 shows a 
sample containing 4 per cent boron. These samples had been 
tested in an autoclave in 550 F degassed water for 5 consecutive 
periods totalling 2073 hours without any evidence of pitting. 
After the sixth period had been in progress for 200 hours, the elec- 
trical heater failed and the temperature dropped to that of the 
room. Due to not being able to get repairs, the samples remained 
in the autoclave for 1920 hours at room temperature before the 
autoclave was opened and the samples examined. They then 
had the appearance seen in the figures, rust spots with pits be- 
neath. Without cleaning the samples they were returned to the 
autoclave and tested further at 550 F. 
the rust spots had disappeared, but of course, the pits remained, 
and showed no further attack with additional testing. This 
would appear to indicate that corrosion can be worse at low tem- 
perature than at high temperatures. 
other indications of this apparently reverse temperature effect, 
particularly with the Martensitic stainless steels. 

Test 3 in Fig. 8 of the paper seems to indicate that an oxygen 
concentration of 50 ppm was more corrosive than that of 100 
ppm. Several years ago some dynamic tests of ours indicated a 
rather low oxygen concentration as being more corrosive than a 
higher one. It begins to look as if this question of oxygen con- 
centration should be examined in more detail; as well as the 
effect of temperature. 

In conclusion this discusser would like to ask the authors a 
question that has nothing to do with the experimental work. The 
author’s diagram (Fig. 1) of the Dresden Nuclear Power Station 
shows only one clean-up system, the demineralizer in the feed line 
going to the reactor. Is there a blowdown or other clean-up sys- 
tem in the recirculating part of the primary system? 


At the next examination 


We have had, occasionally, 


Authors’ Closure 


The authors wish to thank Drs. D. L. Douglas and C. R. Breden 
for their contributions to this paper. Because of differences in 
types of specimens and conditions of exposure, a direct comparison 
between our crevice corrosion results and those referred to by Dr. 
Douglas is not possible. In the AEC work, crevice effects were 
determined visually and by the torque required to turn a journal- 
sleeve combination after exposure to oxygen-bearing water. Our 
assessment of the crevice corrosion effects was made visually 
and in terms of specific applications in a steam turbine. Pre- 
sumably, had we run journal-sleeve type crevice corrosion speci- 
mens, we would have observed some seizure also. As in the AEC 
work, all our specimens became pitted and covered with corrosion 
product to varying degrees. A few of our couples actually be- 
same bonded at the contacting surfaces. In the case of the 
corrosion-resistant stainless steels, it seemed clear this bonding 
was due to precipitation of oxides from solution as fine black 
crystals on the contacting surfaces. The source of these deposits 
was largely the much more rapidly corroding low alloy steels. In 
no case did we find any bonding across the 0.002-in. wide crevices 
in tests lasting ten weeks. In our autoclave tests we found depo- 
sition and pitting was more extensive on the external surfaces 
of our coupled specimens than on the recessed surfaces. It is 
possible that in autoclave tests with stainless-steel specimens 
only, the process of solution and precipitation would be so re- 
duced as to make crevice corrosion very noticeable relative to 
other effects. 

We do not know what effect the hydrogen corrosion product 
might have had on our autoclave experiments since the hydrogen 
was not under control. In the AEC work with water containing 
500 cce/kg of hydrogen and 0.5 to 1 ec/kg of oxygen it is not 
definitely stated whether the oxygen was maintained at this level 
or whether it might have been consumed by reaction with hydro- 
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gen or metal. In our autoclave tests, the oxygen was never com- 
pletely consumed before it was renewed. 

Twenty-four materials, most of which are described in Table 1, 
were tested in 39 combinations in our autoclave crevice and 
galvanic corrosion work: 


Cr, '/; Mo pipe 
/ 


versus 
versus 
versus 
versus 
versus 
versus 
versus 
versus 
versus 
versus 


i, Mo forged 
A201 boiler plate 


1 
21 
1 /+ Mo forged 


AST 
C 
Yr, 1 Mo east 

ASTM A201 

Nitrided Nitralloy 

ASTM A155 

12 Cr, 1 Mo, 1 W, '4 V 

Ni Resist #3 

SS 410 

SS 403 ae 

Ni, '/2 Mo forged 

SS 405 

ASTM A193-B16 

ASTM 

2 Cr cast 

ASTM A27 

ASTM A201 

ASTM A48 

SS 440C 

1 Cr, 1 Mo 

ASTM A27 

SS 446 

ASTM A201 

1 Cr, '/2 Mo forged 

ASTM A155 

2 Ni, '/; Mo 

2 Cr cast 

ASTM A48 

2 Cr cast 

ASTM A27 

ASTM A48 

BTH bronze 

ASTM A48 


2'/, Ni, '/2 Mo forged 
Ni, 1/3 Mo 

2'/2 Ni, '/2 Mo 
ASTM A155 

ASTM A155 

2 Cr cast 

2 Cr cast 

2 Cr cast 

2 Cr cast 

ASTM A201 
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BTH bronze 
ASTM A27 
BTH bronze 


ASTM A201 
ASTM A48 
ASTM A48 


versus 
versus 
versus 


The Large Steam Turbine-Generator Department is conducting 
tests with experimental turbine parts, as well as with corrosion 
coupons, in a 5000-kw turbine operating with a boiling water 
reactor at Vallecitos. In Schenectady we are studying the ef- 
fects of variables such as velocity, moisture content, and density 
on erosion and corrosion by steam. Independently, the Atomic 
Power Equipment Department is conducting various investiga- 
tions in a number of laboratory loops. It will be interesting to 
compare these results with the information from the EBWR tur- 
bine at the Argonne National Laboratory. 

The stimulation of pitting in high-temperature water by pre- 
exposure to low-temperature oxygenated water may occur both 
with stainless steels as illustrated by Dr. Breden, and with carbon 
steel as reported by Dr. Bloom.* We do not have sufficient data 
to prove that a nominal 50 ppm oxygen was more severe than a 
nominal 100 ppm in our autoclave tests. The corrosion rate of 
carbon steel in flowing water at 90 F and pH 7, with 3 to 5 ppm 
O., was found to be 0,002 inch per year, approximately the rate 
obtained in our tests at higher temperatures. It would be in- 
teresting to know whether the corrosion rate of steel in water 
does pass through a maximum at relatively low-oxygen con- 
centrations and temperatures. 

There is another clean-up demineralizer in the primary system 
of the reactor as shown in reference (1). 


8“Observations Regarding the Nature of Films Formed—Pitting 
Phenomena,” by M. C. Bloom, M. J. Boehm, M. Krulfeld, and R. E. 
Seebold, NRL Quart. Nuc. Sci. and Tech., January 1, 1957, pp. 29-31. 

* “Some Loop Experiments in the NRX Reactor to Study the Cor- 
rosion of Mild Steel by Flowing Water at 90 F,”" by G. M. Allison, 
CRDC 645, November, 1956, Atomic Energy of Canada Limited, 
Chalk River, Ontario, Canada, 


SS 304 
SS 310 
. 
SS 347 
SS 347 
8S 403s versus 
8S 403 versus 
SS 403 versus 
SS 405 versus 
SS 405 versus 
SS 405 Versus 
SS 410 versus 
SS 410 versus 
8S 440C versus 
SS 440C versus 
SS 440¢ versus 
SS 446 versus 
a 15 Cr, 2 versus 
versus 
versus 
versus 
versus ® 
versus 
versus 
versus 
versus 
versus 


‘Turning 


ney By R. C. BREWER,' SALFORD, ENGLAND 


The general economic problem of turning is fairly well appre- 
ciated from a qualitative viewpoint; viz., that the reduction in 
machining cost as the cutting speed is increased will be eventu- 
ally more than offset by increased tool changing and grinding 
costs. The problem involves, however, a great number of 
variables and it must be conceded as axiomatic that the number 
ef variables which can be conveniently handled mathematically 
is such that a great deal of generality is lost. There is a further 
risk of loss of generality in attempting to represent the mathe- 
matical results in a form suitable for application, preferably 
graphical. This paper attempts to achieve the initial goal of in- 
cluding at least the fundamental variables in the analysis and 
representing the results in a reasonably useful form. 


Nomenclature 


The following nomenclature is used in the paper: a 


= 


= indexes for feed and depth of cut in tool-life equation 
= cutting cost per piece 
= idle cost per piece 
total cost per piece 
premature failure cost per piece 
too] changing cost per piece 
tool depreciation cost per piece 
tool regrinding cost per piece 
diameter of workpiece 
depth of cut 
feed rate 
length of workpiece to be machined = 
number of tools 
index of T in tool life equation 
index of W in premature failure equation 
= general labor and overhead costs per minute 
constant regrinding costs 
cost of grinding 1 in. off clearance face of tool 
number of times a tool can be reground 
tool life 
specific tool life for an amount of wear Wo 
tool-changing time 


PA > 


D 
d 
f 

OL 

N 
n 
q 


= final cost of tool 
grind 
b/n 
London, England. 
Nore: Statements and opinions advanced in papers are to be 


idle time per piece 
= initial cost of tool 
fraction of tools which prematurely fail between each re- 
cutting speed 
amount of flank wear 
a/n 
1 Formerly, Senior Lecturer in Mechanical Engineering, The Royal 
Technical College, at present, Lecturer in Production Engineering, 
Imperial College of Science and Technology, University of London, 
Contributed by the Research Committee on Metal Processing and 
presented at the Annual Meeting, New York, N. Y., December 1-6, 
1957, of Tae American Society oF MecuanicaL ENGINEERS. 
understood a. individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, January 
15, 1957. Paper No. 57—A-58. 


Y clearance angle of tool 
A limiting amount which can be ground off before a tool is 
useless for its present purpose 
E ratio of tool-changing and regrinding costs to labor cost 
Cc C 
plus overheads per unit time = Ce Fe 
1 
number of pieces machined by any one tool between re- 
grinds 
Cra + Coz 


Introduction 


The problem of economic machining has been acknowledged for 
many years and there has been some appreciation (albeit imper- 
fectly) of the solution from a qualitative angle which may be 
summarized as follows: Faster speeds and higher feed rates are 
required to reduce machining times and hence reduce costs but 
the implementation of either leads to shorter tool life, which in- 
creases costs. It is supposed that there is some optimum set of 
conditions which will lead to a minimum cost. If this be true, 
there remains the further point as to whether the machine tool has 
sufficient power to meet the requirements of these optimum con- 
ditions. 

Put qualitatively, this seems to be a simple problem; a quanti- 
tative solution, however, is beset with many difficulties, the 
principal of which are: 

1 The mathematical manipulations involved. 

2 The difficulty of obtaining sufficient reliable data (this, 
despite the amount of published information on metal cutting). 

3 The formulation of any conclusion which could be regarded 
as general. 

The problem of economic cutting conditions has been previ- 
ously investigated with varying degrees of generality and often 
from rather different aspects. The earliest references to economic 
cutting speeds appear to have been made in the early 1930’s by 
Leyensetter (1),? Paasche (2), and Wallichs and Schépke (3). 
These form a “technical’’ rather than “economic’’ study of 
machining conditions as does the more recent paper of Skrgatié 
(4). This latter paper gives many comprehensive data on the rela- 
tionship of economic cutting speed to other machining variables 
and even material properties, but this economic cutting speed is 
arbitrarily defined in terms of a specified tool life. 

The first analyses of a more general nature seem to have been 
given by Witthoff (5, 6, 7), who considered the effect of cutting 
speed and, to a less satisfactory extent, that of feed. He deduced 
an expression for cost in the form 

k 
wi Cost = ki + 


ad 


It was not made sufficiently clear that ¢c includes a term of the 
form f* since the symbol c is derivable as follows: The generalized 
tool-life expression is of the form V7'*f*d? = const, which for a 
given depth and feed, reduces to 


2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Differentiating Equation [1] with respect to V and setting the 
result equal to zero gives as the cutting speed for minimum cost 


c 
é{--1 
n 
where & is some constant. 


Substitution of this value into the tool-life expression VT*=c 
yielded the possibly unexpected result that the tool life for mini- 
mum cost was 


Vo = 


i.e., the value c had disappeared and the answer to the economic 
problem appeared to be independent of the feed. Indeed Witthoff 
indicates this in his first paper (5) and suggests that the general 
procedure should be to determine the tool life for minimum cost 
from Equation [3] and then to use tool life/cutting speed curves 
to find Vo. This is evidently where the paradox is explained, for 
the question immediately arises—the tool life/cutting speed curve 
for which feed? : 

Witthoff argues, with some conviction, that the feed to be 
selected should be the greatest consistent with the power available, 
but since power is a function of feed and cutting speed and, as yet, 
the cutting speed (for minimum cost) cannot be found until the 
feed is known, the problem has evidently reached the vicious- 
circle stage. This point was not made explicitly in Witthoff’s 
paper and it is perhaps significant that all three of his numerical 
examples start with a feed as one of the given quantities. 

This difficulty has arisen because feed was not considered satis- 
factorily in the first place and a problem in two independent varia- 
bles was made to look as though only one variable was effective; 
this cannot be so. As will be seen later in the paper, there is 
another aspect of the problem that this treatment has not clari- 
fied. 

Independently, Atalay (8) and Gilbert (9, 10) gave analyses of 
the problem considering only cutting speed as variable. Accord- 
ingly they arrived at the same forms of equations as Witthoff but 
they gave an interpretation of the constant; viz., the ratio of the 
cost of changing and regrinding a tool to the cost of labor, and 
overheads per unit time. As the analysis did not consider feed 
rate, there was no need to consider methods for its selection but 
the disappearance of the “constant’’ in the tool-life equation was 
again noted and Gilbert (10) states: “This means then that the 
tool life is independent of the loading time, the idle time, the size 
of part being machined, the tool shape, size of cut, cutting fluid, 

This is true and the implication of it will be dis- 
cussed later; nevertheless the reference to size of cut may have 
created the impression that feed does not enter into the problem. 

Lickley and Chisholm (11) considered the effect of speed and 
feed on cost but formulated no general expression. Their prime 
objective seems to have been to compare laboratory tool-life tests 
with shop conditions. They did not consider wear as a variable 
nor allow for the premature failure of a certain number of tools 
which occurs, especially when using carbide as a cutting medium. 
Some of the discrepancy between their predicted and actual re- 
sults may well be attributable to omission of this latter considera- 


tion. 


The General Cost Expression 


For the purposes of the present analysis, the total cost /piece C, 
will be broken down into the following parts: 
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Idle cost/piece, C; 

Cutting cost/piece, C, 

Tool changing cost /piece, 

Tool regrinding cost/piece, C,, 
Tool depreciation cost/piece, 

Premature failure cost//piece, 


- With this definition, it follows that 


C, = C; + C. + + C., Cra [A] 


Each of these terms will now be considered in turn. 
Idle Cost/Piece. If t; be the idle time/piece, then the idle 
cost /piece will be 


where FR, represents the general labor and overhead costs per 
minute. This will include operators’ wages, maintenance, power, 
depreciation (excluding tool depreciation), and so on. 

Cutting Cost/Piece. This will be directly related to the time 
actually taken to machine each piece; i.e. 


C. = (cost/minute)(eutting time per piece) 


where L, D, f, and V are in consistent length units (inches in this 
paper). 

Tool Changing Cost/Piece. 
life relationship is given by 


V = 


It is usually accepted that the tool- 


const = A... 


where 7p is the specific tool life for a given amount of wear Wo. 
This may be transformed to give 


a/nand = b/n. 

The costs of regrinding are affected by the amount of wear that 
has taken place and hence, if this is to be allowed for, some fune- 
tional relationship must be established (or assumed) between the 
general tool life T and the general amount of wear W. The evi- 
dence available suggests that different relationships may hold for 
different work materials and cutting conditions Shaw (12) gives 
four curves (fig. 22 of the paper cited) indicating a direct pro- 
portionality between wear and time of cutting and this is largely 
supported by the results of Pekelharing and Schurmann (13). 
sults which appear to conflict with this have been quoted by 
Bickel (14) and, in a more recent paper, Shaw and Dirke (15) 
have given many wear curves (for different work and tool ma- 
terials) which suggest that the linear law is a special case of a more 
general relationship. In this paper, the linear law will be con- 
sidered but evidently the same treatment will apply to other 
more general laws. 

Thus for any wear W other than the standard wear Wy) we may 
write 


where a@ = 


tee 


Time for wear W 19] 
Time for wear 


Substituting into Equation [8] we have a general expression re- 
lating the machining parameters to the amount of wear, viz. 


be 
~-(-1) 
_= 
: 
_ Wo? 
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r (2 W 
V fed? 
If we now assume that the tool changing time ¢, is independent 
of the amount of wear (which seems reasonable) we may write 
down the tool-changing cost/piece as 


= 


et 
= Rit. 
fl \/Wo" 


Tool Regrinding Cost/Piece. There are certain costs associated 
with regrinding which are quite independent of the amount of 
wear allowed; e.g., the general handling associated with removing 
the tool, inspection, lapping where necessary, and soon. Let these 
costs be denoted by dollars /regrind. 


(cost /tool change )(number of tool changes/piece) 


Schematic representation of a tool with flank wear of amount 


Fig. 1 
Ww 


Fig. 1 shows the profile of a tool with clearance-face wear of 
amount W inches. Theoretically, the amount to be ground off in 
order to produce a satisfactory clearance face is AB = W sin y 
but in practice an amount (W sin y + A) must be ground off as 
the worn face is not a well-defined line. Then if R; be the cost of 
grinding per inch (measured in the direction of AB), the total cost 
per regrind is 


R: + R; (W sin y + A) = + R:A) + sin y. . [12a] 


Hence regrinding cost per piece = (cost/regrind )(regrinds / piece ) 


LrD V lin 
= + RA) + RW sin 7 
0 


Tool Depreciation Cost per Piece. Let the initial cost of the tool 
be ¢) and, in general, we may assume that the tool has a final value 
t, when it is of no further use for the particular operation con- 
sidered; in particular t, may often be zero. If the tool is reground 
r times before it is of no use for the particular job, then the loss in 
value of the tool (tf — ¢,) is spread over (1 + r) usages. 
The value of r is determined from the amount ground off each 
time (W sin y + A) and the limit imposed when further re- 
grinding becomes impossible (A); i.e. 


~ W siny +A 
A d/Wo" W | 
W siny + A 


= 


Premature Failure Cost per Piece. Witthoff concludes his first 
paper (5) by remarking that, as the analysis is mathematical, the 
results need no practical verification. The results, however, are 
no more reliable than the data will permit and the weakest link 
for the brittle tool materials is that there is no guarantee that 
each tool will last the time predicted by tool-life tests. This has 
been noted by Lickley and Chisholm (11). 

Although this phenomenon is not completely explicable it seems 
reasonable to assume that if a tool is allowed to wear more before 
being reground, its chances of reaching the expected tool life will 
be reduced. Quantitative evidence of this is scanty but some 
small details have been given by Burmester (16). The numerical 
part of his deductions therefrom is not clear but the author has 
plotted his premature-failure figures bilogarithmically and ob- 
tained the fact that the percentage of premature failures is pro- 
portional to the 2.78 power of the amount of wear permitted. 

There are thus two alternatives: . 

(a) To accept the sum of the costs 1-5 as the total cost, 
realizing that for brittle materials especially, it is unlikely to give 
a true picture except at small values of wear. 

(b) To attempt to incorporate the notion of premature failures 
into the general theory, accepting that it must be based on certain 
assumptions which are either only partially justified or whose 
justification may not be verifiable directly. 

The first alternative leads to the expression for cost per piece as 


Ag 
fV SV \A/Wor Ww 


1481 


C, = + 


6 
Rit, + R2 + RsA + sin y + 


—t 


W sin y + A\ 
The second alternative will now be discussed. It is evident from 
the foregoing discussion that, due to premature failure, the cost 
will increase as the wear permitted increases (provided that this is 
taken over a considerable number of pieces.) This concept may be 
incorporated into the cost equation if we assume that this cost 
may be divided by the number of pieces so as to give an average 
cost per piece; this average will be greater than that for tools 
exhibiting no premature tool failure. A further assumption which 
must be made, and about which there is no experimental evidence 
at all, is that premature failure is independent of the number of 
times a tool has been reground; this appears reasonable. 

Initially there are N tools and if (100u) per cent of the tools fail 
between each regrind, then at the first regrind there are only 
N(1 — u) tools which have not failed; the u.V tools which have 
failed are regarded as now useless for the present operation.’ At 
the second regrind there will be only N(1 — u)? tools and, in gen- 
eral, at the rth regrind there will be N(1 — uw)" tools. After the 
r th regrind, the tools remaining cannot be reground and therefore 
the number of pieces machined by the tools which do not fail — 


+1 —u)?4+(1 


+(1 —uy*] p 
1-(-wy 


where p = number of pieces machined by any one tool between 
regrinds. 

Estimating the number of pieces produced by the tools which 
fail prematurely is more difficult since the number will vary from 


3 If this should not apply to all uN tools, under similar assumptions 
to the foregoing, we could make allowance for this by reducing the 
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tool to tool. This difficulty was overcome by Burmester (16) in 
an indirect manner, from which it was concluded that, on the 
average, each tool produced, before failure, 80 per cent of the 
components produced, between regrinds, by a tool which did not 
fail; i.e. O.Sp. 

With these data we may proceed as follows: In the period be- 
fore the first regrind Nu tools fail, producing 0.8pNu pieces before 
failure. Between the first and second regrinds, there are initially 
N(1 — u) tools, of which (100u) per cent fail prematurely; i.e., 
uN(1 — u); these produce 0.8pNu(1 — u) pieces before failure. 
Proceeding in this manner, we may again sum a geometric series 
to give the total number of pieces machined by the tools which 
fail 
= O.8Nup[l + (1 — u) + (1 + 

+ (1 — uy) 
1—(1 — uy 


Hence adding Equations [15] and [16], the total number of 
pieces machined by N tools 


-(i- 


and the number of pieces machined per tool 
1-(1—uy 
= p(1 — 0.2u) 


This may be regarded as increasing the tool-depreciation cost 
in the ratio 
total number of pieces machined with no premature failures 
total number of pieces actually machined 


p(r + 1) 


I- 


Hence 
Cra + Coy = 
Adding the various costs we have for the total cost/piece 
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It is seen from Equation [21] that the cost per piece is a func- 
tion of four variables, viz., W, d, f, and V; u is a function of W 
which will be expressed more explicitly later. The effect of these 
variables on C, will now be discussed. 


Effect of W. From the bilogarithmic plot mentioned previously 
it was found that the incidence of premature failures was related 
to the amount of wear permitted before regrinding, by the rela- 
tionship u = mW*, Substituting for u in Equation [21] yields a 
functional relationship between C, and W which is too complex to 
permit a general mathematical treatment. However, for use in 
the present analysis, a specific set-up is considered, details of 
which are given in the Appendix; many of these data are difficult 
to assess with information available at present but the order of 
magnitude should be correct. 

For given values of feed, depth of cut, and cutting speed, the 
variation of C, is governed by the third term in Equation [21]; as 
W is increased, the quantity in braces increases, slowly at first 
and then more rapidly while the other variable part, 1/W, evi- 
dently decreases. The result is a curve, shown in Fig. 2, exhibit- 
ing a minimum cost at approximately 0.03 in. wear. Evidently 
alteration of feed, depth, and speed would affect the magnitudes 
throughout the range of wear but the general shape of the curve 
would not be affected since it is controlled by the two quantities 
stated previously, both of which are independent of f and V 


0.02 0.04 
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Fig. 2 Variation of cost/piece with amount of flank wear permitted 


before regrinding 


Effect of fand V. The foregoing paragraphs have indicated 
that there is an optimum amount of wear to be permitted before 
regrinding. Assuming that this value has been chosen, Equation 
[21] may be simplified to give 


LrD 
= t - — 


where B is a constant equal to the term in braces in Equation [21] 
divided by W. 

Differentiating Equation [22] with respect to f and V in turn 
and equating to zero, we may establish the conditions (if any) for 
minimum cost. 
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It should be emphasized that both of these equations are inde- 
pendent of the physical dimensions of the workpiece. Since Equa- 
tions [23] and [24] cannot be simultaneously true, it is evident 
that there is no absolute minimum value of C, considered as a 
function of f and V. It is known, however, that for a given value 
of f, there is a value of V which will give minimum C, and for a 
given value of V, there is a value of f which will give minimum C,. 
Further, from Equation [23] it is seen that as f is increased the 
value of V for minimum cost decreases as would be expected; 
indeed if both sides of Equation [23] are multiplied by d® we see 
that V'/"f2d8 is a constant; i.e., the tool life for minimum cost is 
constant (compare with Equation [11]). Gilbert’s comments on 
this have been noted already. 

Using the data given in the Appendix and d = 0.05 in., Equa- 
tion [22] takes the numerical form 


( 
522 \163.8 


(C, in dollars per piece). Fig. 3 shows curves of C, against V for 
various values of feed from which it is seen that, as f increases, 
not only does the value of V for minimum cost decrease but also 
the cost itself decreases, although not spectacularly. 
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Fig. 3 Variation of cost/piece with speed. Numbers against curves 
refer to feed rates in inches/revolution. 


Fig. 3 is useful for interpreting Equation [25], but is not the 
best representation of the effect of varying feed and cutting speed 
since it gives no facile impression of how much change in C, is 
effected by any given change in f or V. In Fig. 4 is shown the 
locus of the points of minimum cost; thus for any given feed the 
cutting speed for minimum cost can be read off easily. As has 
been pointed out, there is no absolute minimum of C, as a func- 
tion of f and V but in the range covered by Fig. 4 the lowest cost 
is at f = 0.05 ipr and V = 1400ipm. If we call this C,’, then all 
combinations of f and V which will give costs, some given per- 
centage above bod must satisfy an equation of the form 


7 ‘ 
(25) 


+ (u > 1)... [26] 
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Fig. 4 Relationship between cost/piece, feed, and cutting speed. 
Broken lines are loci of equal cost (expressed as multiples of Cy » 
Chain lines are loci of constant power. 
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Fig. 5 Three-dimensional plot of relationship between cost/piece, 

feed, and cutting speed. Full lines are curves at constant feed rate 
and broken lines are curves at constant speed. 


In Fig. 4 are shown constant-cost loci for 4 = 1.1, 1.2, 1.4, 1.6, 
1.8, and 2.0 (i.e., 10, 20, 40, 60, 80, and 100 per cent above C,’). 
These do give some indication of how critical, or otherwise, is the 
selection of speeds and feeds and incidentally show how the ‘‘val- 
ley” of the minimum cost rises toward the lower feeds. This 
valley is seen in the three-dimensional representation of Fig. 5 but 
the rise in the valley is too gradual to be apparent in a pseudo- 
perspective view. Fig. 4 is essentially a plan view of Fig. 5. 

A point of great practical importance is whether the machine 
has sufficient power to enable minimum cost conditions to be 
realized. To assist in answering this, curves of constant horse- 
power have been added. [Horsepower at the tool tip has been 
used to avoid introducing the (variable) efficiency of the ma- 
chine. ] 

The diagram is now in a fairly complete form inasmuch as one 
can select a feed and cutting speed to achieve either the best re- 
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sult or the nearest to it. However, in application it has the serious 
drawback that it applies to only one depth of cut. It would be 
preferable to sacrifice the trajectories of constant cost in order 
to be able to indicate the various loci of minimum cost correspond- 
ing to different depths of cut. 

At this point it should be recognized that Figs. 3 through 5 
have given some insight into the complex cost relationships but 
would involve a great deal of very tedious calculation work and 
graph plotting. Thus, if some alteration which will reduce the 
amount of preparation work is not forthcoming, the analysis re- 
mains of interest only from the viewpoint of giving an insight of 
the problem. 

However, any curve can be replotted as a straight line if the 
axes are subdivided in the correct manner and in the present case 
it is fortunate that the most important loci are power laws, which 
means that commercially availabie bilogarithmic paper can be 
used. Fig. 6 shows much of the information of Fig. 4 replotted 
on logarithmic co-ordinates. The locus of minimum cost and the 
loci of constant horsepower are now straight lines; the trajectories 
of constant cost, however, are still curved since Equation [26] is 
not a pure power law, but as the curves recede from their turning 
points they become effectively straight and of slope — 1 (see u = 
1.4 and 1.6 trajectories in Fig. 6) due to the predominant effect of 
one term. 
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Fig. 6 Bilogarithmic plot of relationship between cost’ piece, feed, 
and cutting speed 


In the comments made on Witthoff’s first paper, another aspect 
of the problem was meuitioned but deferred until later. It is now 
convenient to refer to this, making reference to Fig. 6. Consider 
a lathe having 1.7 hp at the tool tip; up to the point X the power 
line lies to the right of the minimum cost line and hence a speed 
‘an be selected to give minimum cost at that feed. Above X there 
is insufficient power to achieve minimum cost for a given feed so 
that the question arises ‘‘is there any point in increasing the feed 
beyond this critical value?’’ Fig. 6 shows clearly that the answer 
is ‘‘yes,’’ this hinging upon one point; viz., that the horsepower 
line has a steeper slope than the constant-cost trajectories. Hence 
as one proceeds along a constant power line towards higher feed 
rates the cost is steadily decreasing although, from point X 
upward, the minimum cost for a given feed can never be achieved; 
indeed if one tried to achieve minimum cost conditions under 
such circumstances a self-inconsistent result would be obtained. 
It is felt that Witthoff’s treatment did not clarify this point. 

Had the machine in question had 2 hp at the tool tip then, up to 
the limiting feed shown, minimum cost conditions could have been 
achieved at any feed while for 1.5 hp at the tool tip, the limiting 
conditions throughout would have been power. The problem is 
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thus more complex than has been indicated in the previous 
literature and there are two zones (a) where minimum cost con- 
ditions can be realized, and (b) where power is the limiting factor. 

Effect of d. The effect of depth of cut may be considered as 
follows. Two questions need answering: (a) Whether to take the 
depth in one cut or more; (6) for more than one cut whether to 
take the cuts in equal amounts or not? Considering the first ques- 
tion we have, using Equation [22], the cost /piece using only one 
cut 


IrD LrD V Ln 
Cc = 8 27 


Remembering, that with two cuts, the time taken per piece is 
doubled, the cost per piece for two cuts is 


InD | 2LrD d\8 
Cy. = t 2 - + f= _ .[28) 
= Rit, + + (, B. .{28) 


The boundary dividing the zones where these two desiderata 
represent the minimum cost is given by equating the right-hand 
sides of Equations [27] and [28]; i.e. 


V lin 


For the data of the Appendix this reduces to 


( 
f5.6 


This line is the one marked AB in Fig. 6 and it will be seen that 
the region covered by the previous discussion is well inside the 
zone where one cut is more economical. Thus the second ques- 
tion posed in the foregoing need not be considered here; the use, 
in practice, of roughing and finishing cuts is largely a matter of 
securing dimensional accuracy. 
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Conclusions and Suggestions for Application 


1 It has been shown that there is an optimum amount of wear 
for minimum cost but the analysis has drawn attention to the 
need for much more information on many aspects of this relation- 
ship. 

2 The question of the number of cuts has been discussed and 
this left the general problem of C, as a function of feed and cut- 
ting speed. Dependent on the power available, minimum cost 
conditions might, or might not, be attainable but it was true to 
say that, if they were not attainable, then the heaviest feed would 
give the lowest cost. 

3. The analysis is not withou its cross currents; for example, 
an additional overriding criterion of surface roughness may be 
present, the fact that continuously variable feeds and speeds 
(easily attainable in a mathematical analysis) do not obtain in 
general practice, and so forth. It is, as already stated, axiomatic 
that the more variables one wishes to include, the less hope there 
is of any easy scheme of application but the following suggestions 
are offered in the light of the analysis given: 


(a) Bilogarithmic graph paper may be used for a general 
feed-speed chart, similar to Fig. 6, or if the chart is for a given 
machine a tracing may be made showing only the feeds available 
on that machine. 

(b) Using available or acquired tool-life data, lines of mini- 
mum cost for various relevant depths of cut may be added. 

(c) Using data on hp/cu in/min and the (power law) correction 
factors for depth of cut and feed, suitable horsepower lines may be 
added (a chart for a specific machine would have only one hp line 
per depth of cut.) 
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(d) If desired, the horizontal axis, being logarithmically di- 
vided, may be used as one line of a nomogram, the other two lines 
for spindle speed and workpiece diameter being added below as 
horizontal lines suitably divided (again for a specific machine, 
only the spindle speeds available would be graduated). 


It is realized that when all this has been done, the chart is still 
only valid for one material but it is felt that much of the informa- 
tion available would often be more useful in the form of such a 
chart than as tool-life data where economic considerations are not 
evident, although it is recognized that not all machining is 
governed by economic considerations. It is hoped, however, that 
° the analysis has clarified some aspects of the problem. As the 
point does not seem to have been mentioned specifically before, 
it is as well to add that the conditions for minimum cost need not 
coincide with those which enable the operator to make his 
greatest wage and thus some attention would need to be given to 
bonus and ineentive schemes. 

Finally, the treatment could be modified a little to consider the 
maximum production rate instead of minimum cost, the optimum 
speed for maximum production rate being rather higher than that 
for minimum cost. 
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APPENDIX 


Numerical Data for Setup Considered in Body of Paper. A turn- 
ing operation on a nickel-chrome steel 3 in. diam, 6 in. long; 
tool material, cemented carbide. Tool life relationship 


Cost ratios: R, — 0.05 dollars/min, R, — 6.2 dollars/regrind, 
R; — 16 dollars, in. 


Idle time: 
Approach, ete., min... 
Remainder reduced to a time/piece, min............ 


Tool costs: & = 5 dollars; t, = 0 
Tool grinding data: A = 0.008 in. A = 0.2 in. 
u = 1600 


Premature failure data: 


Discussion 


B. N. Colding.* The author is to be commended for an interest- 
ing contribution to an extremely important subject. ' 7 

Although the particular economic machining problem with 
which the author deals was first considered (as far as is known to 
the writer):as early as 1929 by Forsberg (1),5 no one has solved 
this problem satisfactorily. The reason lies probably in the fact 
that tool life is generally studied at only a few different feeds 
chosen within a rather narrow feed range. The generalized tool- 
life equation obtained is therefore too uncertain to enable one to 
state a certain optimum of cutting data with certainty. Un- 
fortunately this is often done. 

Witthoff’s cost Equation [1] in this paper yields the commonly 
recognized economic tool life Equation [3]. Forsberg’s economic 
tool-life equation established in 1929 was indeed Equation [3], but 
it was derived considering the maximum production rate. The 
author’s main conclusion, ‘““The heaviest feed would give the 
lowest cost’’ agrees well with that of Svahn (2), who states that 
in rough milling ‘‘choose as heayy feed per tooth as possible in re- 
gard to tensile strength of the tooth and a relatively low cutting 
speed suitable to it.’’ However, it will be shown that the eeo- 
nomic optimum of eutting variables may be a combination of 
feed and cutting speed available on standard machine tools. For 
other types of material the heaviest feed and depth of cut should 
be chosen. The final result depends on the validity of the ap- 
proximation made in the use of a generalized equation of this type 
VT*fed = const. There are at least three limiting factors involved 
when using the foregoing equation: (a) The Taylor exponent n 
varies in practical cases with feed f and depth of cut d. (6) When 
tool life T is plotted on logarithmic co-ordinates for a constant 
speed, V versus f or d, the resulting function is better approxi- 
mated by a curve than by a straight line. (c) Log 7 versus log V 
or log T versus log f (or d) can only be regarded as a good straight- 
line approximation within certain limiting feeds or speeds. The 
two first mentioned causes of uncertainty will be included in the 
first of the two examples to be given while the third cause is 
considered in the second example. 

The author's cost expression Equation [22] is rewritten in the 


following form: 
B 
= R, (1+ [22a] 


* Research Supervisor, Department of Physical Research, Cin- ~ 
cinnati Milling Machine Company, Cincinnati, Ohio. 

5 Numbers in parentheses refer to the Bibliography at the end of this 
discussion. 
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Fig. 7(a) 


However, defining the material to be taken off more generally, 
one can also write 
LrDd = A 
where 


- A = volume to be removed per part 


e d= depth of cut 


as A B 


From Equation [31] it is seen that (LD) is also a function of 
the depth of cut d, a fact. which should be kept in mind when 
differentiating Equation [22a] with respect to d. 

An expression similar to that given by Equation [22b] but 
which is valid for maximum production is readily shown to be 


avg = T 


: 
+ fd\ 
where tayg is the average time to produce a part and 1,, is the tool 
changing time. 

From the similarity of Equations [226] and [33] it appears that 
the following function should be considered in an economic analy- 
sis 


T+B 
where B = ¢,, in the case of maximum production. 

The function / may be called the “productivity function,” a 
maximum of which will yield a minimum cost or a minimum time 
to produce one part. 

An easy and illustrative way of investigating extreme values 
of F without having to refer to an approximate equation of the 
form V7"f*d = const will be illustrated in the first example, for 
which tool-life data from Svahn (2) are given in Fig. 7(a) where 
V, and Vw are plotted against the chip equivalent, g, on bilog- 
arithmic paper. The chip equivalent g introduced by Woxén 
(3) in 1931 is defined in Fig. 8 where it is seen that q is a function 
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of depth of cut, feed, nose radius, and side cutting-edge angle. 
In the present example the only variable is feed. In orthogonal 
cutting g is simply the inverse value of the feed. The advantage 
of using the q-value in an economic analysis is evident as it in- 
cludes feed, depth of cut, nose radius, and side cutting-edge angle 
in one, single variable. 

The difference between a straight-line approximation (dashed 
lines) and the curve approximation (solid lines) is seen in Fig. 
7(a) and also in Fig. 7(6) where tool life is plotted against cutting 
speed for different values of chip equivalent (~ inverse value of 
feed). The dashed lines have a constant Taylor exponent n in 
analogy with the relation V7*f*d’ = const. From these figures 
and from Equation [3] the particular economic tool life for each 
q-value is readily obtained. The corresponding values of V are 
found by means of Fig. 7(b). Introducing the simultaneous values 
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into Equation [34] yields the two curves given in Fig. 9, where the 
productivity function, F, is plotted versus g for the case B = 1,, 
= 3 min. The dashed curve, corresponding to the case where n 
was constant, does not appear to have any maximum for practical 
values of g (orf). This would indicate the use of the heaviest feed 
possible, but the “true’’ F-g curve which is based on the solid 
curves in Fig. 7 yields a maximum for a value of g = 70 in. cor- 
responding to a feed of f = 0.020 in. per revolution (ipr). 

This example shows the extreme importance of having an ac- 
curate tool-life equation which takes into account the variation n 
with feed and depth of cut (= chip equivalent). The problem 
illustrated also suggests the practical procedure in establishing 
tool-life relations for economic considerations; namely to run 
tests for at least three feeds which have to be of considerably 
different magnitude; e.g., f = 0.040 in., 0.020 in., and 0.005 ipr 
ford = 0.10 in. Notice that in general a different economic tool 
life is obtained for each q. 

Typical tool-life data covering a large range of machining data 
may be illustrated by Schicharen’s (4) ceramic tool-life studies in 
Fig. 10. In Fig. 10(a) tool-life is plotted against speed while 
against feed in Fig. 10(b) and against depth of cut in Fig. 10(c). 
Two straight lines of different slope are drawn in each of Figs. 
10(6 and c) in order to illustrate the fallacy in basing economic 
solutions on approximate relations within narrow ranges of 
feed and depth of cut. The solid curve in Fig. 10(a) is an ellipse 
which fits the data rather well. The right-hand portion of the 
ellipse up to the maximum tool life is of importance in an economic 
study. An analysis of these data also reveals that there exists an 
optimum combination of feed, depth of cut, and cutting speed for 
this tool material and work material. 

As these results are in disagreement with the author’s state- 
ment, it would be of great interest to the writer to be able to check 
the author’s tool-life data (if they are available) using the method 
applied in the foregoing. However, the writer (5) has shown that 
there exists a relationship between V, qg, and 7 which is a better 
approximation than V7*f*d® = const. Using this relationship 
and the productivity function F he shows that either the feed 
should be as heavy as possible or a particular combination of 
cutting variables would determine machining economics. 
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V. Solaja.6 In the writer’s opinion this paper represents a 

_ valuable contribution to the subject. However, the following 

comments, although they do not contradict the main conclusions 
drawn, may be of interest: 

1 Usually tool life is expressed as the time to destruction of the 
tool, and it is directly related only to the planning of tool change. 
From the point of view of productivity (including over-all eco- 
_ nomical aspects), volume of chips produced in unit of time in 
roughing, and area generated in unit of time in finishing opera- 
tions, related in an appropriate way to the rate of tool wear, 
= to be of a far greater practical importance. Therefore 

without altering the basic treatment, certain changes may be in- 
_ troduced into the proposed expressions and these may be of con- 
siderable interest. 
2 In dealing with tool regrinding, the author takes into ac- 
count tool-flank wear W. Most research papers on wear of the 
clearance face of the tools, including also some national standards, 
relate to a mean value of wear land. Consequently, the quantita- 
tive recommendations are not usually based on the maximum 
value of W which determines the reconditioning of the tool. 
The phenomenon of the concentrated tool wear in the form of 
grooves localized at the boundaries of the areas of contact be- 
tween rake face and chip and between clearance face and work- 
piece was noticed and described earlier; e.g., references (1-6)? and 
it has been shown recently (7) that under some circumstances the 
mean value of wear land may account for only 25 per cent of the 
length of the grooves. The accompanying microphotograph, Fig. 
11, resulting from this work may illustrate this point. 

3 The depth of crater formed on the rake face is of a much 
smaller order of magnitude than the width of the wear land. 
However, in reconditioning tools it is usually necessary to remove 
all wear marks, and consequently grinding of both faces, or more 
grinding of only one face, e.g., rake face in the case of form tools, 
is required. Thus Equation [12a] of the paper has to be modified 
slightly. Roughly speaking, only less than 15 per eent of the 
volume of a tool tip is worn off in cutting, whereas more than 70 
per cent is lost in regrinding, the remainder being the rest of the 
tip which has to be discarded. Therefore the technical and 
economical importance of the optimum initial tool shape, and of 
the best method of reconditioning may be appreciated. Accord- 
ing to work by Weber (8), crater wear can be expressed in terms 
of cutting ratio and workpiece material. It appears that some 
relationship between the wear on both faces may be found, which 
would facilitate the analytical handling in the author’s treat- 
ment. 

4 The inclusion of premature tool failure is of a considerable 
value. However, it appears that more practical information is 
needed to prove the quantitative relationships derived from the 
work by Burmester (reference 16 in the paper). In this connec- 
tion, it may be of interest to refer to a recent paper by Reznikov 
(9). In this paper the conclusions are not definite also but, being 
based on a considerable amount of practical results obtained in 


6 Lecturer, Faculty of Mechanical Engineering, University of Bel- 
grade, Yugoslavia. 

7 Numbers in parentheses refer to the Bibliography at the end of 
this discussion. 
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Fig. 11 Clearance face of a carbide-tipped tool showing concentrated 
wear when 0.35 per cent C steel is finish turned and after the length 
of cutting L = 8500 ft;r = 0.019 in., a = 0 deg,» = 8 deg, f = 0.0065 
ipr, v = 900 fpm. Direction of cutting from left to right. Photo- 
graphed on a Vickers microscope, 180. et 
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Fig. 12 hc.a-values obtained in series of experiments with varying 
feed as dependent on the variable r/f* for five different lengths of 
cutting Z and maximum values of wear-land W (10). Worn tool for 
1/f? ~ 400 is shown in Fig. 11. 


mass production of ball bearings, they may contribute toward 
clarifying this important aspect. 

5 The author correctly asserts that, in fine turning, surface 
finish is the main criterion of machining. From recent work (10) 
it may be seen that the pattern of tool wear shown in Fig. 11 of 
this discussion, i.e., the length of grooves and the width of wear 
land, is directly related to surface finish. It is interesting to 
mention here that the surface finish in finish turning may be ex- 
pressed as hcra = k(r/f*)", where Acta = center-line-average 
roughness, r = tool-nose radius, f = tool-feed, while k and n are 
functions of various cutting factors (cutting speed, workpiece 
material, condition of the machine, cutting with or without 
coolant, and so on), as well as of the length of cutting or time of 
cutting. As an example, Fig. 12 shows the Acia-values obtained 
in a series of experiments, plotted against r/f? for five values of L 
and Wax. For the experimental conditions employed n varies 
from n = —0.83 for L ~ 0 ft, ton = —0.23 for L = 8500 ft, and 

k decreases from k = 10,700 for L ~ 0 ft, tok = 600 for L = 700 
ft, after which it increases slightly. It has been concluded that 
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s 
the surface finish generated is a function of the length of cutting, 
time of cutting, and tool wear, and, consequently, it appears that, 
in the author’s analysis of the economics of the turning operation, 
fine finish turning also may be approached in the same manner 


as rough turning. 
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Author’s Closure 

The 
the paper. 

Mr. Colding gives three factors which, he thinks, limit the 
use of the generalized tool life equation V7"f*d> = constant. 
The first of these is that n is not constant but a function of feed 
and depth of cut. The data available are probably not suf 
ficient to enable this statement to be made with a high con- 
fidence level but, if it be true, then only a revision of the analysis 
from Equation [7] onward can really rectify the deficiencies; 
Mr. Colding’s Equation [226] has expressed the tool life simply 
as 7 and not in the parametric form of Equation [7]. However, 
although this produces a neat equation, 7 must still be related 
to V either simply, for constant values of f and d, or in a more 
complex parametric form, of which the author’s Equation [7] 


author thanks the discussers for their kind remarks about 


is one example; a symbolic form of the data presented in Mr. 
Colding’s graphs could be another form. 

An objective glance at Fig. 7(a) will show that, for both the 
V; and the Ve curves, there is only one point which suggests 
that the full lines are a better correlation than the dashed lines. 
It is felt that much more evidence than Fig. 7(a) is needed before 
a decision can be made either way. Also, there is no information 
on how gq varied. This is of importance because, if the feed or 
depth of cut were varied, Equation [7] would not lead one to 
expect a single straight line in any event. 

The other two factors which Mr. Colding mentions reduce, 
in effect, to one consideration. It is generally conceded that a 
straight line log-log law relating either V, f, or d to T is not true 
over the complete range of variables; Mr. Colding suggests 
that a straight line is never the best approximation and repro- 
duces a graph of Zhikharev’s (Fig. 10) in which he (Mr. Colding) 
has added an ellipse as the best approximation. This illustration 
appears to be the same as one used by the author on a previous 
occasion (1).8 The curve drawn by the author is better to the 
extent that it does not involve any question of interpreting the 
infinite slope of the ellipse at about 1500 fpm. In the article 
quoted (1) the author draws a straight line for the right-hand 
half of Mr. Colding’s ellipse and would stress the presence of a 
fair degree of scatter in Zhikharev’s results. 

The left-hand side of the ellipse is, in the case of ceramics, 
due to crumbling of the cutting edge and has been discussed by 
the author elsewhere (2). In this closure, the author restricts 
himself to pointing out that, whether the left-hand side is an 
ellipse or not, it has definitely a positive slope and will only serve 
to make costs at lower speeds even higher than predicted by the 
analysis given in the paper. 

The suggestions offered by Mr. Colding and Mr. Solaja are 
valuable contributions to the theory of machining economics 
and it is hoped that, in time, a more refined theory will be ad- 
vanced and that interest, of an intensity exhibited in fundamental 
machining work, will be applied to the economic aspects 
of machining. 
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“An Appraisal of Ceramic Cutting Tools,”’ by R. C. Brewer, 
The Engineers’ Digest, vol. XVIII, no. 9, 1957, pp. 381-418. 

2 “Turning With Ceramic and Sintered Oxide Tools,”’ by R. C. 
Brewer, Paper No. 24 read at the Conference on the Technology of 
Engineering Manufacture, The Institution of Mechanical Engineers, 
London, England, March, 1958 
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Oil-Whip Resonance 


By E. H. HULL,' SCHENECTADY, N.Y. 


A series of oil-whip resonances has been demonstrated by ap- 
plying a rotating force to a shaft running in a hydrodynamically 
lubricated bearing. These resonances appear at the ratios of 
shaft speed to exciting-force frequency of approximately 2 which 
is normal oil whip, 3, 4, 6,8....and —2, —4, —6.... The 
locus of the shaft center at these resonances traces a trochoid 
containing a number of loops related to the ratio of shaft speed 
and force frequency. Inside loops are formed at positive fre- 
quency ratios, outside loops at negative ratios. A qualitative ex- 
planation of the formation of these resonance figures is offered. 


Oi whip occurs commonly in lightly loaded? fluid-film bear- 
ings. Hydrodynamic forces in the oil film cause a circular motion 
of the shaft center at '/, shaft running speed (or slightly less than 
1/, shaft speed under most practical conditions) and in the direc- 
tion of shaft rotation. A more vigorous form of this phenomenon 
is observed when oil-whip frequency coincides with a shaft critical 
speed. This disturbance starts when the shaft is turning at ap- 
proximately twice its critical speed and builds up in amplitude at 
higher speeds. The oil-whip condition allows large displacements 
of the journal in its bearing clearance which build up larger 
amplitudes in the shaft span at its resonant frequency. This 
doubly resonant phenomenon may be called critical-speed oil 
whip. 

Oil whip was described quite completely by Newkirk and Tay- 
lor (1)? in 1925. These authors recorded the several forms in 
which this phenomenon appears as well as a nearly complete list 
of palliatives. Since that time, the resonant nature of oil whip 
has been realized; i.e., the capacity of a bearing to carry load is 
small when the load rotates at '/2 journal speed and in the direc- 
tion of journal rotation. As in other forms of resonance, a small 
force causes a disproportionately large displacement. 

This paper will describe a series of oil-whip resonances occurring 
at a number of ratios of shaft speed to exciting-force frequency. 
These ratios may be either positive or negative. The fre- 
quency-ratio sign is assumed positive when both shaft and force 
vector rotate in the same direction and negative when rotating 
in opposite directions. 


Introduction 


Oil Whip 

There are several conventions for visualizing oil whip as a 
resonant phenomenon. A shaft, running in a hydrodynamically 
lubricated sleeve bearing, carrying a load which may rotate with 
respect to the shaft will show a load-carrying capacity about as de- 
picted in Fig. 1 (2). 

1 Mechanical Engineer, Research Laboratory, General Electric 
Company, The Knolls. Mem. ASME. 

2 The bearing loading below which oil whip may occur varies with 
many factors. In the shaft and bearing combination used in the work 
reported here, oil whip has not been noted above 50 psi. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Lubrication Division and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of THe 
AMERICAN Society or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
30, 1957. Paper No. 57—A-169. 
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Fig. 1 Relative load-carrying capacity of a hydrodynamic bearing 
versus frequency ratio, load speed Nw over shaft speed Ny 


Burwell (3) has suggested that we visualize the situation at the 
critical condition, Nw/Ny = 0.5, as follows: An observer stations 
himself at the bearing center O in Fig. 2. Additionally, the ob- 
server rotates at the load speed or '/: shaft speed which allows 
him to look along the line OO’ to the point of minimum oil-film 
thickness. Under these conditions he will see the shaft and bear- 
ing passing by at the speed N/2 and in opposite directions. 
Furthermore, our observer will see that there is no oil circulation 
past the point of minimum clearance. The oil pumped in by the 
shaft on one side of Amin will be removed by the bearing and con- 
versely on the other side of hmin. 


OIL OIL 
in out 


h min 


Fig. 2. Observer’s view of a bearing in which load is rotating at 
i/; journal speed. O is the bearing center, O’ the shaft center, N 
equals journal speed, and Aj, minimum oil-film thickness. 


A journal-and-bearing combination which does not circulate 
oil past the point of minimum clearance will support very little 
load and none hydrodynamically. In this respect a speed ratio of 
Nw/N, = 0.5 may be looked upon as a resonant condition in the 
bearing. A small load rotating at '/2 shaft speed will cause a 
greater displacement of the journal than the same load rotating at 
any other speed ratio with respect to the shaft. Furthermore, 
small changes in speed ratio cause relatively large changes in 
shaft displacement. Each of these effects is typical of a lightly 
damped resonant system. Thus normal oil whip may be con- 
sidered as a form of resonance. 
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Apparatus 

For some time we have been studying the behavior of a shaft in 
a hydrodynamically lubricated bearing under the action of 
sinusoidal and nontransient forces. In the work reported here 
we have applied to the shaft a rotating radial force controllable in 
value, frequency, and direction of rotation as shown schematically 
in‘Fig. 3. 

The apparatus itself has been complicated by additional re- 
quirements as indicated in Fig. 4, although the parts essential to 
the work reported here may be recognized. A test shaft 1 is 
driven by motor 2 through a step-up gear 3. This shaft is sup- 
ported at its driven end by a pair of preloaded ball bearings 4 and 
at the near end by a test bearing, somewhat hidden at 5. The 
babbitted test bearing is 2 X 2 in., containing a central circum- 
ferential oil groove receiving oil at a few psi pressure. A radial 
clearance of 1.8 mils is allowed between the shaft and bearing. 

The mechanism for applying a rotating load to the shaft ap- 
pears in the foreground of Fig. 4. A load-driving motor 6 turns a 
two-output-shaft bevel-gear box 7. The vertical output shaft 
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s applied to shaft at test-bearing center 


Fig. 3 Rotating 
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from this box drives a cam which oscillates the right-hand end of 
spring 8 by means of a suitable cam-follower mechanism. At its 
left end spring 8 bears against vertical lever 9 pivoted to the 
machine frame at its lower end and attached, near its upper end, 
to two bearing boxes 10 and 11 running on the test shaft at 
either side of the test bearing. A similar mechanism is operated 
by the horizontal output shaft of the bevel-gear box also ter- 
minating at the bearing boxes 10 and 11. By these means a 
sinusoidal displacement at the right end of spring 8 is translated 
into sinusoidal force on lever 9 and thence to a sinusoidal hori- 
zontal foree on the test shaft via the bearings in 10 and 11. The 
companion mechanism produces a vertical sinusoidal force on 10 
and 11. Since the vertical and horizontal cams are set 90 deg 
apart on their shafts, the horizontal force leads or lags (depending 
on the direction of cam rotation) the vertical force. The resultant 
of these two sinusoidal forces is a single force which may be repre- 
sented by a fixed magnitude vector rotating about the shaft, Fig. 
3. The speed and direction of rotation of this force vector may be 
varied by means of the driving motor 6. Bias springs 12 and 13 
serve to center the rotating force. 

The position of the test shaft with respect to the test bearing is 
measured continuously by means of two pairs of capacitance 
shoes supported from the test bearing. Two capacitance bridge 
circuits (one for the vertical pair of shoes and the other for the 
horizontal) lead through suitable electronics to a galvanometer 
oscillograph for recording, or a cathode-ray oscilloscope for ob- 
serving, the locus of the test-shaft center with respect to the 
bearing. 

Within the bearing boxes 10 and 1! are strain gages which 
measure the horizontal and vertical components of force applied 
to the shaft. Outputs of these gages are operated upon elec- 
tronically for recording by the oscillograph. 

Test-shaft speed and rotating-force-vector speed are detected 
magnetically for recording by the oscillograph or anuing to 
four figures on a digital counter. 3 
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Experiments and Discussion 

Using the apparatus just described, we find that when the shaft 
speed N, is set at some constant value while the rotating speed of 
the foree vector Ny is varied over a wide range, a series of oil- 
whip resonances appears as shown in Fig. 5. These resonances 
occur when the shaft and rotating force are turning in opposite 
directions as well as in the same direction. 

At the ratio N,/Ny of about +2 the locus of the shaft center 
in the bearing describes a nearly circular path as shown in Fig. 6. 
This is normal oil whip. As the ratio of shaft speed to rotating- 
force speed rises the number of loops in the shaft-locus figure at 
resonance increases as indicated at the upper right in Fig. 6. At 
positive ratios of N,/Ny the figures traced out by the shaft center 
are epitrochoids. When this ratio becomes negative, bypotro- 
choids are formed as in lower left of Fig. 6. 

The frequency ratio N;/Nyw and the number of loops formed 
are related linearly as shown in Fig. 6. A straight line passing 
through each resonant point is defined by the following relation 

Ni/Nw 


2.16 


where L = number of loops in the shaft-locus figure. Inside loops 
are considered positive and outside negative. 

When using this expression one must employ the appropriate 
sign for the speed ratio as well as for the loop number. 

If one examines these figures carefully the resemblance to oil- 
whip resonance becomes more apparent. Take for instance the 
4-loop epitrochoid formed at the speed ratio of approximately 10. 
We see that the shaft-center locus turns through 4 complete 
loops or 4 revolutions plus four 90-deg ares or 1 revolution making 
a total of 5 revolutions while the shaft is rotating through 10 
revolutions. This is the 2 to 1 frequency ratio obtained in oil 
whip. If we consider the 4-loop hypotrochoid formed at a fre- 
queney ratio of about —6 we will find that the shaft center locus 


Fig. 5 Oil-whip resonance series 
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Fig. 6 Figures drawn by shaft center for various frequency ratios. 
Each figure is completed in one revolution of the force vector except 
for ratio +3.1 which requires two force-vector revolutions as ex- 
plained in text. 


completes 3 revolutions while the shaft is turning 6 times. The 
fact that the 4-loop shaft-locus figure is formed by only 3 turns 
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of the shaft center may be demonstrated by tracing the figure 
with a pencil. Starting at any point on the figure we find that 
our pencil passes through only 6 points of horizontal tangency or 3 
complete revolutions before returning to the starting point. 
Again while the shaft is rotating through about 6 revolutions the 
shaft locus turns through 3 revolutions indicating oil whip. 

In these figures, the locus of the shaft center moves in the same 
rotational sense as the shaft, independent of the direction of the 
force rotation. 

One of the more interesting shaft-center-locus traces occurs at 
a frequency ratio of about +3. Applying Expression [1] to this 
ratio we find that there should appear a figure containing one half 
of a loop. This appears rather difficult but nature solved the 
problem by drawing the design shown in Fig. 6 in 2 revolutions of 
the force and 6 of the shaft, thus satisfying the required number 
of loops for this frequency ratio; i.e.,'/2. All other figures shown 
were generated in one revolution of the force. As indicated in Fig. 
5, the peak at the frequency ratio 3 is less marked than that at 2 
or 4, suggesting a minor resonance in the series. Although we did 
not find similar resonances at 5, 7, 9 and so on, it is probable that 
they exist and can be identified with sufficiently accurate speed 
control, considerable patience, and sensitive instrumentation. 


06 
05 
= 
! 
03: 
a 
02 
“a 
<= 


OIL SUPPLY PRESSURE - PS! 


Fig. 7 Dependence of figure amplitude on bearing-oil-supply pres- 
sure for Ny/Nw = +-12.5, giving a 5-loop epitrochoid 


The effect of test-bearing oil-supply pressure on this form of oil 
whip was investigated. As indicated in Fig. 7, taken at a fre- 
quency ratio of +12.5, producing a 5-loop epitrochoid, the 
diameter of the figure maximizes at 20 psi bearing oil-supply pres- 
sure. The sharp downward slope of this curve at 10 psi suggests 
zero displacement at zero oil pressure, although we did not run the 
bearing without oil. Oil whip depends on a plentiful oil supply to 
the oil wedge which drives the journal around in its bearing. As 
the bearing oil supply is reduced, so will the driving force of the 
wedge until at zero oil supply there can be no oil whip. The de- 
pendence of this type of shaft perturbation on oil pressure indi- 
cates an oil-whip phenomenon. 

A qualitative demonstration of the forces acting on the journal 
during the formation of a 2-loop epitrochoid indicates the 
mechanics of formation in these figures. Fig. 8 shows this 
epitrochoid redrawn with vectors representing forces acting on 
the journal center at four different positions of that center. 
Three forces operate on the journal: 

1 Applied rotating force which is continuously measured and 
recorded during these experiments. This vector makes one com- 
plete revolution during the formation of Fig. 8. Its sealar value 
is 40 lb. 
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2 Oil-film restoring force. A journal running under load in a 
bearing assumes an attitude in that bearing such that the high- 
pressure oil wedge formed between the journal and bearing will 


support the applied load. This oil-film restoring force acts in a q 
direction 85 to 90 deg from the line connecting the bearing center 
with the instantaneous journal center at the relatively high shaft { 


speeds and small displacements pertaining in these experiments. 

3 As the journal center moves in the bearing along the paths 
indicated, its motion is resisted by oil viscosity and by a small 
amount of damping from the associated apparatus which moves 
with the journal. The resultant force from these sources is 
represented by a vector opposing the direction of motion of the 
shaft center. Its scalar value is unknown but is assumed to be 
proportional to journal-center velocity. Since all forces between 
the shaft and the rotating force generating and transmitting 
mechanism are measured by the strain gages in the bearing boxes 
10 and 11 (Fig. 4), the small amount of damping associated with 
the test apparatus is included in the applied rotating force (1, 
above). Thus the resistance vector shown in Fig. 8 includes the 
damping effect within the bearing only. 

The resultant of these forces accelerates that part of the 
shaft mass and associated apparatus which can be considered as 
concentrated at the bearing center. After consideration of the 
weight concentrated at the journal center, its displacement and 
frequency of displacement, one may estimate the mass reaction 
force at about 5 lbs. This indicates that the resultant of the three 
applied vectors should be small. 

Referring to point (1) of Fig. 8, the rotating force is shown at 
its measured value and direction. The oil restoring force is 
drawn in a direction and at a value which have been measured for 
this journal-bearing combination under nontransient conditions. 
An approximation of the viscous force is shown opposing the 
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motion of the journal center and proportional to the instantaneous 
velocity of that center. Vectors at points (2) and (3) were drawn 
in the same manner. At point (4) the oil restoring force vector is 
zero since the journal is momentarily centered in the bearing. 
One may see that at each of these points the resultant of these 
forces will urge the journal along the path which we have found it 
to follow under these conditions. 

Returning to Expression [1] it will be noted that the experi- 
mentally obtained constant 2.16 is not an integral number. For 
our apparatus it is necessary to run the shaft about 8 per cent 
faster than the theoretical ratio 2 in order to obtain maximum dis- 
placements in the several figures. Since the energy necessary to 
maintain oil whip comes from the high-pressure oil wedge gen- 
erated by shaft rotation and which ideally may rotate at '/2 shaft 
speed, we suggest that, in a system containing damping, there 
should be some slip between half shaft speed and oil-whip fre- 
quency. This effect may be likened to induction-motor slip; 
that is, energy output is proportional to slip. 

Several investigators (4, 5) have observed figures somewhat 
similar to the epi and hypotrochoids shown in Fig. 6. Pinkus (4) 
used no definite excitation other than residual shaft unbalance and 
the usual disturbances from gear sets, oil pumps, and so on. He 
included these figures as a matter of interest. In some cases 
Pinkus reports rotation of the figures on the oscilloscope screen. 
This agrees with our experience when the frequency ratio N;/Nw 
is not on resonance. At maximum displacement (resonance) the 
figures do not rotate in our apparatus. This condition may be ob- 
tained by careful frequency-ratio adjustment. 

Shawki (5) used unidirectional shaft excitation only. In this 
case it is rather difficult to determine the sign of the frequency 
ratio N;/Ny. In fig. 10 Shawki (5) shows a 2-loop epitrochoid 
at a frequency ratio Ng/Ny of 1/0.167 or, using the notation 
of this paper, N;/Nw = 6. If we may assume that this is a posi- 
tive ratio this agrees with the data shown in Fig. 6 of this paper 
for a 2-loop epitrochoid at 6.27 ratio. 


Applications 

There are several practical situations in which one might expect 
to encounter oil-whip resonances. For instance, if a shaft is run 
above its critical speed in lightly loaded oil-film bearings, the 
well-known critical-speed oil whip appears when the shaft is ro- 
tating at twice critical speed. As explained previously, the oil- 
whip frequency at '/2 shaft speed and the shaft natural frequency 
coincide producing a vigorous resonance. In the same manner, 
one would expect a reinforcing resonance between shaft critical 
speed and the epitrochoidal forms of oil whip at frequency ratios 
of about 3, 4, 6, 8, and so on. These resonances should be less 
severe than that at a frequency ratio of 2 since the oil-whip har- 
monic resonances show relatively less displacement than the 
fundamental as indicated in Fig. 5. 

A planet gear carried on sliding friction bearings in an epicyclic- 
gear assembly may be excited by ring-gear inaccuracies at a 
negative frequency ratio producing a hypotrochoidal locus of the 
gear center. 

It may be possible for one of the forms of oil-whip resonance to 
build up a self-induced vibration in combination with an adapta- 
ble exciting force which exhibits no inherent periodicity. In this 
case the particular form of oil-whip resonance chosen would de- 
termine the frequency of the exciting force and hence of the com- 
bined resonant vibration. 


Summary 


A series of oil-whip resonance harmonics has been demon- 
strated with a journal and hydrodynamic-bearing combination. 
In these experiments the journal supported by the test bearing 
was excited by a rotating force. Resonances occur at several 
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ratios of the shaft speed to the exciting-force frequency both when 
the sense of rotation is the same and opposite. 

In each of these resonances the number of turns of the journal- 
center locus is equal to one half the number of shaft revolutions as 
required for normal oil whip. The peak displacement at resonance 
is dependent on the test-bearing oil-supply pressure. 
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Discussion 


E. M. Simons.‘ The author is to be commended for this very 
fine experimental study. The inability of an oil film to support a 
periodic or rotating load applied at a frequency of one half the 
journal speed has been discussed widely in the literature, and oil- 
whip resonance above twice the critical speed of the shaft is a 
well-known phenomenon. However, little attention has been 
paid to resonance effects at other multiples of the journal speed. 
Furthermore, although a number of investigators, including the 
writer, have observed trochoidal journal-center orbits under eyclid 
loads, attempts to characterize such orbits analytically in terms of 
operating parameters have been successful only for the simplest 
cases. The author’s qualitative characterization is indeed a 
significant contribution. 

The results of an investigation conducted by the writer some 
years ago®*® are in general agreement with the author’s findings as 
reported in this paper. For example, both studies show that the 
maximum eccentricity ratio occurs when N,/Nyw is slightly 
greater than the theoretically predicted ratio of 2. Furthermore, 
in neither case was the theoretical eccentricity ratio of unity 
observed. For comparison purposes, some typical values are 
tabulated below: 


Hull Simons Theoretical 

Frequency ratio Ns/Nw at 
which maximum eccen- 
tricity occurs 

Value of maximum eccen- 
tricity 


2.02 2.00 


0.82 1.00 


The writer has found that the theoretical values can be approached 
by extreme refinements in the testing machine through the 
elimination of slight misalignments and any other factors which 
tend to produce unintentional whirl-inhibiting effects. The fact 


‘Consultant, Engineering Mechanics Division, Battelle Memorial 
Institute, Columbus, Ohio. Mem. ASME. 

SE. M. Simons, ‘“‘The Hydrodynamic Lubrication of Cyclically 
Loaded Bearings,”” Trans. ASME, vol. 72, 1950, p. 805. 

*R. W. Dayton, E. M. Simons, and F. A. Fend, “Discrepancies 
Between Theoretical and Observed Behavior of Cyclically Loaded 
Bearings,’"” NACA Technical Note 2545, November, 1951. 
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A 
that the author’s values deviate from the theoretical more than 
those of the writer would suggest that the author’s test equip- 
ment had a greater amount of inherent damping as a result of 
such factors as inertia of the lubricant, inertia of moving masses, 
elastic deformations, and the like. 

If this is true, one would guess that the writer’s experiments 
should have uncovered the harmonic resonances at N,/Nyw values 
greater than 2. The fact is that no indication of such a series of 
oil-whip resonances was found. Fig. 9 shows the author’s Fig. 5 
and the writer’s Fig. 6, replotted to the same scale. With the 
exception of the resonance peaks, the agreement is rather re- 
markable (and may be fortuitous) considering the great difference 
in test equipment, speed, load, and probably lubricant viscosity. 
Several possible explanations for the discrepancy regarding har- 
monie resonances come to mind. Perhaps the writer missed the 
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= Eccentricity Ratio 


Eccentric.. 
Radial Cleorance 


Fig.9 Eccentricities under constant load, rotating at constant speed. 
Comparison of results. 


resonance peaks because his load-rotation frequency was varied 
stepwise and the steps were too far apart. Actually, it would be 
possible to draw a curve which passes through all of the circled 
points in Fig. 9 and still would have peaks and valleys which are 
roughly parallel to those in the author’s curve. An alternative 
explanation is that the resonances may be peculiar to the author’s 
test equipment, being induced by natural-frequency phenomena 
associated with the loading springs or other components. Al- 
though the author makes no mention of this possibility, the writer 
cannot help but feel that it has been considered and ruled out and 
that, consequently, the first explanation is the more tenable one. 

To add to the author’s examples of trochoidal journal-center 
loci actually observed by other investigators, the writer would 
like to present Fig. 10(a). This is a single-loop epitrochoid which 
appeared, in accordance with the author’s findings, when N,/Nyw 
was 4. The same series of tests produced the predicted 2-loop 
epitrochoid when N,/Nw was 6. However, in both cases the 
load was a unidirectional one varying in magnitude sinusoidally, 
rather than a constant rotating load. Since Mr. Shawki’ also ob- 
tained epi rather than hypotrochoids with unidirectional loading, 
one wonders whether this type of loading always corresponds to 
positive values of N,;/Nw and what the governing factors are. 

Figs. 10(b and c) show the orbits obtained under a constant ro- 
tating load with N,;/Nw = 4 and 6, respectively. In these cases, 
the paths were nearly circular, and no loop was evident. How- 
ever, the speed of the journal center was not uniform, but showed 
pauses where the analysis indicates loops should have been. These 
orbits were obtained with flood lubrication of the test bearing. It 
—~ - 


reference (5). 


(a) 


Unidirectional Sinusoidally Varing Load With Ni/Nw . 
= 
(b) 


Nj/Nw 74 


—Cleorance circle 


Constant Rotating Load 


Fig. 10 Journal-center paths under two types of cyclic loading 


was found that loops could be made to appear simply by increas- 
ing the oil-feed pressure. This agrees in part with the author’s 
observation that lubricant feed pressure has an influence on oil 
whip. Actually, in the cases cited, increasing the feed pressure 
made the loops appear, but, unlike the author’s example in Fig. 7, 
had no noticeable effect on the maximum eccentricity. 

Incidentally, the author does not make it clear what is meant 
by “radial displacement’’ in the cases where the eccentricity 
varies continuously throughout each cycle. The writer assumes 
that this refers to the maximum eccentricity in the orbit. 


H. Poritsky.* This paper forms an interesting addition to the 
subject of oil whip and adds further information on this puzzling 
phenomenon. 

While there are almost as many definitions of oil whip as there 
are workers in this field, engineers working with high-speed ma- 
chinery like turbines and generators are generally concerned with 
oil whip which occurs when the rotation frequency is greater than 
double the critical frequency and takes place in such a way that 
the center of the shaft whips at a frequency close to the critical 
frequency, even though the speed of rotation varies over a wide 
range. The conditions of the experiments in this paper are quite 
different and are characteristic of a light shaft, rather than a shaft 
provided with a heavy rotor and capable of critical speed vibra- 
tions. Likewise, the author’s definition certainly differs from the 
one of concern to high speed machine rotor engineers. 

If it is assumed that the inertia of the oil film is negligible, then 
the instantaneous oil flow, pressure distribution, and resultant 
force exerted on the shaft can only depend upon the position of 
the shaft center in its circle of clearance and upon the instan- 
taneous velocity of this center. Roughly speaking, the oil film is 
not able to distinguish at any instant of time whether it is part of 
a rotor whipping at a particular frequency and revolving at some 
other frequency, or whether it is part of a light shaft which is 
being acted on by an artificially provided unbalance force. It 
appears to this writer that from the point of view of explaining 
oil-whip phenomena the most important task is to calculate or 
derive from experiments the resultant force of the oil film and its 
direction as functions of position of the shaft center, and velocity 
and direction of this center. If a way could be found to analyze 
the data obtained in this paper so as to furnish this reaction force, 
a solid foundation for a general study of oil-whip phenomena will 
have been laid. 


* Consulting Engineer, General Electric Company, Schenectady, 
N.Y. Mem. ASME. 
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The author is indebted to Dr. Simons for his careful considera- 
tion of the paper. 

It seems reasonable that, since Dr. Simons’ equipment appears 
to have less inherent damping than the author’s apparatus, the 
resonances at N,/Ny values greater than 2 should have appeared 
providing frequency ratios were adjustable within sufficiently 
close limits. 5 


Author’s Closure 


Fig. 5 is plotted with the aid of only two experi- 
mental points per resonance peak. If more points had been taken 
and plotted, perhaps the narrowness of the resonant ranges would 
have indicated that, even with less damping, the resonant range 
would not have been entered with the frequency ratios available 
to Dr. Simons. 

As inferred by Dr. Simons, the author did consider seriously 
the possibility that the resonances reported were a characteristic 
of the apparatus. Some work was done to assure ourselves and 
local critics that this was indeed an oil-whip phenomenon. The 
forms shown in Fig. 6 may be obtained at any of the shaft speeds 
we have tried in the range 1550 to 5250 rpm. Below this range 
there is difficulty in obtaining constant cam speeds for the higher 


N,/Ny ratios. Minor resonances in the apparatus are excited 


at greater than 5250 rpm shaft speed. 
Great care in adjusting the frequency ratio N,/Ny and 


reasonable co-operation of the apparatus in maintaining speed 
while data are recorded will produce traces such as shown in 
Fig. 6 for N;/Nw equals —4 and —6. In these examples the 
loops and circumscribing circle are nearly the same size. In 
other cases such as at —8 and —10 the data apparently were not 
obtained exactly at the resonance peak. This effect may be ob- 
served in Fig. 5 also. 

Radial displacement as used in this paper is the average radius 
of an elliptically shaped figure circumscribing the shaft center 
displacement trace. 

Dr. Poritsky has called our attention to the nonuniformity in 
the technology of oil film disturbance phenomena. More work 
leading to publication will improve the general understanding 
and inevitably tend toward standardization in terminology. 

As pointed out by Dr. Poritsky and in the Introduction of 
this paper, oil-whip phenomena, as generally encountered, occurs 
when a rotor is turning at two or more times its critical speed. 
Data reported in this paper were obtained with a “‘stiff”’ shaft. 
The advantages in working with one phenomenon at a time are 
obvious. A flexible shaft carrying a rotor has been prepared 
for thisapparatus. We anticipate a certain amount of complexity 
if the forms of oil-whip resonance described in this paper are 
combined with rotor critical speeds and the normal oil whip 
occurring at twice rotor critical and above. 
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Supported by Plain Journal Bearings _ 


By FIN 


This paper endeavors to show that by considering the pressure 
forces, the viscous drag forces, and the centrifugal forces acting 
on the journal in a plain journal bearing in oil whip, it is possible 
to obtain a rational explanation of this phenomenon. The con- 
ditions of force equilibrium of the journal lead to two equations, 
the first of which determines the ratio of frequency of whirl to 
frequency of rotation in terms of the eccentricity ratio. The 
second equation relates the eccentricity ratio to the frequency of 
rotation. These equations therefore suffice to describe oil whip 
in frequency and amplitude. Numerical studies of the problem 
indicate some agreement with published experimental studies. 


Nomenclature 
Tue following nomenclature is used in the paper: 


= mass of the rotor, lb sec?/in. 
radius of journal, in. 
radial clearance, in. 
diameter of journal, in. 
diametral clearance, in. 
= length of bearing, in. 
Viscosity, lb see /in.? 
viscous drag per unit area of journal, lb/in.? 
= oil pressure, lb/in.? 
co-ordinate (around the journal), in. 
co-ordinate (along the journal), in. 
= co-ordinate (across the oil film), in. 
angle around the journal measured from point of maxi- 
mum oil film thickness 
oil velocity in z-direction, in./sec 
oil velocity in y-direction, in./sec 
eccentricity, in 
eccentricity ratio 
= oil film thickness, in. 
linear velocity of journal center, in./sec 
= frequency of whirl of the journal, 1/sec 
frequency of rotation of the journal, 1/sec 
= angular velocity of journal, rps 
force component due to oil pressure, lb 
= force component due to oil pressure, lb 
force component due to viscous drag, lb 
force component due to viscous drag, |b 
= centrifugal force, lb 
= resultant force on the journal due to the oil film pres- 
sure, lb 
attitude angle, deg 
average pressure on journal 
= (w — 2w,), 1/sec 
1/c, load number, dimensionless 


= P/LD, \b/in.* 


1 Research Department, Det Norske Veritas. 


Contributed by the Lubrication Division and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of THe 
AMERICAN Society ofr MECHANICAL ENGINEERS. 

Nove: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, March 
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Y = index, dimensionless 
1,, In, ete., 1g denote integrals (Appendix 2) 


Terminology 


The terminology referring to the instability of journal bearings 
used in this paper is, in its main features, taken from Newkirk [1] ,? 
see Fig. 6. 

(a) Shaft Resonance. 
as shown by Fig. 6 is due to shaft resonance, 


The first peak of the whirling amplitudes 
and it is therefore 
primarily determined by the mass and the stiffness of the rotor 
shaft. 

(b) Oil Resonance. The second peak of the same curve is due 
to the quasi-elastic properties of the oil film, which establish 
resonance conditions with the rotor mass. 

The shaft resonance and the oil resonance are really two of the 
resonance values for a vibrational system which consists of the 
rotor mass, the rotor stiffness, and the elastic properties of 
the connected journal bearings. The vibrations are the result of 
an external exciting force (rotor out of balance) and the fre- 
quency of the vibrations will be the same as this exciting force. 

(c) Oil Whip. This is a result of the centrifugal force acting 
on the rotor due to its whirling motion, Since the oil-film re- 
sistance to this force is a minimum for whirling motions at fre- 
quencies just below one half of that of the rotor rotation, oil whip 
will oceur at this frequency. 

The amplitude of oil whip increases with increasing speeds and 
oil whip is not a resonance phenomenon. 

d) Whirl. This is a collective term to cover any of the above 
three whirling phenomena. 


Introduction 


The object of this paper is to study oil whip. It endeavors to 
show that a consideration of the force equilibrium of the journal 
in a journal bearing which is subjected to oil whip leads to two 
equations which describe this phenomenon in frequency and am- 
plitude. 

The forces considered are: (a) The force on the journal due 
to the pressure in the oil film; (b) the force due to viscous drag by 
the oil film on the journal; and (c) the centrifugal force acting on 
the journal due to its whirling motion. 

In order to avoid the effect of gravity, the analysis has been 
restricted to rotors with vertical axes and, further, the assump- 
tion that the journal moves in a circular path with constant ve- 
locity is essential. 

Since the shell as well as the journal of a plain bearing are 
circular, the oil-film forces on the journal will be of constant mag- 
nitude and rotate with a constant angular velocity if the journal 
moves according to the afore-mentioned assumption. The same 
holds for the centrifugal force. 

Force equilibrium for the journal is therefore possible if it 
moves in a circular path with constant velocity and, consequently, 
this motion is possible [2]. However, since this is not the only 
motion possible, our analysis will not furnish a general treatment 
of oil whip. 


2 Numbers in brackets designate References at end of paper. _ 
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Forces Exerted by the Oil Film on the Journal  - 4 _ The index ¥ is left to be determined. 


Generally, the oil film will exert a pressure which acts perpen- 


dicularly to the surface of the journal, as well as a viscous drag 
which acts tangentially to the surface of the journal resisting its 


motion. When considering the static load-carrying capacity of a 
bearing, the effect of viscous drag is so small that it can be neg- 
lected and, consequently, only the pressure needs to be con- 
sidered. 


For a study of oil whip, however, when the shaft center de- ° 


scribes a circular motion approximately equal to half that of the 
shaft about its own center, it will be necessary to consider also the 
effects of viscous drag, as the pressure effects are small. For- 
tunately the two effects can be treated separately and let us start 
by considering the effects of the pressure. 
Pressure Effects. Referring to a co-ordinate system as shown 
_ by Fig. 1, the differential equation for the pressure in the oil film 
will be as follows 


+ r2d/dy(h3dp/dy) = 6(w — sin B (1) 


when the journal, as well as rotating about its own center, moves 
in a circular path with constant velocity. (For derivation see 


Appendix 1.) 
The oil-film thickness h is given by the following expression 
_ h = C,(1 + € cos 8) 
(2) 
which corresponds to the case when the journal center is stationary 
and the journal rotates with an angular velocity 2 about its own 
center. 

Any solution of Equation (2) will therefore also apply to Equa- 
tion (1). 

Unfortunately, in spite of the fact that extensive studies of the 
constant-load characteristics of plain journal bearings have been 
made, the author is unaware of any complete solution of Equation 
(2). There are, however, two important approximate solutions to 
the plain-journal-bearing problem, the first after Sommerfeld (3). 
The second is after Michell [4] and Dubois and Oecvirk [5]. 
Further, numerical solutions based on the relaxation method [5], 
as well as a wide selection of experimental studies, are available. 
But, before we proceed to discuss these studies, it will be conven- 
ient to introduce a dimensionless parameter 1/C,, which will be 


called the load number 
(<2 2 ( : 
\D L 


Introducing 2 = (w — 2w,) in the above equation gives 


+ = 6Qr2yeC, sin B 


1/C, = 


Sommerfeld’s approach [6] to the journal-bearing problem is 
based on the assumption that dp/dy in Equation (2) can be 
neglected. This leads to a load number 
y 

/ D ,Le., Y = 


Michell suggested that dp/d8 in Equation (2) could be put 
equal to zero, and this was made use of by Dubois and Oecvirk in 
their solution. This leads to the load number ~, 


2xp’ (P\.. 


Since the first of these solutions applies to infinitely long 
bearings and the second to infinitely short bearings, it is to be ex- 
pected that in actual fact y takes a value between 0 and 2. 

Kreisle [7] obtains an experimental value of y = 1.73 for very 
short bearings, thus indicating the load number for an interme- 
diate case. 

The load number is an important parameter since the general 
procedure is to present solutions of the journal-bearing problem 
as functions relating the eccentricity ratio and the attitude angle 
to the load number, i.e. 


(4) 


1/C, = 


e=f(i/C,) or = Fle) 


a = g(€) 


(5) 
(6) 


For the theoretical treatment of oil whip which we will now 
proceed to develop, it is sufficient to know that functional rela- 
tionships exist between the eccentricity ratio, the attitude angle, 
and the load number, as shown by Equations (6) and (6). 

The actual forms of these functions will not be required before 
we want to solve a numerical example. 

At this stage it should be emphasized that the purpose of our 
theory of oil whip is to furnish a link between the constant- 
load characteristics of a bearing and the oil-whip characteristics. 
In order to simplify experimental verification, the best procedure 
would therefore seem to be: (a) Select an experimentally ob- 
tained constant-load characteristic for the bearing; (b) apply the 
theory to obtain the oil-whip characteristics; and (c) measure the 
oil-whip characteristics experimentally. 

Further progress of this analysis will therefore be as follows: 

A typical curve which relates the eccentricity ratio to the load 
number for a journal bearing is shown by Fig.3. Fig. 4shows the 
variation of attitude angle with eccentricity ratio for the same 
bearing [8]. 


| 
4. 
4 
Fig. 1 Co-ordinate system and Fig. 2 Force diagram 
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Let us assume that the two curves just mentioned are obtained 
by experimental measurements on a bearing in which the journal, 
subjected to a constant load, rotates with the angular velocity 0. 
These curves then represent the resultant effect of viscous-drag 
forces as well as pressure forces on the journal. 

However, since during test the frequency of rotation of the ap- 
plied force is kept well away from half the frequency of rotation of 
the shaft, the effect of the oil-film pressure will be very large com- 
pared to that of the viscous drag. 

Consequently, the curves of Figs. 3 and 4 may be taken to 
represent the effect of the oil-film pressure alone, i.e., the solution 
of Equation (2). 

Let us now replace 2 by (w — 2;) in the expression for the 
load number, Equation (3), and further make use of y = 1.73 as 
indicated by Kreisle [9]. 

This leads to the following equation 


It will accordingly be necessary to extend the curves of Figs. 3 
and 4 to cover negative values for the load number as shown by 
the dotted lines. 

The complete curves of Figs. 3 and 4 will now represent the 
solution of Equation (1). 

Let us now for a moment consider the cross section of a journal 
bearing as shown by Fig. 2. If P denotes the total force on the 
journal due to the pressure in the oil film and a@ is its attitude 
angle, the components of this force perpendicular to and in line 
with the eccentricity will be given by Equations (8) and (9). 


T, = Psina (8) 
T: = P cosa (9) 


Since P = p’'LD, it is possible to express P in terms of the load 
number by making use of Equation (7). 


D\?:/L\3/1 
= — 2w,)LD ~ 1/2 ) 
P = (2) wr (10 


Thus Equations (8) and (9) can be rewritten as follows 


= — I 2 

i 1 D C, sin @/ ( 
D\?/ / 1 

T: = p(w — 2w,)LD (2) (2) cos a/2r (12) 


Cp D C, 


Viscous-Drag Effects. The force per unit area of the journal due 
to viscous drag will be given by the following equation 


= w(du,/dz), (13) 


The velocity gradient du,/dz is obtained from Appendix 1, 
Equation (34) and, consequently, Equation (13) can be rewritten 


h 
f= 2 op/or — — (14) 


h 
Putting z = r8 and h = C,(1 + € cos 8) in Equation (14) 
leads to the following expression 


(2) a + € cos B)dp/aB — : 


2 C,/ 1 + € cos 8 (18) 


f = 

We shall see later that the term containing dp/08 in this equa- 
tion can be neglected. 

To be able to show that this is the case, it is convenient and suf- 
ficiently accurate to derive an expression for 0p/08 according to 
Sommerfeld’s theory—i.e., neglecting side leakage. On this basis, 
it can readily be shown that 


2 cos By — cos 8 
(1 + € cos 8) 


cos By — cos B 
(1 + € cos B)* 


op/d8 = 6(w — (16) 


Hence 


r 1 
1 + €cos8 


Belo — (<) 


where cos §, is given in Appendix 2. 

The effect of viscous drag on the journal may be represented by 
two force components, F;, perpendicular to the line of eccentric- 
ity, and F», in line with the eccentricity (see Fig.2). These two 
components can be expressed in terms of f by the following equa- 
tions 


(17) 


sap (18) 


(19) 


written as follows 


* cos Bd8 
1 + €cos 8 
cos 


r 
+ 3ryue(w — 2a) {eos Bo (1 + cos By 
* cos* 


Eccentricity Ratio € 


— 


“Fig. 4 Attitude angle versus eccentricity ratio 
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Let us denote the integrals which occur in Equations (20) and 
(21) by J;, Zs, Zs, Is, Ts, and I¢, respectively. The evaluated forms 
of these integrals are given in Appendix 2, which shows that 


Hence 
7 


The expression for the force F; may be rewritten in the follow- 
ing way = 


3e? 
+ 3e(w — E 


Centrifugal Force 


It will be remembered from the Introduction that the center of 
the journal is assumed to describe a circular path about the center 
of the shell with constant tangential velocity. The only ac- 
celeration which acts on the journal is, consequently, an accelera- 
tion of constant magnitude directed toward the center of the 
shell and the only resulting inertia force is the centrifugal force. 

Let M denote the mass of the journal and the following expres- 
sion will give the centrifugal force which acts radially outward. 


C.F. = Mw,°C,e (24) 
Force Balance 


Let us now assume that the journal is perfectly balanced and, 
further, that there are no lateral forces acting on it in addition to 
those treated in the previous two sections. The conditions of 
force equilibrium for the journal will then lead to the following two 


(26) 


The force components 7), T2, F;, and F2, and C.F. are given by 
Equations 


Equations (11), (12), (23), (22), and (24) respectively. 
(25) and (26) can therefore be rewritten as follows 


qa - e2)'/2 

@ (i — 


D L 1 
= (w — (7) ( sin 


= — 2u,)LD — 


LF, = 7 
CF. = Ts 


) cosa/2nr (28) 
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In Equation (27) there are two terms containing the factor 
@ — 2. It will be noticed that the second of these terms con- 
tains the factor (D/Cp) as well whereas the first does not. For 
this reason the second term will be very large compared to the 
first and, consequently, the first term can be neglected. 

Physically this means that we neglect the effect of the oil-film 
pressure on the viscous drag, and our procedure in deriving the 
effect of the viscous drag is thereby justified. 

Equation (27) then becomes 


( 1) 
e -—e)'4 
(2)(4)" (4) 
= — 24, : 
Cp D C, 


Rearranging Equation (29) now gives the following expression 
for the ratio of the whirling frequency to the frequency of rota- 


tion 
€ ( € ) 
l ( l —_ 2)'/2 | 


(30) 


Further, Equations (28) and (29) give an expression relating 
the frequency of rotation to the eccentricity ratio 


( 1 (2 y 

2rul 


Equations (30) and (31) describe completely the motion of the 
journal in oil whip. J _ 

The following dimensions will now be assumed for the purpose 
of carrying out a numerical example 

M =3tons; L =6in.; D/Cp = 1000; L/D =—; 


2 
5 X 10~* lb sec/in.? 


It will also be assumed that the bearing response to a constant 
load is given by the experimental curves obtained by Kreisle, as 
shown in Figs. 3 and 4. 

Making use of Equation (30), values of the frequency ratio 
have been calculated for a range of different eccentricity ratios. 

Further, values of the frequency of rotation corresponding to 
the various eccentricity ratios are obtained from Equation (31). 

The results of the calculations are given in Table 1 and the 
variation of eccentricity ratio with frequency of rotation has also 
been presented graphically in Fig. 5. 


Discussion 


\ short discussion of the results given by Table 1 and Fig. 5 
will be required before this paper is concluded. 

Let us first consider the ratio of the whirling frequency to the 
frequency of rotation. A range of values from 0.497 to 0.499 
has been obtained for this ratio by the theory. In compari- 
son, Shawki [10] gives experimental values of 0.491, 0.497, and 
0.499 which indicates good agreement. Other experimental 
works, however, give values down to 0.41 which is below the 
values calculated in our numerical example. It should be 
noticed from Equation (30), however, that the various bearing 
dimensions affect the ratio of whirling frequency to frequency 
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9 
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Fig. 5 Eccentricity ratio versus journal speed 
Table 1 Frequency ratio and frequency of rotation versus 


eccentricity ratio 


€ 1/C, a, deg rpm 
0.26 85.5 0.497 17 7 
0.63 81 0.497 33 
1.05 77 0.498 48 
1.65 74 0.498 60 
2 86 67 0.498 95 
4.75 59 0.498 
74 52 0.498 
22 44 0.498 301 
9.5 37 0.498 452 
37 30 0.499 749 


Bearings with large clearances will have low values 
100, frequency 


of rotation. 
for this ratio and, for example, with D/Cp = 
ratios down to 0.467 would be predicted. 

The curve of Fig. 5 shows the eccentricity ratio plotted against 


the frequency of rotation. It will be seen from this curve that 
the theory predicts oil-whip at all speeds for vertical rotors sup- 
ported by plain journal bearings. This is in accordance with 
general experience. It is true that as exceptions rotors of this 
type have run without oil-whip. This, however, can easily be 
explained by out of alignment of the bearings. 

Finally, the calculated curve of Fig. 5 has been superimposed on 
an experin.ental curve obtained by Newkirk [1], as seen in Fig. 6. 
This latter figure is presented primarily as a convenient reference 
for our classification of the various whirling phenomena as given 
in the terminology, but it will also furnish a comparison for the 
calculated results. 

It is seen that agreement is possible for high speeds. At the 
beginning of oil whip, however, the calculated curve deviates 
considerably from the experimental curve. The main reason for 
this is that Newkirk’s results apply to a horizontal rotor for which 
the effect of gravity is important. 

The effect of gravity for horizontal rotors is to shift the neutral 
position of the journal off the center of the bearing. As a result, 
a stiffer part of the bearing characteristics will determine the 
stability of the journal which, therefore, remains stable until a 
higher instability threshold is reached [13]. 

When first unstable, however, the journal will gain approxi- 
a mately the same amplitude as though it were vertical. 

APPENDIX 1 


Differential Equation for the Pressure in the Oil Film t+ 


If u, and u, denote the velocity of the oil in the z and y-direc- 
tions respectively, p the oil pressure, and y the viscosity, the fol- 
lowing two equations express sufficiently the conditions of viscous 
flow in a journal bearing: 


ud*u,/d0z? =dp/dr (32) 


30 
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20 
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Fig. 6 Amplitude versus shaft speed (broken line indicates sug- 
gested oil whip amplitudes for vertical rotor, solid line is the experi- 
mental curve from Newkirk (1) ‘ 


(33) 


‘ ud*u,/d2z? = Op/dy 


‘These two equations can be integrated twice with respect 
to z. Further, the following boundary conditions will be intro- 
duced: 

— z=0,u, = u, = 0, and 

when z = h,u, = —wrand u, = 0. 


The two expressions are derived for the velocity components 


- dp/da(s* — hs) (34) 


bo 


(35) 


1 
= — Op/dy(z*? — hz) 
2u 


Let us now consider an element of length dy and breadth 6z of 
the oil film in a journal bearing. The difference between the 
flow out of and the flow into this element will be given by "i 


h h 
0/2, (f, ule) + 9/2, (f, uj) 


For the compression of the same element per unit time we 
have 


v sin 


Based on the assumption of incompressible fluid flow, the fol- 
lowing equation may therefore be put down 


= vsin Bdydr (36) 


Making use of Equations (34) and (35) in Equation (36) gives 
+ 3/dy(h*0p/dy) = 
dh 
—6urw — — 12uvsin8 (37) 
ox 


Let us now make use of the following relations 


And further introduce 
h = C,(1 + € cos 8) oat Ss 


in the left-hand side of Equation (37). Thus the following dif- 
ferential equation will be obtained for the pressure in the oil film 
of the bearing 


+ r2d/Iy(h*dp/dy) 
Went 6(w — 2u,)r*ueC, sin 8 (38) 
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APPENDIX 2 


3e 


Integrals 


cos By = — 


(39) 


I cos Bd8 
_, (1 + € cos 8)? 


+ € 8)? (1 — 


, (1 + € cos 8) 


(41) 


no 
(1 + € cos 8)? 


= 0 


, (1 + € cos 8)? 
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of Compensated Gas Bearings 


By HERBERT H. 


A static and dynamic analysis of a general configuration of a 
compensated gas bearing is presented for the case in which the 
effects of shaft rotation on performance are negligible. The 
equations developed can be used quantitatively and are par- 
ticularly useful in assessing the effects on static and dynamic per- 
formance of changes in design parameters such as fluid proper- 
ties, compensation schemes, and geometry. To illustrate the 
use of the equations developed, a comparison is made between 
two common types of hydrostatic gas bearings—the pool bearing 
and the inherently compensated bearing -and a design example 


for a specific bearing requirement is worked. 


Tue following nomenclature is used in the paper: 


Nomenclature 


= flow area of compensating orifice, sq in. 
= area of hypothetical choked orifice permitting flow W,, 
sq in. 
effective area (8b/2)(L,), sq in. 
dimensionless pressure-flow sensitivities, 


(P,,;/W, (OW /OdP,,) 


circumferential distance between adjacent inlet orifices, 
In. ' 
dimensionless displacement-flow sensitivities, 


(h/W, (OW /dh) 


circumferential width of pool, in. 

orifice discharge coefficient 

specific heat at constant pressure, ft-lbr/lbu deg R 
diameter of bearing, in. 


time derivatives, sec™! 


diameter of inlet orifice, in. 

resultant pressure force in full journal bearing, |b 

amplitude of sinusoidally varying force, lb 

resultant pressure force in simplified model of bearing, 
lb 

dimensionless parameter 

local acceleration of gravity, 386 in/sec? 

radial clearance, in. 

pool depth, in. 

subscript indicating initial steady or quiescent value 

ratio of specific heats (1.4 for air) 
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ka dynamic spring stiffness of full journal bearing, Ib/in. 
k static spring stiffness of full journal bearing, lb/in. 
bearing length, in. 
pool axial length, in. 
polytropic exponent 
pressure, psia 
power, hp 
= ambient or exhaust pressure, psia 
pressure just downstream of inlet orifice, psia 
bearing-supply pressure, psia 
gas constant, ft-lbr/lbm deg R 
external flow restriction 
orifice flow restriction 


= bearing-clearance restriction 
bearing-supply temperature, deg R 
volume of fluid film in simplified model, 0, = bLA, cu 


in 
volume of fluid in pool, 0, = 6,L,h,, cu in, ee) 
mass flow rate, lbw /see 
amplitude of sinusoidally varying shaft deflection, in 

= shaft deflection, in. 
constant relating AF,, to AF, 8 = AF/AF,, 
small change m « 
viscosity, Ibp-see/sq ft 

= pool density, lbw/cu in. 

= lead time constant, sec 

= lag time constant, sec 

= frequency, radian/sec 


The present trend toward higher speeds and higher tempera- 
tures has created a major design problem in the support of shafts 
and other moving elements in airborne equipment. Conventional 
bearings such as oil-hydrodynamie and rolling-contact or anti- 
friction types currently are being operated near their ultimate 
limits of speed and temperature. 

The gas-lubricated bearing offers one attractive solution to this 
problem of supporting high-temperature and high-speed shafts. 
However, in the technical literature, little information currently 
is available that would enable a design engineer to compute re- 
liably the load capacity, power loss, or dynamic characteristics of 
such a device. Even qualitative effects of various design parame- 
ters on the dynamic characteristics of a given bearing configura- 
tion in many instances cannot be deduced. Thus a need exists 
for information that would permit a designer to evaluate the 
feasibility of a gas bearing for a given application, and to compute 
its operating characteristics within an acceptable degree of 
accuracy. 

Functionally, an almost direct analogy exists between a fluid 
bearing and a conventional hydraulic or pneumatic fluid-control 
system. A fluid bearing is essentially a position control system 
that tries to hold a bearing journal centered in a bearing sleeve. 
This position device is subjected to disturbances in the form of 
loads that must be carried by the bearing elements, and a satisfac- 
tory bearing must have load stiffness sufficient to keep deflection 
less than a prescribed fraction of the bearing clearance when the — 
system is subjected to the maximum expected load force. 


Introduction 


Static and Dwvnamic Characteristics 
b, = 
= 
F, = 
= 
- = 


Limited investigations, which dealt analytically and experi- 
mentally with the static and dynamic behavior of one type of ex- 
ternally pressurized gas bearing, were carried on at the Dynamic 
Analysis and Control Laboratory from 1953 to 1955. This work 
resulted in several publications (1, 2, 3)* that present limited 
design information for the special bearing configuration that was 
studied. 

In view of the increasing need for high-speed and high-tem- 
perature shaft supports, a renewed effort to analyze and study the 
gas bearing was initiated. The results obtained thus far deal with 
externally pressurized gas bearings in which any effects of shaft 
rotation on static or dynamic characteristics can be neglected. 
Because of the complexities of compressible fluid flow in passages 
of varying geometry, refined analyses of gas bearings usually are 
precluded. However, by removing distributed effects through 
the use of lumped parameters, the gas-bearing problem can be 
simplified to the point where analysis can be used to yield quantita- 
tive design information, An incremental analysis of the static and 
dynamic characteristics of a generalized pressurized-bearing con- 
figuration has been made employing lumped-parameter assump- 
tions. The results obtained in this way can be used quantita- 
tively to compute the effects of various design parameters on 
bearing performance. 


Compensated Hydrostatic Gas Bearings 


Principle of Operation. In the hydrostatic bearing, a fluid film 
that separates the shaft and journal is maintained by a source of 
pressurized fluid external to the bearing. The pressures in this 
fluid are regulated, or compensated, in such a way that they resist 
shaft deflection. This regulation is accomplished by the action of 
flow restrictions in and external to the bearing. Fig. 1, a sche- 
matic diagram of the common pool-type bearing, illustrates the 
principle of pressurized-bearing operation. Fluid at pressure P, 
enters into pools or pressure cavities in the clearance through ex- 
ternal capillary or orifice restrictions R.x and exhausts to atmos- 
phere through the bearing-clearance restrictions R, and R». 
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less pressure change than occurs in a comparable pool bearing. 
Comparison of the pressure distribution in Figs. 1 and 2 shows that 
a given pressure change produces less shaft force in the IC bearing 
than the pool bearing. Therefore, qualitatively, the static load 
capacity of the inherently compensated bearing is inferior to that 
of the pool bearing. However, as will be shown later, the in- 
herently compensated bearing has superior dynamic characteris- 
ties. 


Analysis. The problem of journal-bearing analysis can be 


simplified by replacing the full journal by an equivalent single-— 


pad bearing. By replacing actual pressure distributions with 
linear pressure distributions, or straight-line segments, and 
by assuming that each fluid-inlet region behaves essentially 
independently of the other inlet regions and that shaft deflections 


are small relative to the total clearance, a correspondence can be ' 
established between a full journal bearing and the model shown 
in Fig. 3. The change in force on the full bearing, AF, is related 


to the change in force in the model, AF,,, by the equation 


where the constant 8 normally is equal to one half the number of 
inlet regions in the bearing. In Fig. 3, 6 is the circumferential 
distance between adjacent inlet regions and L is the axial length 
of the journal bearing. If the actual pressure distributions in th 


e 


BEARING 


Rex = CONSTANT 


When the shaft is centered in the bearing, the pressures P,,, and 


_ P,2 in the upper and lower pools, respectively, are equal, and no 
net force is exerted on the shaft. But when the shaft is deflected 
to increase the clearance the restrictions and decrease 
and increase, respectively, thus causing P,,, to decrease and P,,2 
to increase. This action may be visualized with the aid of the 
A net force, proportional 


schematic bridge shown in Fig. 1. 
to the shaded area in the pressure-distribution diagram, acts to 
7 oppose the shaft deflection. Consequently, the bearing has a 
_ load capacity that is a function of the rate-of-change of pressure 


with clearance and of the pressure distribution. 
Fig. 2 shows a second common bearing configuration. This 
type of bearing is simpler in construction than the pool bearing, 
Base no external flow restrictions are employed and the fluid is 
introduced directly into the clearance through straight-drilled 
holes. The function of the upstream restriction Rex of Fig. 1 is 
accomplished by the restriction of the annular orifice Rg formed 
by the clearance height A and the periphery wd of the inlet hole. 
When the shaft is deflected to increase fh, in Fig. 2, Ro: and R, both 
decrease; but since Ro: varies inversely with h;, while R, varies 
inversely with h,*, the intermediate pressure P,,,;, just downstream 
of Ro, decreases. Similarly P,,2 increases, and a net force that 
resists the deflection acts on the shaft. Because no external j 
compensating flow restrictions are present, this bearing is termed J ” 
the inherently compensated (IC) hydrostatic bearing. This con- 
figuration was chosen for the limited studies reported in references 
(1, 2,and 3). Since Ro: and Ro: change in the same direction as R;, 
and R, in the bearing of Fig. 2, a given shaft deflection produces 


* Numbers in parentheses refer to the Bibliography at theendofthe Fig. 2 Hydrostatic bearing with inherent orifice compensation 
(adapted from fig. 4 of reference 3 ae 


paper. 
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Fig. 3 Simplified model of a pressurized journal bearing 


pad are replaced by a constant circumferential pressure and a 
linearly decreasing axial pressure, the change in pad force AF,, as 


a function of change in pad pressure AP,, is found to be 


WL L.) 

and the. corresponding shaft force is 


AF =8 +) ap, 


p) AP.,, 


[3] 
where A, is an effective area over which AP,, can be assumed to 
act. 

The flow into and out of the pad is controlled by the combined 
valving action of the inlet restriction and the clearance-space re- 
striction. With the assumption that the bearing operates with 
small percentage changes from the centered position, the incre- 
mental-flow equations for the equivalent pad can be written in 


the form 
AWin OWin\ Pas 2Win \ AP, 
W, \W, aya \W, aP./] Pas 
AWeut h ow, out Put ow. out AP, 
W, W, oh 
where h is the radial clearance, y is shaft deflection, and P,,; and 
W, are the pool pressure and the mass flow through the pad, re- 


spectively, when y = 0. For simplicity, Equations [4] and [5] are 
written in the form 


The quantities a, a, and b: are effective “valve’’ parameters 
for the bearing. The net flow into the pad is 


AWia — AWourt 


The conservation of mass requires that the net mass flow rate into 
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the pad equal the rate of change of mass inside the pad. In Fig. 3 


Wi -W 
out dt 


d 
Pr 
— b(L — ) 
dj 


+h. 


where p,, is the pool density and VU, is the pool volume. Lineariz- 
ing Equation [9] for small changes from the steady-state condi- 
tions y = 0, p,, = p,,;, and dp,,/dt = 0 yields 

WL + L,) j 


WL + dp 
+ [v, + de 


(MASS ) pad 


AWin — = 


In order to continue the analysis, a relationship between the 
density and pressure in the pad is required. It is assumed that 
the pressure and density are related by the polytropic equation 


= constant......... 


Pm 


Since the changes occurring in fluid properties inside the pad are 
small and are likely to be rapid in comparison with thermal lags, 
the polytropic exponent is taken equal to k, the ratio of specific 
heats. Then 
Pp... = k 


Combining Equations [3], [8], [10], and [12] gives 


+ L,yh 
- + (by — b 


where D denotes differentiation with respect to time. Equation 


{13} can be rewritten in the form 


7D + 1 
=k 
Ka (2 + i) 


where k, is the dynamic spring stiffness 


k, is the static spring stiffness 


(Fat) 
P, (a: + a) 


T, is the lead time constant 


+ 
— 


and 7: is the lag time constant 
rim wil 
L+ L,)h 


k(a; + a2)W; 


=... 


ly 
Win 
i 
! 
- 
q 
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Therefore, the dynamic-force—displacement relationship for a 
pressurized bearing is equivalent to a static spring stiffness with a 
lead and lag. 

When the bearing is deflected very slowly, equilibrium flows 
and pressure distributions are achieved in the clearance spaces, 
and the restoring foree depends on the static stiffness k,. When 
the bearing is deflected very rapidly, no appreciable flow can enter 
or leave the clearance spaces, and a restoring force occurs because 
of compression or extension of the essentially trapped fluid film. 
The latter force depends on the compressibility of the film and is 
determined from the quantity k,(7)/T2). 

Stability. If a steady sinusoidal displacement of amplitude Y 


and frequency w is impressed on a bearing, then, in complex nota- 
tion, the amplitude of the resulting force Fz is given by 


jet, + 1 


TAN 


EFFECTIVE 
NEGATIVE DAMPING 


Fig. 4 Vector diagram for compensated gas bearing 


This result is plotted in the vector diagram of Fig. 4. If tr. > 7, 
as shown, the force F, lags the displacement Y. Then, since one 
component of the force is 180 deg out of phase with the velocity 
vector jwY, an effective negative damping exists for any value of 
the frequency w. Consequently, in the absence of sufficient dis- 
sipation or positive damping from an external source (load damp- 
ing), the bearing is dvnamically unstable when 72 > 7;. Similarly, 
if tT; > T2, the bearing is positively damped and stable. There- 
fore, as indicated by Equation [14] and the condition that 7; > Te, 
the dynamic spring constant in a stable bearing must be larger 
at high frequencies than at low frequencies. The spring constant at 
high frequencies, k,(7,/T2), results from the compression of the 
fluid film without any flow occurring into or out of the film. Hence 
an upper limit exists for the stiffness of any fluid bearing, regard- 
less of the method of compensation. This limiting value is the 
spring stiffness of the trapped fluid film. The magnitude of 7/72 
gives an indication of the amount of inherent positive damping 
in the bearing. From Equations [17] and [18] the condition for 
stability is 
k(a, + ae) 1 
T2 (be b,) 2U,, + 1 
WL + 


[20] 


When load damping is present in the bearing system, the external 
load characteristics (mass, external springs, damping, and so 
forth) influence the stability; however, since Equation [19] repre- 
sents the dynamic-force characteristics of the fluid film, the effects 
of load characteristics on stability can be assessed in a straight- 
forward manner. In any event, Equation [20] is a conservative 
criterion for stability when normal load characteristics are present. 


aes 


“6 


orifice area is independent of shaft deflection y; 


Effect of Parameters on Stiffness and Stability. 
Equations [3] and [16] gives 
kh _ + — bi) 


Combining 


Equations (20] and [21] provide a basis for evaluating a proposed 
bearing configuration in terms of its geometry and of its pressure- 
displacement-flow characteristics. These characteristics vary as 
a function of the nature of the inlet orifices or other compensating 
restrictors and as a function of the type of flow that occurs in the 
clearance spaces (that is, laminar, turbulent, choked, and so 
forth). The stiffness k, of a bearing may be increased by increas- 
ing the flow-displacement sensitivity (b2 — 6,) or by decreasing 
the flow-pressure sensitivity (a; + a2). However, according to 
Equation [20], any changes of this nature that also decrease 
T,/T2 are reflected directly in reduced damping in the bearing. 
Since the value of the quantity k(a, + a2)/(be — b,) is normally 
near unity, Equation [20] indicates that the volume of any pres- 
sure pools must not be of a higher order of magnitude than the 
clearance-space volume and that the smaller the pool, the more 
stable the bearing. The stiffness k, may be increased by an in- 
crease in inlet pressure P,,;, or, whenh,/h, L/L, and b,/b are con- 
stant, by a decrease in clearance, without compromising stability. 


However, increase in pressure increases the quiescent flow W, re- 


quired to sustain the fluid film and hence increases the power that 
must be supplied externally to the bearing. 

Lomparison of the Pool Bearing With the Inherently Compen- 
sated Bearing. Ina pool bearing such as shown in Fig. 1, the inlet- 
hence from 


Equation [4], ) = 0. For the IC bearing, the inlet-orifice area 


_ adh is proportional to the deflection y and therefore b; = 1. 


When laminar flow occurs in the clearance space (Wour ~ h®), 
b. = 3. When two bearings having inlet orifices rather than 
capillaries, for example, are compared, the pressure-flow sensi- 
tivities a, and a2 are the same functions of the inlet-pressure ratio 
P,,;/P,, for both bearings. In the IC bearing no pools exist and 
v, = 0. 

If two bearings having equal numbers of inlet regions, equal 
sizes, and equal values of inlet-pressure ratio are considered, 
Equation [21] gives 


(Ks )poot 3 (: 
(ks 2 

For practical bearing designs L,/L can vary from approxi- 
mately one half to zero. Then the ratio of (k,)pooi to (k,)1c varies 
from 1.5 to approximately 2.25. Consequently, much of the ad- 
vantage in load capacity of a pool bearing derives from the fact 
that 6; is zero (fixed upstream orifice). If a bearing could be 
constructed with an inlet orifice that decreased its area as clearance 
in the inlet region increased, then b; would be negative, giving 
further increase in load stiffness. However, a feasible way of 
constructing such a bearing has not been found. 

From Equation [20] 


+ 
+ L,)h 


( ) _ ka; + a2) 
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For a given bearing configuration, the parameters a, a2, and 
P,,,;/P, can be found as follows: By setting the equation for flow 
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Fig. 5 Inlet-pressure ratio versus design parameter F) (adapted 
from fig. 10 of reference 2 
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Fig. 6 Plots of orifice and capillary pressure-fiow characteristics 
(adapted from fig. 9 of reference 2) 


into the simplified pad equal to the equation for flow out, P,,,;/P, 
is determined as a function of a design parameter, for example, F». 
The parameter F, is not a generalized function but depends on the 
type of compensation employed and on the nature of the flow in 
the clearance spaces. Physically, it determines the ratio of the 
clearance restriction to the compensating inlet restriction. The 
inlet-pressure ratio P,,,/P, is plotted in Fig. 5 as a function of Fy 
for the IC bearing with adiabatic orifice flow into and isothermal 
compressible laminar flow out of the bearing. The results of Fig. 
5 are also directiy applicable to an orifice-compensated pool bear- 
ing with U, small if F, is multiplied by 4h/d, and if d is inter- 
preted as the inlet-orifice diameter. From Equations [4] and [5] 
and the controlling flow equations, a; and a2 can be determined as 
functions of P,,;/P,. These functions, reproduced from reference 
(2), are presented in Fig. 6. The curve for the capillary restric- 
tion a2 was computed for P,/P, = 0.0198. Curves of combined 
pressure-flow sensitivity (a, + a2) and (P,,;/P,)[1/(a. + 
have been added. Reference to Figs. 5 and 6 shows that (a, + a2) 
is always greater than 2. Therefore (7:/72)1c is always greater 


, 


than 1.4. Hence the IC bearing is inherently stable for any 
combination of system parameters. Further discussion of the 
dynamic properties of the IC bearing in the presence of various 
load characteristics can be found in reference (2). A bearing 
operating near maximum stiffness per unit supply pressure has 
(a; + a2) = 3, 71/T2 = 2, and the bearing is well damped. With 
substitution of the latter value into Equations [23] and [20], the 
pool-bearing stability condition is 


For stability under these conditions 


v «6 


[25] 


= 


[26] 


where UL, = clearance volume = bLh. Therefore, in order to 
operate a pool bearing in its most efficient region, (a, + a2) = 3, 
and yet maintain stability, the pool volume must be less than 25 
per cent to 30 per cent of the clearance volume. Of course, a 
bearing with a larger pool may be stabilized at the expense of 
stiffness by changing (a; + a2). Even when VU, = 0, the pool 
bearing is less stable than the inherently compensated bearing, as 
shown by Equation [23]. 

As the shaft of a pool bearing is given large displacements rela- 
tive to the clearance, the effective clearance volume VU, decreases 
in regions of reduced clearance, and increases in regions of in- 
creased clearance. From Equation [20], the ratio of 7/7: then 
becomes very small on the side of the bearing where clearance is 
becoming very small, thus introducing a relatively large de- 
stabilizing effect. However, on the side where clearance is in- 
creasing, 7,:/Tz can change by only a few per cent because the 
initial D,/0, must be small for stability at small shaft deflections. 
For this reason, pool bearings that are stable when unloaded have 
a tendency to become unstable as they are loaded. Since the 
pressure-flow sensitivity (a; + a2) also can increase in the region 
of reduced clearance, the statement does not hold that all pool 
bearings become unstable when heavily loaded. Whether or not 
a given pool bearing tends to become unstable as it is loaded can 
be determined by reference to Figs. 5 and 6. In any case, since 
(a, + az) goes to infinity as P,,;/P, goes to unity and local 
clearance goes to zero, a pool bearing that becomes unstable when 
loaded regains stability eventually as the bearing is deflected 
further. In the IC bearing, no such difficulties occur because DU, 
is zero. 

The advantages of dynamic stability and manufacturing 
simplicity usually make the inherently compensated bearing 
preferable to the pool bearing, particularly for critical high-speed 
applications. When load capacity is at a premium, stiffness can 
be increased 50 per cent, with corresponding decrease in 7,/T2, by 
introducing a pool of small volume compared with the clearance 
volume. 

Sample Design. To illustrate the use of the equations de- 
veloped for the compensated hydrostatic gas bearing, a bearing is 
designed to meet the following requirements: 


1 Maximum load 25 Ib. 

2 Maximum available supply pressure P, = 100 psig. 

3 Minimum bearing diameter consistent with economy of 
fluid supply. 

To conserve supply fluid, the bearing clearance should be as 
small as possible. A value of h of 0.0008 in. is taken here as a 
practical minimum. If the bearing is to be used for high-tempera- 
ture operation, this value probably would have to be increased to 
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minimize effects of thermal distortion, and the resulting increase 
in gas flow would have to be accepted. 

Since the stiffness for small loads, k,, normally drops off some- 
what as the bearing is subjected to large loads, the maximum load 
that can be applied to the bearing probably will be less than 
kh. For design purposes, the maximum allowable load is taken 


equal to 0.5k,h. Then 
0.5k,h = 25 Ib 9 «til 


25 Ib 
k, = (0.5(0.0008 in.) = 6.25 X 10‘ lb/in....... 

To minimize bearing size by maximizing stiffness, a pool of very 
small volume is assumed. Then U,/U, = 0, but ) = 0. For 
laminar flow in the clearance, b. = 3. 

Eight inlet regions are chosen for this design; 
b = rD,/8. From Equation [3] 


_ BbL _ 4X XL 
(2)(8) 


then 8 = 4 and 


us 
= 


Then Equation (16) becomes 


kh 50 Ib 2 
d LL 


P, (a; + a2) + a) 


1 2 
> 
(a, + a2) 3.45 


The quantity (P,,;/P,)[1/(a: + a2)], plotted in Fig. 6, has a 
maximum value near P,,,/P, = 0.8. Then a; + a: ~ 3.5, and 


Del ( ( 0,808 sq i 30] 
B 3.4594 /\0.8 


Lax = Da, D;? = 0.808, De = 0.90 in. 


Therefore, for convenience 


15. 
Dg = — in. = 0.937 in. | 


16 
= — in. 

16 


) 


= 0.937 in. 


From Fig. 5, for P,,;/P, = 0.8, Fo ~ 0.35. For a pool bearing 
with a small pool, the relationship for Fy) must be multiplied by 
4h/d 

0.35 (; —i\” 4h* 
192uC, La?” 


For air at 530 deg R 


[31] 


4 
3.35 ft-lbr/Ibm degR 
72 X 1077 lbr-sec/sq ft i 
= 0.9 
Then, the inlet-orifice area is found to be, from Equation [31] 


= 1. 
3.7 


(4)(115 Ib/sq in.) (8 x 10~*)? cu in. (12 in/ft) 
(0: 35)(2.52 & 10% ft/sec )(192 (3.72 X 10~ lbp-sec /sq ft)(0. 9) 


a= 


= 5.0 10 


TRANSACTIONS OF THE 


d = 7.08 < 10-3 


This value of d is actually too small to be drilled. The value of 
d can be increased to a practical minimum of approximately 
0.013 in. by increasing clearance and therefore quiescent mass 
flow. To keep Fy constant, from Equation [31] 


= 0.007 in. 


3 


= constant 


and 
From Equation [20] 
(1.4)(3.5) = 
T2 3 


Therefore, stability is assured. The pool dimensions were as- 
sumed to be small compared with the volume of the clearance 
space; that is, in Equation [20] 


20, 
Then 


WL + [33] 
A minimum practical size for L, 


> 
2b,L,h, <0.10bA(L + L,) 


and b, is '/i¢ in. 


[34] 


This pool depth is too shallow to be effective as a pool because 
h, is only a fraction of the radial clearance. Therefore the design 
is changed so that the pool is eliminated; that is, the IC bearing 
is used. 

For the IC bearing, b; = 1, and Equation [29a] becomes 

1 1 
(a; ae) 1.15 


P 
Del > 1.17 in., 


Again, for convenience 


p= L=13/ 


and Dg = L > 1.08 in. 


is = 1.062 in. 


In Fig. 5, the expression for F is correct for the IC bearing 


k-1\ PD 2 
0.35 = ( ) 


QgkRT,) Ld 


(115 Ib/sq in. )(64 10~* sq in. (12 in/ft) 
~ (2.52 X 10? ft/see)(0.35)(192)(3.72 X Ibp-see /sq ft (0.9) 
= 0.0156 in 
a2) 
Then, from Equation [20] 
A) BS) 
In onder to complete the design, a knowledge of the mass flow 
W, is required. For adiabatic orifice flow (4) 
VT, 


0 
A 


A* is the area of a choked orifice that would permit the 
flow W,. For P,,;/P, = 0.8, A/A* = 1.21, as shown on p. 614 of 
reference (4). Thus 


= 0.532 deg R/sec.......... [38] 


0. 532P, 


[39] 


where 
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W, = (71.56 in. )(8 X 10~* in.) 
(0.9)(0.532) ‘deg R/sec )(115 Ib /sq in. 
(23 +/deg R)(1.21) 
7.76 X 10> Ibw/sec 
For eight inlet regions, = 6.2 10~* lbu/sec. 
The quiescent power requirement depends on the state of the 
fluid emerging from the bearing. A conservative estimate is ob- 


tained by assuming that the fluid expands isentropically to the 
ambient pressure P,. Then 


1 — (5°) |. 


0.05 hp where & is the power required. 


{40} 


load capacity = 25 lb 

stiffness = 6.3 10‘ lb/in. 

length = diameter = 1!/j¢ in. 

number of inlet holes = 8 

no pressure pools ne 
inlet hole diameter d = O0.0i6in. 
supply pressure P, = 100 psig 
quiescent flow 8 W, = 6.2 x 10 
quiescent power ~ 0.05 hp 


‘lb /sec 


Summary, Conclusions, and Recommendations 


The relationships developed in this memorandum can be used 
to obtain qualitative and quantitative design information regard- 
ing the performance of compensated hydrostatic gas bearings. 
The results presented should be particularly useful in pointing 
out the effects of changes in design parameters, for example, 
fluid properties (such as pressure, temperature, and viscosity), 
compensation schemes, and geometry. 

In order to illustrate the use of the equations developed, a com- 
parison is made between two common types of hydrostatic bear- 
ing—the pool bearing and the inherently compensated bearing— 
and a design example for a specific bearing requirement is worked. 

Previous experimental work (2, 3) has indicated that the type 
of analysis used in this report is valid. However, many more 
static and dynamic test data with various bearing configurations 
are required before the design equations presented here can be 
employed with a high degree of confidence. Characteristics of 
bearings at large shaft deflections would be of particular interest. 

When a hydrostatic bearing is operated at high shaft speeds, 
fluid flow is induced between adjacent inlet regions by the relative 
motion between journal and sleeve. Also, with values of speed 
and clearance currently contemplated in hydrostatic bearings, hy- 
drodynamic effects in the fluid film can become of the same order 
of magnitude as hydrostatic effects. Therefore investigations 
should be made to evaluate the effects of shaft rotation on gas- 
bearing performance. 


Bibliography 


1 “A Study of Pressurized Air Bearing Design; Steady Loading— 
No Rotation,”” by 8. K. Grinnell, M.I.T., Department of Mechanical 
Engineering, MS thesis, Cambridge, Mass., 1954. 

2 “A Dynamic Analysis of Externally Pressurized Air Bearings,” 
by H. H. Richardson, M.1.T., Department of Mechanical Engineer- 
ing, MS thesis, Cambridge, Mass., 1955. 

3 “Design Study of a Hydrostatic Gas Bearing With Inherent 
Orifice Compensation,” by S. J. Grinnell and H. H. Richardson, 
Trans. ASME, vol. 79, 1957, pp. 11-12. 

4 “Compressible Fluid Flow,’”’ by A. H. Shapiro, The Ronald 
Press Company, New York, N. Y., vol. 1, pp. 85, 99-100. 


Discussion 


L. Licht.‘ The author has made a valuable contribution in the 
field of externally pressurized gas bearings. 

His remarks on the dependence of bearing stiffness on the fre- 
quency of the disturbance should certainly be borne in mind by 
those who habitually refer to the bearing-spring ‘‘constant’’ in 
the literal sense of the word. 

It is, indeed, gratifying to note that the author’s stability cri- 
teria agree with the analysis, and confirm the conclusions arrived 
at by this writer for the case of a circular-pad bearing. 

One must emphasize, however, that results based on such 
analyses cannot be expected to be in better agreement with ex- 
periment than the assumptions on which they are based are with 
reality. 

Generally, even in the absence of shaft rotation, circumferential 
flow cannot be neglected. Concepts of linear pressure distribu- 
tions and mean annulus widths should be applied with caution 
and re-examined in the light of bearing geometry, eccentricity, and 
whenever large shaft deflections y or high rotative speeds render 
such simplifying assumptions invalid. 

The paper should be of interest to all concerned with new 
lubrication concepts. It also represents a useful guide in estimat- 
ing the magnitude of parameters which influence the performance 
of hydrostatic gas bearings of this type. 


Author’s Closure 


The author wishes to thank Mr. Licht for his valuable discus- 
sion of this paper. 

Many assumptions have been employed in connection with 
this work in order to reduce the analysis to a simple form. The 
experience of this author with inherently orifice-compensated bear- 
ings has indicated that the type of approach detailed here can be 
used to predict bearing performance to a reasonable degree of 
accuracy up to eccentricity ratios of about 0.5 when the shaft is 
not rotating. Under rotating conditions below the whip range, 
the predicted static and dynamic performance usually is con- 
servative. 

The greatest difficulty in applying the results presented often 
comes in establishing the quiescent conditions for a given pro- 
posed bearing; that is, the quantity P,,,/P, in Fig. 5. Deter- 
mination of this parameter requires matching of inlet flows to 
exhaust flows, which in turn involves considerations of pressure 
gradient. This gradient is of course determined by the assumed 
pressure distribution and may be in considerable error. Once 
the operating point has been determined, however, other per- 
formance characteristics can be evaluated with a high degree of 
confidence. 

The author feels that the greatest value of this paper will be in 
giving to the reader an understanding of the phenomena that 
occur in compensated gas bearings and to show the effects on 
static and dynamic performance of changes in various bearing 
design parameters. 
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_ By O. PINKUS,? W. LYNN, MASS. 


wa Reynolds’ equation in polar co-ordinates was solved on a digital 


computer for the actual sectorial geometry of finite thrust bear- 
ings. The oil-film shape is that of a uniform taper in the circum- 
ferential direction. Minimum film thickness, side and end 
leakage, power loss, and centroids are given in general dimen- 
sionless form as functions of a dimensionless group (uN/P) 
(L/b)?. A wide range of bearing parameters is covered and solu- 
tions are given for very heavy unit loadings. A short discussion 
is included on how to perform thrust bearing calculations using 
the results and expressions derived in the paper. 


Nomenclature 


= minimum film thickness, in. 
= amount of taper, in. 
= specific heat, Btu/Ib deg F 
film thickness, in. 
power-loss coefficient, dimensionless 
number of pads, dimensionless 
pressure, psi 
side-flow coefficient, dimensionless 
end-flow coefficient, dimensionless 
radius, in. 
temperature deg F 
inner radius of sector, in. 
r — ro/L, radial co-ordinate of centroid, dimensionless — 
angular co-ordinate, radians 
angular span of sector, radians 
= 6/6, angular co-ordinate of centroid, dimensionless 
= viscosity, lb-min/sq in. 
outlet viscosity, ]b-min/sq in. 
frictional force, lb 
vertical load number, dimensionless 
horizontal load number, dimensionless 
power loss, lb-in/min 
radial length of bearing, in. 
speed of runner, rpm 
unit loading, psi 
oil flow, cu in/min 
outer radius of sector, in. 
= thrust factor (uN /P) (L/b)?, dimensionless 
linear speed, in/min 
= bearing load, lb 


7 3 Tue following nomenclature is used in the paper: 


P 
Q 
R 


~ 


1 When this paper was written, the author included information and 
expressed opinions he believed to be correct and reliable. However, 
because of the constant advance of technical knowledge, the widely 
differing conditions of possible specific applications, and the possi- 
bility of misapplication, neither the author nor his employer makes 
any warranty with respect to, or assumes any liability arising out of 
this paper, its contents, or its use. 

2 General Electric Company. Assoc. Mem. ASME. 

Contributed by the Lubrication Division and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
22,1957. Paper No. 57—A-152. 


Thrust Bearing 


p = specific weight, lb/cu in. 

A = friction coefficient, dimensionless o—- 

- 

Introduction 


The foremost handicap in lubrication studies is the difficulty of 
obtaining analytical solutions of Reynolds’ equation. While 
in the case of journal bearings, due to the trigonometric expression 
of the oil film, this task is almost insurmountable, there were some 
successful attempts in solving analytically Reynolds’ equation 
for thrust bearings. The most important contribution was made 
by Michell (1)* who, for the first time, obtained a purely analyti- 
cal expression for the pressure distribution in a plain slider with a 
constant slope. But the main task of obtaining the integrated 
load capacity, the side leakage, and so on, remained unsolved. 
It was Muskat, Morgan, and Meres (2) who, using a similar ap- 
proach, obtained workable solutions for rectangular sliders 
running at light loads. Archibald (3) in turn obtained solutions 
for the stepped bearing, solving essentially Laplace’s equation 
with one nonzero boundary condition. Charnes, Saibel, and 
Ying (4) did get a solution for a sector-type element but this work 
assumes an exponential oil-film shape which is only an approxi- 
mation to actual tapers. 


Fig. 1 Geometry of sector thrust bearing 

This paper offers solutions for tapered-land thrust bearings of 
finite width. The results obtained on a 650 digital computer‘ 
are based on the solution of Reynolds’ equation in polar co-ordi- 
nates, thus considering the sectorial geometry of actual bearings 
as shown in Fig. 1. The solutions, covering a wide range of pa- 
rameters and operating conditions, are plotted as functions of a 
dimensionless group (uN /P) (L/b)* which can be considered as 
equivalent to the Sommerfeld number in journal bearings. The 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
4 IBM 650 computer. 


Solution of the Tapered-Land Sector 
=m, 
ow 
| 


SOD 
a, but this would be a definite disadvantage. The value of a is 
usually unknown beforehand and so the finding of the correct 
value of a would involve a trial-and-error solution. Using 6 as a 
reference dimension eliminates this complication. Fro.a Equa- 
tion [2], it is seen that a unique solution is provided by three 
parameters: The L/R ratio, the span 6, and film shape. An 
equal number of parameters, L/D ratio, arc length, and attitude, 
The simplifica- 
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solutions were obtained for a 7 X 7 mesh; i.e., for about 50 points 


per bearing pad. 
Solution of Reynolds’ Equation 
Reynolds’ equation in polar co-ordinates is given by 


r o6 is involved in the solution of journal bearings. 


In order to transform Equation [1] into dimensionless form the 


following substitutions are used 
aS 


A= =1 


= 


With these transformations Reynolds’ equation becomes 


teferring to Fig. 1 and replacing the differentials by finite 
increments, we obtain for anyone of the n discrete points in the 
mesh 


‘R\? ar) 

( L ) 
hy? id 1 

Ar? 7, AP 


(hy? + hx?) 


For the n points there will result n equations in n unknowns, 
which will have to be solved simultaneously. After getting the 
pressure distribution the total load capacity is obtained from 


n 


1 


l 


The area of a pad is given by 


A = — r*)] = 


W=PA= 
R 


_ Equating the two expressions for W we obtain 
7, 
2uN(L/b)F, 
— (1 — L/R)* 
a 


Defining the dimensionless thrust factor as 


N 
T= (L/b)? 


(L/b)? = 


1 
— (1 — L/R)*] =. 
2 {1 ( L, 


A sector-pad thrust bearing yields a dimensionless parameter 
T = (uN/P) (L/b)*. This is analogous to the Sommerfeld 
number, (uN/P) (D/C)*. This dimensionless parameter also 
could have been defined in terms of the minimum film thickness 


tion in the case of thrust bearings consists in the fact that no 
attitude angle is involved which eliminates the laborious process 
of satisfying the conditions 2F, = 0. 

The solutions obtained in this paper are for thrust bearings 
having a circumferential taper only The shape of the oil film 
is given by the equation 


h=a+b(1 — 0/6) 


as shown in Fig. 1, with @ positive in the direction of rotation 
In dimensionless form h becomes 


b 
hb = a/b +c 0/6) = (** 


Thus the ratio a/b is, along with L/R and 6, the third necessary 
parameter for a unique solution of the differential equation. 


Results of Analysis 


The results obtained in this paper cover a wide range of values 


of the three determinant parameters. All these are tabulated in 
Table 1. The L/R ratios which must be less than unity and more 
than zero are represented by 2/3, 1/2, and 1/3. The values of 
the angle @ had to be related to the number of pads employed 
in thrust bearings. In practical cases this number will rarely be 
less than 4 or more than 10. Solutions were obtained for 4 equal 
to 80, 55, 40, and 30 deg which, allowing space for the oil grooves 
correspond roughly to thrust bearings having correspondingly 4, 
6, 8, or 10 pads. The values of a/b reflect the operating conditions 
and this parameter is represented by 1, 1/2, 1/4, and 1/8 which 
give ratios of inlet to outlet-film thickness up to 9. The solutions 
thus cover cases of high loading which cannot be obtained from 
the previous solutions of Muskat, Morgan, and Meres (2). 

The three basic quantities involved in bearing calculations are 
minimum film thickness, lubricant flow, and power loss. An ad- 
ditional item of interest in case of thrust bearings is the center of 
pressure which is of importance for pivoted-shoe bearings. All 
these quantities are plotted in the following graphs and dis- 
cussed. 

Film Thickness. Fig. 2 shows the relation between the mini- 
mum film thickness and the thrust factor (uN /P)(L/b)* which in 
functional form is given by 


Figs. 3 and 4 are replotted from Fig. 2 to facilitate interpolation 
with respect to L/R and @%. Fig. 5 shows two typical pressure 
plateaus and Fig. 6 gives one-dimensional pressure profiles at the 
radial and circumferential mid-section of the bearing pad. 

The plots suggest the following observations: 


(a) Effect of parameter %. There is, as shown in Fig. 4, an 
optimum @ for a given L/R ratio. This isshown in Table 2. Thus, 
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Fig. 2 Plot of thrust factor 7 as function of a/b 
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Table 2 Optimum @ values 


a/b A No. of pads 
<30 More than 10 
More than 10 

9 


Wend 


Fewer than 4 
Fig. Plot of thrust factor 7 as function of L/R ratio 
; (b) Effect of parameter L/R. Higher L/P ratios will raise the 
by using the optimum number of pads, the highest load capacity —_unit load capacity. This trend is stronger at low values of 6b. 

or thickest oil film is assured. In general the higher the load and (c) Effect of a/b. As in a journal bearing the load capacity 
the higher the L./R ratio, the fewer pads are desired. High values goes up very rapidly with lower values of a. There is a 40-fold 
of 6 bring the peak pressures closer to the trailing edge. increase in load capacity when going from a/b = 1 toa/b = 1/8. 
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an 5) 40 0.578 030 O15 065 059 O7 0 
30 0.653 0.24 016 0.645 0.61 0.6 7 
14 80 0.1598 0.49 0.070 0.735 053 2.3 ) 
355 0.1655 039 0.086 072 O57 23 9 4 
= ener 40 820 0.30 0.098 O71 O60 2.1 
40 0.31 0045 0.765 O61 4.9: 4 
30 024 00499 0.76 068 43 17 
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THRUST FACTOR, 


Fig. 4 Plot of thrust factor 7 as function of span 4, 


UPPER LEFT @=55°, %b='2 


LOWER RIGHT NUMBERS~'/R =!3, 


Fig. 5 Sample pressure distribution in a sectorial pad in terms of F, 


(d) The peaks of the radial-pressure profiles occur somewhat 
at the outside of the radial center line. The peaks of the cireum- 
ferential-pressure profiles occur close to the trailing edge. 


The flow of lubricant out of any bearing, in 
the absence of feed pressure, is made up of two components; that 
due to shear and that due to the pressure gradients. The side 
leakage is due only to the hydrodynamic forces; the end leakage 
is made up of both the shear and pressure flows. The expressions 
for the two flows are as follows 


Lubricant Flow. 


p 


we then have 


U/R= Ve 
| 30° 
"NUMBERS REFER ro 7 


PROFILE , 


CIRCUMFERENTIAL 


RADIAL OR CIRCUMFERENTIAL DISTANCE 
Fig. 6 Sample of radial and circumferential pressure profiles in 
terms of F, 


flows in terms of outward linear velocity, radial length, and taper 


as 


Q, = i ri dr = Lb 


Q = 5 Lb = 


op 


"Uh 
de = | — az = 


Using the substitutions employed in Equation [1] and remember- 
ing that z = r8,z = r, we have 


op 
{ 


= a ar 
127 \R OF 0. % 


In view of the numerical nature of the solution of Equation [1] 
the foregoing equations too were summed on the computer. The 
shear component of Equation [8], hewever, can be integrated 
directly 


RUh R 
dr = dr 


2 


aNLa 
Rk? 
( ro") 2 


(R 
Thus the side leakage of a sector thrust bearing is given by 


Q, = q,7RNLb.... 
and the end leakage 


(R + ro) + 


= tRNLb - (*) 


= 


| 
b 


where g, and g, are found in Figs. 7 and 8. 


OCTOBER, 1958 1513 
4 
\ 46 >, 
04, 1207 2 
19] 
2 12u Or A 
Expressing arbitrarily the hydrodynamic components of the two re. a. ; 


to 


20 40 
ANGULAR SPAN @,, degrees 
Fig. 7 Plot of side-flow coefficient 


The striking phenomenon here is that the side flow is prac- 
tically independent of the minimum film thickness. This is due 
to the fact that, as the gradients rise sharply with a decrease in a, 
the total film thickness 4 decreases and, since the flow is propor- 
tional to the cube of the clearance, the two effects cancel each 
other. The end flow naturally decreases with a drop in the maxi- 
mum film thickness. With the end flow playing only a minor part, 
it develops that once the geometry of the bearing is fixed the oil 
flow through the bearing changes only with speed but is inde- 
pendent of such things as viscosity and load. 

The linear velocity at any point across the oil film 


h-y (‘" op 
h 2u ox 


du h op 
dy Qu ox 


Power Loss. 
is given by 


where the + sign refers to the surface at the runner and the — 
sign to the surface at the bearing. The frictional force is then 

du aA 

= i d 


ay = 


and the power loss at the runner surface 


N 
+ ) rdrd@ 


dH = U dF ( h On 720 


hr Op | 
= 2xruN 


20 46 
ANGULAR SPAN, 6,-deqrees 
Fig. 8 Plot of end-flow coefficient 


The second term on the right-hand side of Equation [12] is again 
transformed by means of the substitutions used in Equation [1] 
With these transformations, Equation 


into dimensionless form. 
[12] becomes 

wu(RNL)? 


where 


R 
dr 
r= a + — 


Thus the expression for power loss is given by 


b aN 
H = In(1 +X 
b a b 
Toking all dimensional parameters outside the parentheses, the 
equation becomes 


H = 
b 
with A given in Table 1. 
Equation [13] also can be expressed in terms of a constant de- 
pendent on the bearing parameters and the operating variables 


wO(R* — In T >) + 


a 


where 
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ANGULAR SPAN degrees 


Fig. 9 Plot of power-loss coefficient 


Fig. 10 Locus of centers of pressure 


= b L\? 


is given in Table 1 and Fig. 9. 

Centers of Pressure.. The values of the centers of pressure, i.e., 
the co-ordinates through which the resultants act, are listed in 
‘Table 1. In general the value of the radial co-ordinate 7 lies be- 
tween 0.5 and 0.6; the angular co-ordinate 4 is between 0.6 and 
0.8. These trends could be anticipated from the shape of the 
pressure plateaus sketched in Figs. 5 and 6. The loci of the 
centroids are plotted in Fig. 10 and the shifting tendency of 
the centroids for a clockwise rotation can be summarized as 


follows: 

(a) The centroid shifts counterclockwise and downwards with 
a rise in 0 and a/b. 

(b) The centroid shifts counterclockwise and upwards with a 
rise in L/R ratio. 

These shifts, of course, are to be understood as relative to the 
sector whose radial and circumferential lengths are taken as 

nity. 


Performance Calculation 


The dimensionless group 7 = (wN/P)(L/b)* along withthe L/R 
ratio and @ provide all the necessary information for calculating 
bearing performance. The function (a/b) which is a criterion of 
load capacity will provide the maximum allowable loading if a 
minimum is set on the value of a. Power loss can be obtained 
directly from Equation [14]. The amount of lubricant flow de- 
pends on the geometry of the bearing. If the space between the 
sectors is wide and open then the total flow will include the end 
leakage. If, as is more common in practical bearings, the oil 
grooves are narrow and with small inlet orifices for the oncoming 
lubricant then the lubricant pumped out the trailing edge will be 
carried over into the next pad and, after being recirculated, will 
be discharged eventually as side leakage. The temperature rise, 
assuming that most of the heat is dissipated in the fluid film, is 
determined by the power loss and amount of flow of the lubricant. 
Collecting all the equations required to perform bearing calcula- 
tions, we have 


Q, = 


Q, + Q, = +4, 


1 ( L ( a 

2 R b, 
kr peN*R* 


where k is the number of pads of the bearing. 

All relations derived in the foregoing contain viscosity and the 
question arises what value should be assigned to it. Since no 
accurate 4 = f(t) can be derived and since surely no expression 
embracing all possible lubricants exists that would enable the 
derivation of general dimensionless solutions, the best method 
was found to be that of using a representative or average vis- 
cosity. From tests and experience it has been found that the 
viscosity of the outlet temperature approximates closely such an 
average value. This constitutes the reason for using wu in the per- 
formance equations. 

This approach necessitates a few trials before the final, correct 
solution is obtained. A value of ue, corresponding to an esti- 
mated At, is assumed and the calculations are performed using 
this assumed pe. The At calculated from Equation [15] should 
correspond with the assumed value. If it does not, a different 
value of At is assumed and the process repeated. When the trial 
points, the assumed yw versus calculated 4, are plotted on the 
viscosity chart of the lubricant used and a line drawn through 
the points, this line will intersect the viscosity curve at the correct 
fu. Using then this last, correct value of pe, all correct bearing 
characteristics can be obtained. 


Comparison With Other Results 


The results of this analysis are here compared with those ob- 
tained by previous workers. Reference (4) expresses the load 
capacity in terms of a coefficient C, given as follows »" 


W=C 


7 Q= 
= 
80 7 40 
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where w is the angular velocity. From the identity 


val. de P= T b 

we obtain after some rearrangement 


? La? 


2 


(a/b)? 
C, = 0.0625 
T 


hi/he l y 


where h; and hz are respectively the inlet and outlet film thickness. 
The comparative values of C, are as follows: 


————_—Value of C, 
Present work 


Muskat, et al. Brand C.8. & Y. 
(2) (5) (4) 
0.081 0.0819 
0.116 0.1137 
0.145 0.135 


0.0826 
0.106 
0.1253 


0.081 
0.113 
0.135 


It is indeed surprising that these various results obtained as they 
were by radically different analytical methods and also for some- 
what different configurations and film shapes should be that close 
to each other. 

A comparison was also made for the value of the friction co- 


efficient Cp 


which in our case will yield 


h,/he l 
Cp = 0.305 (a/b) $2.35 In + *) + ( ) 


The comparative values are as follows: 


-Value of Cr- — — 
hi/he Muskat, et al. Brand C.S8.& Y. Present work 
a (2) (5) (4) 
2.00 0.66 0.80 0.81 
2.50 0.74 0.87 0.875 
3.04 0.84 0.94 0.95 


0.78 
0.825 
88 
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D. F. Hays.® The increased use of digital computers 


analysis of two-dimensional lubrication problems is evident from 
a survey of current literature. This particular computer solution 


Discussion 


5 Research Staff, General Motors Technical Center, Detroit, 
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for the sector thrust bearing has been presented clearly and the 
content of the paper is comprehensive, covering a wide range of 
bearing operations. Since the problem was treated very thor- 
oughly, the only comment to be made regards the warped- 
surface one-dimensional] film configuration. Would it not be of 
greater interest to consider the two-dimensional film extent, 
wherein the taper is also a function of the radius? This would 
allow the design of pivoted-shoe bearings, which is not possible 
from this paper. It would also be helpful in the case of thrust 
bearings designed to equalige oil flows across the pads. Since a 
computer is used, this two-dimensional film distribution should 
not be too difficult. 

In regard to the computer solution, the author’s comment on 
the probable error introduced by a 7 X 7 mesh would be appre- 
ciated. It would appear that considerable error could result in 
attempting to evaluate the pressure gradients with such a coarse 
grid. Since the gradients are used in the flow expressions, these 
flows may vary considerably from the true differential-equation 
solutions. We have experienced some difficulty in using a grid 
size '/, that of the author’s in the case of one-dimensional prob- 
lems where the gradients changed rapidly. The size of the grid 
chosen is also influenced by the computer space available and it 
was perhaps this factor which dictated the 7 X 7 mesh. 


Author’s Closure 


With regard to the first point raised by Mr. Hays, it should be 
realized that if a comprehensive set of solutions were to be ob- 
tained for two-directional tapers, the radial taper would constitute 
a new basic parameter and thus if four dimensionless values were 
picked for it (as was done for the circumferential taper) the num- 
ber of required solutions would have been nearly 200 instead of the 
50 given here. While the film shape treated here would imply a 
warped surface for a pivoted shoe bearing, it is a practical geo- 
metric configuration for a fixed plate of which most thrust bear- 
ings consist. In this connection the values given at the end of the 
paper are of interest. These values, as well as other available 
data, seem to indicate that once the inlet and outlet oil film thick- 
nesses are fixed, the actual shape of the oil film is of no great im- 
portance. Thus the exponential film of reference (4) is almost 
identical with the uniform taper of Brand and of the present 
work. In comparing the present results with some incomplete 
data on a two-directional taper, the author found the differences 
to be small when using average values for the inlet and outlet film 
on the two-directional bearing. While the attainment of exact 
solutions for two-directional tapers remains a desirable goal, it 
is comforting to know that the one-directional tape~ .olutions can 
be used as a fair approximation. 

The grid size in numerical analyses makes little difference on the 
shape of the pressure profiles but may be of importance in the in- 
tegrated values of load capacity. However, this too can be ob- 
tained with a high degree of accuracy without increasing the 
density of the network. Either additional pressure points can 
be fitted in on a linear basis and the results integrated, or trape- 
zoidal integration can be used instead of the customary step func- 
tion. This latter method was used in the present work. Thus 
trapezoidal integration used on a 7 X 7 grid yielded results very 
close toa 14 X 14 grid using step integration. The saving in com- 
The problem of 
obtaining accurate values for pressure gradients at the boundary 
remains critical even with a dense grid. In the paper the bound- 
ary points were located at a distance of half the ordinary grid 
interval from the boundary lines, i.e., at a distance of '/,Ar and 
1/,A6, to obtain a closer spacing of points. But the main problem 
still remains and that is the lack of a mathematical expression 
for the pressure field which alone could provide an accurate first 
derivative. 


puter time in this case was almost 75 per cent. 


q 
| 
» 
4 
M 
« 


Abitibi” Turbine Tests 


By A. E. AEBERLI' anv R. A. WALKER,? TORONTO, CANADA 


This paper describes the results of Gibson tests for efficiency 
and performance of the DeCew Falls, Abitibi Francis turbine. 
This turbine was installed initially at the Abitibi Canyon station 
to operate under 237-ft head and was later removed and rein- 
stalled at a new site in the DeCew Falls station to operate under 
280-ft head. A comparison is developed to show the results 
‘“‘expected’’ at DeCew Falls from the original Abitibi tests versus 
the actual field test results obtained at DeCew Falls. 


Tue function of laboratory tests on hydraulic turbine models 
in relation to predicted and guaranteed prototype field perform- 
ance is of continuing interest, particularly when some form of 
penalty or bonus incentive clause for efficiency performance is 
written into the customer’s specifications to develop a competi- 
tive atmosphere among prospective bidders. The question of test 
tolerances to be allowed in the absolute measurements of both 
hydraulic and electrical quantities becomes very important; 
namely, water-turbine discharge and generator output. 

This paper reports an outline of the results of performance and 
efficiency tests carried out on the 66,000-hp Francis-type turbine 
originally installed at Abitibi Canyon G.S. under 237-ft bead to 
operate at 150 rpm for 25-cycle service and later removed to 
DeCew Falls G.S. to operate at higher capacity under 280-ft 
head and 171.4 rpm synchronous speed with the generator re- 
built for 60-cycle service. Gibson tests for turbine discharge 
were carried out at both sites. 

It was unusually fortunate that variable-speed tests from 
about 23 to 26 eveles synchronous speed were carried out in the 
original setting, but on another unit at Abitibi Canyon G.S., to 
provide some data to reasonably forecast the expected perform- 
ance and efficiency of the Abitibi prototype turbine runner when 
moved to DeCew Falls G.S. and to compare these results with 
the model test data. 

The Abitibi tests were carried out in 1936. In 1943, the unit, 
complete with generator, was moved to DeCew Falls and the 
turbine was provided with a new scroll case, embedded parts, 
and penstock. In 1955, the generator was rebuilt tor 60-cycle 
service and the DeCew Falls tests were carried out in 1956. 

Turbine-Disch ar ge At Abitibi four units were 
tested at 25-cycle synchronous speed over the full range of gate 
opening using the Gibson ‘‘time-pressure’’ method for turbine- 
discharge measurement and the individual units showed good 
agreement. The Gibson method also was used to test the Abitibi 
unit in the DeCew Falls setting at 60-cycle synchronous speed. 
The variable-speed tests at Abitibi unfortunately were not carried 
out on the particular unit brought to DeCew, but this is not con- 
sidered too important since the variable-speed tests are intended 
mainly to show the relative rather than the absolute change in 
absolute values 


Introduction 


Measurements. 


performance as speed and head are varied. The 
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already had been established during the Gibson tests. Turbine- 
discharge measurements during the Abitibi variable-speed tests 
were made by index test correlated to the original Gibson test on 
that unit; the load consisted of an isolated nonsynchronous elec- 
tric boiler supplied through an independent transmission circuit. 

It is agreed generally that the Gibson measurements and 
power readings were carried out by competent engineers at both 
Abitibi and DeCew, respectively. All hydraulic and electrical 
quantities were corrected to the net pressure head effective at 
the turbine scroll-case inlet. 

Turbine Setting. The general arrangement of the turbine 
installation particularly with regard to setting of the center 
line of the distributor in relation to tailwater level is shown in 
Fig. 1 for Abitibi and in Fig. 2 for DeCew. A cross section of 
the turbine is shown in Fig. 3. 

Tests. The performance data given in Tables 1, 2, and 3 were 
taken directly from the curves in Figs. 4, 5,6, 7, and 8. It is to 
be expected that the reader will disagree with the author as to 
what constitutes a proper analysis. However, the tables, sum- 
maries, and comments are shown in detail to enable the reader 
to follow the authors’ conclusions. 


Abitibi Test Results 


Each of the turbines in this station is rated nominally at 66,000 
hp, 150 rpm under 237-ft net head, with “‘best”’ efficiency expected 
at about 53,000—54,000 hp, all based on step-up to drawing di- 
mensions from the model performance data, Table 2 

The actual field test performance of the units at Abitibi varies 
somewhat from the expected values owing to individual varia- 
tions, in actual prototype runner dimensions ‘“‘as cast,’’ from 
the core-box drawing dimensions. A review of the original 
runner check sheet (as cast ) showed the discharge diameter of the 
particular unit now at DeCew to be 139'/2 in.; or '/2 in. below 
drawing of 140 in.; and similarly, the actual opening between 
blades at the discharge side averaged 7.2 per cent below drawing. 
Consequently the runner ‘“‘as cast’’ had a discharge area 8.0 per 
cent below drawing dimensions. 

1 Gibson Tests (25-Cycle Synchronous Speed) on Abitibi No. 3 
Unit. This unit is the one that was installed later at DeCew 
Falls. For performance and efficiency test results see Figs. 4 and 
5. 

Best gate was found to occur at about 60 per cent of full 
servomotor stroke to develop 51,000 hp with 2020 cusees (effici- 
ency = 93'/2 per cent plus). 

Maximum power was found to be 62,600 hp at approximately 
87'/, per cent gate, using about 2740 cusecs (efficiency 85 per 
cent). The unit at Abitibi may be said to be ‘“overgated’’ since 
power output fell off appreciably at turbine-gate openings above 
90 per cent of full servomotor stroke. 

2 Index Tests at Variable Speeds (23 to 26-Cycle) on Abitibi 
No. 2 Unit. The performance of unit No. 2 at Abitibi had per- 
formance characteristics very similar to unit No. 3 and for this 
reason the results of variable-speed index tests were considered to 
be applicable to unit No. 3. 

The results of the variable-speed tests on No. 2 unit are shown 
in Fig. 6. The data were reduced to equivalent values at 1-ft 
head for the prototype wheel. N, = 9.75 corresponds to 150 
rpm operation at Abitibi under 237-ft net head. At the DeCew 
site, under a net head of 280 ft and a synchronous speed 
171.4 rpm, the value of N, = 10.25. 
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Powerhouse—cross section—Abitibi Canyon 


Fig. 2 Section through Unit No. 1—DeCew Falls 
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Fig. 3 Turbine arrangement 


3. Estimated Performance of DeCew No. 1 Unit (Formerly 
Abitibi No. 3 Unit) Under 280-Ft Net Head and Operating at 171.4 
Rpm 60-Cycle Synchronous Speed. It is of course obvious that a 
speed of 164 rpm would have been desirable at DeCew to dupli- 
cate the Abitibi speed coefficient. The decision to adopt 171.4 
rpm at DeCew was mainly to accommodate the generator manu- 
facturer in rebuilding the unit for 60-cycle service. 

Reference to Fig. 6 indicates the basis for determining the ex- 
pected performance of this unit as cast for the DeCew setting de- 
rived as outlined in Table 1. For the DeCew setting we would 
have expected best gate conditions to be 64,000 hp using 2160 
cusecs and efficiency of 93.4 per cent (i.e., practically no loss in 
efficiency ). 


However, the foregoing conclusion neglects runner mainte- 
nance over the past 21 years. A recent inspection showed that 
stainless-steel protection had been added to both runner band 
and blades; to reduce the discharge diameter to 139 in. (1 in. 
below drawing of 140 in.) and the opening between blades 9.2 
per cent below drawing. The discharge area is now a total of 
11 per cent below drawing. Thus the present-day performance 
of the runner now installed in DeCew No. 1 unit is expected to 
be about 3 per cent less in power and discharge because of these 
further reductions (throat diameter, '/: in., and discharge open- 
ing between blades, 2 per cent). 

Making allowance for this change, the final expected per- 
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Fig. 4 Turbine efficiency on turbine output, Unit No. 3, Abitibi 
Canyon. Net head 237 ft; Gibson test of January, 1936. 
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Fig. 5 Turbine output and discharge on gate opening, Unit No. 3, 
Abitibi Canyon. Net head 237 ft; Gibson test of January, 1936. 
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Fig. 6 Variable speed tests, Unit No. 2, Abitibi Canyon. Test of 
February, 1936. 
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Fig. 7 Turbine efficiency on turbine output, Unit No. 1, DeCew Fig. 8 Turbine output and discharge on gate opening, Unit No. 1, 
Falls. Net head 280 ft; Gibson test of May, 1956. DeCew Falls. Net head 280 ft; Gibson test of May, 1956. 
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Table 1 As-cast expected performance on Unit No. i, DeCew 
Falls (Unit No. 3, Abitibi Canyon) from data of prototype Unit 
No. 2, Abitibi Canyon; e.g., variable speed tests (Fig. 6) 


Net Head - feet 
Synchronous Speed - rpa 


Original Stroke 
inches - 100% ¢ 12.1 


‘Best Gate (Variable Speed Data) 61% 
9.7 
a 


Gate (Gibson Tests 
Power - Hp 
Discharge - Cusecs 
Efficiency 
Power Gate (Variable 
Speed Data) 
. Power Gate (Gibson Tests) 90% 
Power - 
Discharge - Cusecs 2,870 
Efficiency 838 


Summary for DeCew No, Unite 
Best Gate 
Bxpected (adjusted - * 
for stainless repairs 


62, 


. Power Gate 
Expected (adjusted - 3% 
for stainless repairs) 


DeCew 
280 
171.4 


Net head, ft = 
Best gate: 

HP, expected. 

Cusees, expected 

Efficiency, expected per cent 
Maximum power gate: 

HP, expected. 

Cusees, expected 

Efficiency, expected per cent. 


62100 
2005" 
93.4 


75900" 
2845" 
S4 


be * Corrected for stainless repairs. 


Gibson 
The results of performance and efficiency tests con- 
ducted at DeCew in 1956, are shown in Figs. 7 and 8. 

As already noted, Table 1 outlines the arithmetic basis to step 
up the Abitibi performance data to determine the results expected 


Tests at DeCew Falls Site—60-Cycle Synchronous 


Speed. 


in the DeCew setting. The comparison between these ex- 
pected results and the Gibson test results is shown as follows: 


E 


1956 test Expected 
Best gate: 
62100 
2095 
Efficiency, per cent 93.4 
Maximum power gate: 


Cusecs... 
Efficiency, per cent... 

It will be noted that some discrepancies are present between the 
expected and the test results. It may be mentioned, however, 
that the test results for DeCew No. 1 unit did in fact allow a very 
close estimate and agreement with test data on another unit at 
DeCew. The latter turbine as cast had water passages equally 
as much oversize from drawing dimensions as the Abitibi, DeCew 
unit was below drawing. 

Model Tests. Data based on a step-up of the manufacturer’s 
model tests are submitted i in Table 2 and ees as follows: 


Table 2 Data from manufacturer’s model tests. Unit No. 3, 
Abitibi Canyon, later relocated at DeCew Falls, Unit No. 1 


At Abitibi At DeCew 


Net Head - feet 
Synchronous Speed - 


ervomotor Stroke inches 
Pull Stroke 1008 gate 


Best Ga 


0.798" 
: 
0.532" 


te 
nlo (42 = 140.0") 


Power - Hp (Expected from Dwg.) 

Power (adjusted for actual 
blade openings - as cast) 

Power (adjusted for stain- 
less repairs) 


Maxioum Power Gate 
myo (d2g = 146.0") 
5P10 
e 


Power - Hp (Expected from Dwg.) 
Power (adjusted for actual 
blade openings - as cast) 
Power (adjusted for 
stainless repairs) 


At Abitibi No, 3 

Gate HP e 
Expected 49,70 91.28 
Maxioum Power 
Expected 


60,600 


*Rated (Full Load) Output was 66,000 horsepower 


DeCew 
280 
171.4 
60700" 
63700 


Abitibi 
if 


Net head, ft 

Speed, rpm 

Best gate, HP, expec ted 
Test 

Maximum power, 
74500° 
76700 


60600 
62600 


» Correction for stainless repairs. 


Table 3 is a comparison of all data for the unit under dis- 
cussion; both at the Abitibi site and later at the DeCew site. 
For the Abitibi location, we have shown the turbine output and 
efficiency to be expected from the manufacturer’s model data 
versus the field test data for best gate and maximum power gate. 
For the DeCew location the same information is given, to- 
gether with the results to be expected at DeCew from the actual 
performance of the unit at Abitibi. 


Conclusions 

The high best-gate values of the field efficiency tests (93 per cent 
or better) obtained in 1936 on the Abitibi turbines were accepted 
with satisfaction by both the customer and manufacturer. The 
fact that the turbines did not quite meet the rated capacity of 
66,000 hp under 237-ft head was of minor consequence and was 
easily explained by the condition of the actual runner castings in 
comparison to the core-box drawings. 

The most interesting information in Table 3 is in the com- 
parison of the actual efficiency performance of the turbine in the 
DeCew setting relative to the results expected from a step-up 
of the prototype test data obtained on the same wheel in the 
Abitibi setting (outlined in Table 1). 

At DeCew, the Abitibi unit was expected to produce at best 
gate about 62,100 hp using 2095 cusecs at 93.4 per cent efficiency; 
whereas the field test data for DeCew indicated that best effi- 
per cent was attained over a broad ad in power 


91.2 


237 237 280 280 ue ue - 
Bae 
- es - 
- 10.25 91.28 os 
51,000 64,000 Est. 64,000 Est. 
2,020 2,195 Est. 2,160 Est. ) 7 60,700 Est. 
plus 928 Est. $3.48 Est. 
. + . 
183.2 - #66, 000 83,700 
! 87-1/28 -1/28 
»5C0 
: 
at = 
ant 
4 
t= + 
Bi 
at 
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Net Head - feet 


Synchronous Speed - rpm 


Field Test 

Expected from Abitibi Prototype 
Test - Table I 

Manufacturer's Model Test - Table II 


Maximum Power 


Field Test 

Expected from Abitibi Prototype 
Test - Table I 

Manufacturer's Model Test - Table II 


output averaging about 63,700 hp. The expected maximum 
power was 75,900 hp at 84 per cent efficiency and 76,700 hp was 
actually obtained at 85 per cent efficiency. 

At DeCew the efficiency is about 2.2 per cent less than ex- 
pected at best gate; and 1 per cent higher than expected at 
maximum output (full gate). These 
greater than anticipated because the expected values were de- 
rived from the prototype runner operating in the Abitibi setting. 
The results indicate a need for caution in eulogizing or alter- 
natively deprecating the performance data of any individual 
model or prototype turbine unless a reasonable tolerance band 
of 1 or possibly 2 per cent is allowed in the accuracy of the test 
findings. 

Consequently, the validity of penalty or bonus incentive clauses 
for efficiency performance to a decimal point should always be 
reviewed and evaluated by since the 
absolute values of variations in efficiency are magnified by any 
errors in power and discharge measurements. 


power variations are 


responsible engineers, 


Discussion 


M. Braikevitch.* The authors are to be congratulated on 
dealing with very efficient turbines, which is not surprising seeing 
the care with which their principals order and inspect the ma- 
chinery. 

The paper is a valuable contribution to the deduction of tur- 
bine performance from model tests. It would be interesting to 
know the diameter of the model runner, and whether a com- 
pletely homologous model including inlet bend, spiral, and draft 
tube was constructed or whether just the runner and gate ap- 
paratus were homologous. 

From the figures in Table 2 it would appear that the model 
runner was about 10in.in diam. This seems small by present-day 
standards, because with a small model the increase in efficiency 
works out rather large and as such is somewhat uncertain. Thus 
taking the modern Moody formula with the 5th root, the best 
model efficiency works out at 85.1 per cent, while with the older 
formula using the 4th root the corresponding figure is 83.0 per 
cent; this gives a majoration of 6.1 and 8.8 per cent, respec- 
tively, to get to the expected figure of 91.2 per cent given in 
Table 2 

It would be interesting to see the contour curves of the model 
runner; i.e., the plots of equal efficiency contours on a diagram 
having unit speed n; horizontally and unit quantity q vertically. 
Such a diagram readily indicates the change in performance with 
an alteration in the speed and head, and gives a good idea of the 
behavior of the wheel under varying conditions. 


3 Technical Manager, Water Turbine Department, The English 


Electric Company, Ltd., Rugby, England. 
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‘Table 3 Comparison of nerformance from tests and by calculation 
At Abitibi 
No, 3 Unit 


At DeCew No. 1 Unit 
Formerly Abitibi No U 


280 
171.4 


Efficiency Ep 
93-1/2% 63,700 91.2% 


62,100 93.4% 
60,700 


4 


Efficiency 


91.2% 


When model tests are relied on, it is essential to check the 
model accurately against the drawing, and it is equally essential 
to check the full-size runner against the model. 
applies to vane shape at the exit where the 


This especially 
vane angle must be 
correct in addition to the actual openings between the vanes 
being to drawing. It will be noted that the full-size wheel dif- 
fers appreciably from the model in having a somewhat smaller 
outlet A further point is that the full-size wheel must be 
well finished to have smooth vanes. 

Apparently after 20 years of service the runner has lost about 
2 per cent in peak efficiency. 
a fair amount of stainless-steel welding had to be done. 


area. 


This is not surprising as evidently 
This 
may have thickened the vanes slightly at the outlet and so 
changed the shape. In any case maintenance appears to have 
been excellent. 

When a penalty and bonus incentive clause is written into a 
contract it would be reasonable to allow a tolerance of plus- 
minus 1 per cent (2 per cent if test conditions are difficult) to 
cover for the possible inaccuracies of measurement which are 
many, however carefully the tests are conducted. 

Papers such as this are very valuable when we are relying more 
and more on model test data instead of costly field tests. 


J. B. Holt.‘ This is an interesting paper from at least three 
points of view: (a) It is seldom that tests are made on the same 
turbine located in different powerhouses operating under dif- 
ferent heads, and are available for study. (6) The test results and 
turbine measurements indicate that the maximum power ouffut 
attained at the second installation could have been predicted 
within 0.3 per cent. (c) The test results indicate that the in- 
accuracies of measurement may be as much as 2 per cent. 

The writer does not agree with the authors in their calculation 
method of adjusting the expected power output because of the 
difference in runner dimensions. 
flow-area comparison between the two runners the difference of 
area at discharge and the difference of area between buckets 
should not be added since the opening areas are upstream from 
the discharge area. 

The expected power output could have been predicted to 
within 0.3 per cent by using the ratio of the discharge areas be- 
tween buckets. This should not be used in direct proportion 
to power output, but should be adjusted by a factor determined 
from the original plant Gibson tests and runner measurements, or 
the original plant Gibson test, the model test, and runner meas- 
urements. The Gibson test at the original plant showed 62,600 
horsepower or a reduction of 5.15 per cent below the 66,000 hp 
indicated by the model. The runner-bucket openings were 7.2 


To determine a cross-section 


‘Supervisory Engineer, Hydraulic Department, Allis-Chalmers 


Manufacturing Company, Milwaukee, Wis. 
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per cent small. Then by direct proportion 9.2 per cent small 
openings should result in a 6.58 per cent reduction in power 
below the 66,000 hp. Adjusting this for the change in head and 
speed between the two plants, the calculated expected maximum 
horsepower output for the Abitibi unit No. 3 in the Decew Falls 
Plant becomes 


280\*"? 
66,000 X (1.00 — 0.0658) x = 76,912 hp 
Compared with 76,700 hp measured on the Gibson test at DeCew 
Falls this is 0.27 per cent. 


G. D. Johnson.’ It is easy to subscribe to the authors’ open- 
ing statement, “the function of laboratory tests on hydraulic tur- 
bine models in relation to predicted and guaranteed prototype 
field performance is of continuing interest.”’ It is also es- 
pecially interesting to study their paper on these unusual field 
tests ....on the same prototype unit in two different generating 
stations .... together with corresponding model test data. 

The authors’ conclusion that a reasonable tolerance of 1 or 2 
per cent should be allowed in the accuracy of the test findings 
when evaluating any performance test data is endorsed enthu- 
siastically by the writer. Because of the real difficulties and ex- 
pense involved in reducing over-all field-test inaccuracies to less 
than this, there is no reason to doubt the authors’ statement 
that the Abitibi and DeCew tests were carried out by competent 
engineers. 

The authors’ comparisons between model and prototype indi- 
cate field-test outputs 3 per cent greater than the corresponding 
laboratory data corrected for runner-discharge areas. This dis- 
crepancy is slightly greater than similar comparisons made by 
the writer’s company, the agreement always being within +2 
per cent when the complete laboratory model is essentially homolo- 
gous to the prototype. the maximum model 
efficiency of approximately 91 per cent compares directly with the 
DeCew field-test efficiency (no step-up), whereas the Abitibi test 
indicates a peak efficiency increase of over 2 per cent above the 
model. 

These results of well-conducted field tests certainly support 
the authors’ final conclusion that the validity of efficiency 
penalty or bonus clauses dealing in hundredths or tenths of 1 


Apparently, 


per cent should always be reviewed and evaluated by responsible 
engineers who take all of the inaccuracies of measurement into 


account. 


W. J. Rheingans.’ The authors have made an interesting 
comparison of field tests on the same unit installed in two dif- 
ferent powerhouses. Such a comparison should give some indi- 
cation of the accuracy that can be expected from actual field tests. 
However, in making such a comparison we must consider certain 
factors which may have influenced the performance of the unit at 
DeCew Falls as compared to its original performance at Abitibi. 

One factor is the difference in unit speed between the two in- 
stallations. The author states that there is practically no loss 
in efficiency between the two speeds, based upon index tests 
that were made at variable speeds on Abitibi unit No. 2. Fig. 6 
shows unit horsepower and discharge. Since the scale is rather 
small it is difficult to determine the efficiency from this figure 
with a great degree of accuracy. However, going back to the 
original test report, where the values were plotted on a large 
scale, we find that there is a difference of 0.8 per cent in efficiency 
at 0.60 per cent gate between the two unit speeds. 


5Chief Hydraulic Engineer, 8. 
Pa. Mem. ASME. 

* Manager, Hydraulic Department, Allis-Chalmers Manufactur- 
ing Company, Milwaukee, Wis. Mem. ASME. 
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Thus the efficiency of the Abitibi unit No. 3 at the DeCew Falls 
unit speed would be 93.5 — 0.8 = 92.7 per cent. 

The DeCew Falls generator consists of the old 25-cycle Abitibi 
generator rebuilt for 60-cycle service. The authors make no 
mention of whether a field test was made on this rebuilt gener- 
ator todetermine its losses. [Estimation or calculation of generator 
losses could be in error by as much as 0.5 per cent. 

Maintenance of the runner over a period of 21 years reduced 
the discharge area 3 per cent below the original area. The author 
makes allowance for this in comparing the output but not in 
comparing the efficiency. In making repairs such that they re- 
duced the discharge areas, the shape of the runner blades must 
have been changed. The addition of stainless steel must have 
increased the thickness of the trailing edge of the runner blades. 
Experience has shown that this has a measurable influence on 
efficiency, the thicker the blade, the less efficiency. 

Another factor that was neglected is the wear on the runner, 
wicket gates, and guide case during 21 years of operation. Al- 
though the authors make no mention of it, we assume that the 
running clearances at DeCew Falls were the same as the original 
clearances at Abitibi. However, during 21 years of operation 
there certainly was sufficient wear on the runner and wicket 
gates to influence the efficiency. 

A. Puyo’ concluded that even after reconditioning, the influ- 
ence of wear on efficiency in Francis turbines is 1 to 2.5 per cent 
during first years of service, with relatively clean water. This 
was based on tests on units operating under 330 to 660 ft head. 
This is an indication of what can be expected under somewhat 
lower heads, during a period of 21 years of operation. 

Taking into account all of these factors, the 91.2 per cent 
efficiency actually obtained at DeCew Falls seems to be an ex- 
cellent check. 

However, the authors’ conclusion that a tolerance band of 1 or 
possibly 2 per cent be allowed in accuracy of test findings has 
considerable merit. 
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P. A. Soicher.2 The Hydro-Electric Power Commission of 
Ontario and the authors are to be commended for the expense and 
effort involved in carrying out and reporting the tests described 
in this paper. Field tests on hydraulic turbines are useful to the 
purchaser and plant operators in evaluating the performance of 
the machines they have purchased with respect to expected and 
guaranteed characteristics, and in establishing the power produc- 
tion regime of a station or of a particular unit in a station. 
From the turbine manufacturer’s point of view the results of field 
tests are a source of invaluable information in correlating and 
evaluating model test results carried out in the laboratory. 
Without field testing information the turbine manufacturer would 
lack a very essential check on the accuracy and adequacy of his 
model test results and testing methods. 

In view of the fact that the unit tested was in service for 20 
years, was removed and reinstalled, fitted with a new scroll case 
and embedded parts, and that no allowance is made for the effect 
on performance of the repair welding, other than the reduction 
in throat diameter and discharge area, it is believed that the dif- 
ference between the estimated and actual performance of the 
DeCew unit is not really excessive. 

The realistic attitude that the authors take toward the degree 
of accuracy that reasonably can be attained in a field test is most 
commendable. To place a high premium on an unusually high 
guarantee when evaluating tenders may often be rewarding a 
manufacturer for his willingness to gamble on a high test or on 


7“*Francis or Impulse, the Influence of Wear and Operating Condi- 
tions,”” by A. Puyo, ASME Paper 49-——A-111. (Unpublished.) 

*Sales Manager, Hydraulic Division, Dominion Engineering Com- 
pany, Ltd., Lachine, Quebec, Canada. 
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the fact that the unit cannot be tested in accordance with an 
approved test code. It should be realized, however, that a 
manufacturer is entitled to credit for a high guarantee if his 
guarantee is consistent with the average results of a number of 
field tests performed according to the code on hydraulically simi- 
lar units. 


Authors’ Closure 


The authors wish to express their sincere thanks to the various 
hydraulic engineers who have taken part in discussions to this 
paper. 

In conclusion, we note particularly Mr. Rheingans’ comments 
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and can offer the assurance that, after the generator was rebuilt 
for 60-cycle service, field tests were made to determine electrical 
performance. 

Subsequent to the preparation of this paper, it now has been 
decided to install a new runner of higher output in the DeCew 
No. 1 unit and to return the runner referred to in this paper back 
to Abitibi. The runner will be reinstalled as Abitibi unit No. 3 
with the original embedded parts together with new guide vanes, 
Thus we will 
in 1959 have an opportunity to retest the turbine for the third 


headcover, etc., rebuilt to the original drawings. 


time and the results should again be rather interesting. 
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This report includes, in full, the five prepared statements by 
representatives of the major American manufacturers and, in 
condensed form, the written and oral discussions presented at 
the 1956 Annual Meeting. These discussions have been con- 
densed by Mr. G. Dugan Johnson, the 1956 Chairman of the 
Hydraulic Prime Movers Subcommittee, to reduce the over-all 
length of this publication and have not been edited by the respec- 
tive authors. Therefore they may not reflect the intended and 
fully considered opinion of the parties quoted and where this is 
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DvurtnG the latter part of the nineteenth century and the first 
part of this century, American waterwheel manufacturers used 
the facilities of the Water Power Company of Holyoke to test the 
performance of model runners. In those it was taken 
more or less for granted that the runner was the principal factor 
and little thought was given to draft tube design, casing design, 
or settings, as affecting runner performance. Thus the majority 
of the Holyoke model tests were conducted with long straight 
draft tubes, in a large open flume setting with high sigma values; 
ideal conditions for producing optimum runner performance. 
Gradually it was recognized that draft tube design, casing de- 
sign, and setting had considerable influence upon the perform- 
ance of a given runner. Beginning about 1916, hydraulic tur- 
bine manufacturers started construction of their own laboratories 
and started to test their model runners, first with the draft tubes 
and later also with the casings they were using in the field. This 


days, 


1A report on the a held at the Annual Meeting on Tuesday 
afternoon, November 27, 1956, in the Hotel Statler, New York, N. Y., 
by G. Dugan int 1956 Chairman, Hydraulic Prime Movers 
Subcommittee. 

The members of the panel were as follows: 

H. J. Perersen, Chairman, Vice-President and Power Consultant, 


United Engineers and Constructors, Inc., Philadelphia, Pa. Mem. 
ASME. 

G. F. Crowe, Vice-Chairman, Assistant Mechanical Engineer, 
New England Power Service Company, Boston, Mass. Mem. 
ASME. 

J. Rueincans, Manager, Hydraulic Department, Allis- 
Chalmers Manufacturing Company, Milwaukee, Wis. Mem. 
ASME. 


R. MacNamesr, Chief Engineer, Hydraulic Turbines and 
Marine Products Department, Baldwin-Lima-Hamilton Corpora- 
tion, Eddystone, Pa. Mem. ASME. 

Ropert S. Sprovie, Manager, Hydraulic 
Engineering Company, Ltd., Montreal, Quebec. 

Bruce L. VanperBorcu, Hydraulic Engineer, 
Shipbuilding and Dry Dock Company, Newport News, Va. 
ASME. 

G. DuGan Jounson, Chief Hydraulic Engineer, 8. Morgan Smith 
Company, York, Pa. Mem. ASME. 

Contributed by the Hydraulic Prime Movers Subcommittee of 
the Hydraulic Division and presented at the Annual Meeting, New 
York, N. Y., December 1-6, 1957, of THe AMERICAN Society OF 
MECHANICAL ENGINEERS. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 


26, 1957. Paper No. 57—A-124. peices, 


Division, Dominion 
Mem. ASME. 
Newport News 
Mem. 


posium on Laboratory Testing 


Hydraulic Turbine Models in 
ce Relation to Field Performance 


Prepared Statement by Mr. Rheingans 
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the case these authors are particularly requested to submit 
written discussions, correcting or appending this record. The 
Summary has also been prepared by Mr. Johnson and reflects 
his personal and tentative summation of the points on which the 
panel members and discussers appear to him to agree. It is 
offered as a basis for discussion at the 1957 Annual Meeting, 
particularly by each panel member and discusser quoted in this 
report. 


= 
changed the entire concept of model testing, until today it is 
recognized that in order to predict the field performance of a 
prototype with accuracy, the model test must be made with 
homologous intake, casing, wicket gates, guide case, and draft 
tube, in addition to the runner. 

In comparing the performance of a model test with the field 
test of a prototype, quite a number of factors have to be taken 
into consideration. First, the model must be homologous in all 
respects to the prototype, including intake, spiral casing, stay 
ring, wicket gates, guide case, runner, and draft tube. 

The model must be tested with the cavitation sigmas corre- 
sponding to the field sigmas. Furthermore, the measurement of 
the quantities that determine the performance must be made 
with close absolute accuracy. This is sometimes difficult to ob- 
tain. It is not too difficult to measure the torque, speed, and 
head with a fair degree of accuracy. However, accurate meas- 
urement of water quantities is not a simple matter. It might 
appear that accurate measurement of flow under laboratory 
conditions should be relatively easy. This is not the case. Up 
until about five years ago, the writer’s company used weirs for 
measuring the water quantities in hydraulic turbine model testing. 
It was found that these gave inconsistent results and the measure- 
ments would depend upon temperature and other factors which 
were difficult to evaluate. Although attempts were made to 
calibrate the weirs, it was always felt that the absolute accuracy of 
the test results was in considerable doubt. 

The next step was to use calibrated venturi meters. How- 
ever, even here it was found that unless the venturi meters ure 
actually calibrated in place under the exact model test conditions 
there can be considerable errors in the absolute measurements. 
It is surprising how often such “in place’’ calibrations will give 
venturi coefficients close to 1.00 or even above. 

Thus it is the opinion of the writer that careful consideration 
must be given to all the measurements involved in model testing 
to get an absolute accuracy within 1 per cent. 

The next step in comparing the performance of a model with 
the field prototype is to obtain an accurate field test. Based 
upon the difficulties encountered in obtaining accurate labora- 
tory tests, especially the measurement of the quantity of water, 
accurate field tests become a herculean job. It is unfortunate 
that not many engineers in the hydroelectric field appreciate the 
problems and difficulties to be overcome in obtaining accurate 
field performance data. This is particularly true of the water 
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Fig. 1 Comparison of model tests with field tests of duplicate units 
installed in two different installations (Grand Coulee anc Shasta) 


measurement although power output and head measurements also 
When it is realized that in laboratory 
tests are 


pose serious difficulties. 
testing, instruments are calibrated and recalibrated, 
checked and rechecked, and close control is kept over all the 
work in order to assure an absolute accuracy in the order of | 
per cent, it then becomes highly doubtful whether field tests, 
which are usually a one-shot test, with large quantities of water 
to be measured, can consistently approach such absolute accuracy. 
Certainly, there is no evidence nor assurance that this can be done 
in all field tests. As a matter of there is considerable 
evidence available to throw doubt on many field tests, whether 
the results showed unusually low or unusually high efficiencies, 
or even just “‘get by”’ efficiencies. For example, the very fact 
that a large number of field tests are conducted without properly 
calibrated electrical instruments for measuring the generator 
output or without accurate determination of generator losses 
is an indication of the lack of knowledge of the problems involved 
in obtaining accurate field data. 

All of this resolves itself into the axiom that, in order to make 
a fair comparison of model test performance with prototype field 
test performance, the test of both the model and the prototype 
must be made with extreme care and, furthermore, the water 
measurement of the prototype must be made under ideal condi- 
tions for the method used. 

Another factor involved in comparison of model tests with 
prototype field tests is the accuracy of step up of the model to the 
With the present system of making castings of 
runners, it was felt that certain commercial tolerances were 
permissible and would not affect the results. Recent test work 
has indicated that such tolerances or variations can probably be 
somewhat greater than is normally accepted, without changing 
the performance. In a recent installation of hydraulic turbines 
it was found desirable to increase the capacity of the units by 
increasing the discharge openings. An increase in capacity was 
obtained as expected, but no information was available as to its 
effect on efficiency. There were also indications that there 
might be some variations in the discharge edge blade thickness 
between the model and the prototype. Therefore, careful 
measurements were made of the entire shape of the field runner, 
including in addition to the discharge openings, inlet angles, 
discharge angles, shape and thickness of the blades, etc. 

Comparing these measurements with the original model run- 
ner showed certain variations, It was then decided to make a 
new model runner, based upon the field measurements, and test 
it in comparison with the original model runner. 
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Fig. 2 Comparison of model test with field test (Fort Randall) 
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Fig. 3 Comparison of model test with field test for impulse turbine 
(Kemano) 


Table 1 shows some of the comparative measurements. As 
was expected, the model of the actual field runner showed more 
capacity than the original model because of the difference in dis- 
charge openings. However, the efficiencies checked within !/» 
of one per cent which is within the laboratory recheck tolerances, 
thus indicating that there can be considerable variations in the 
prototype runner, without affecting performance. 

On the other hand, there have been a number of excellent 
demonstrations that variations in performance of a test model 
due to certain changes in design were duplicated nearly exactly 
in the field when similar changes were made on the prototype. 

All of this leads to the conclusion that careful and accurate 
model tests can be used to determine field performance, proba- 
bly with a greater degree of accuracy than the actual field test. 
In this connection the question arises as to what step up, par- 
ticularly in efficiency, should be used between the model test 
and the prototype performance. Everyone is familiar with the 
Moody formula for step up which has been in use for many years. 
However, it is felt that the efficiencies predicted by this formula 
are seldom achieved. Furthermore, the use of the formula as- 
sumes that all test laboratories give accurate absolute values. 
It is very doubtful whether this is true. Thus the next step is 
for each laboratory to establish its own step-up formula. Figs. 
1, 2, and 3 show field test results on some of the prototypes as 
compared to model tests conducted in the laboratories of the 
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writer’s company. The Moody efficiency step ups as compared 
to the actual step ups for the Francis runner installations are as 
follows, using the formula E = 1 — (1 — e) (d/D)'/* for the 
Moody step up: 

Actual 
step up 
as per cent 
of Moody 
formula 


Step up 
computed 
by Moody 

formula, 

Fig.no. Power plant per cent per cent 
1 Shasta Dam 4.1 3.3 
2 Fort Randall 4.3 3.5 


Actual 
step up, 


This indicates that the step up to be expected from this particular 
laboratory is about 80 per cent of what the Moody formula indi- 
cates. However, it may take a number of additional field tests 
conducted under ideal conditions, with corresponding model 
tests of the actual field installations to obtain a more accurate 
relationship between model tests and field performance. 

Fig. 3 shows the comparison between model and field tests on 
Although the Moody formula was not de- 
veloped to apply to impulse wheels it is interesting to note that 
the step up is approximately of the same order as for the Francis 
units, 

Fig. 1 also shows two interesting field tests on identical units 
The unit was first installed at Grand 
Coulee and field tested. It was then taken from Grand Coulee, 
installed at Shasta Dam. Although this actual unit was not 
tested at Shasta Dam, a duplicate unit was tested there. 
Although tested at two different heads, the level of efficiency was 
1'/, per cent different in the two tests. 
good indication of the variation in field tests even under practi- 


impulse wheels. 


in different installations. 


This probably gives a 


cally ideal conditions, when the identical units are tested in two 
different installations. 
plant have sometimes been used as a criterion for the accuracy of 
the test. However, such tests were usually made with similar 
penstocks, electrical instruments, head measurement setups, and 
similar generators. 


Tests on similar units in the same power 


Prepared Statement by Mr. MacNamee 


The preparation and testing, in a laboratory, of a model of a 
hydraulic turbine installation prior to construction is now very 
generally practiced and accepted. Such testing is useful to the 
manufacturer in the development and proving of new designs, 
and, to the customer, an indication, in advance of manufacture, 
that the turbine will deliver the expected performance. As is well 
known, many Kaplan and propeller turbine installations cannot 
be tested for efficiency in the field, and model tests are frequently 
relied on as the basis for the acceptance of the design. 

As model and field test experience accumulates, it is interesting 
to review the efficiencies obtained and to check against estab- 
lished formulas relating the two. In the U. 8. A., the commonly 
used formula for this purpose is that of Moody, most generally 
used in its revised form, which states that turbine losses vary 
inversely as the '/;-power of the diameter ratio. It is generally 
agreed that the increases in efficiencies so predicted from model 
tests are considerably higher than usually realized, particularly 
for the larger turbines. 

We have reviewed the turbines manufactured by this company 
during the past twenty years, with a view toward checking the 
field tests against this formula or some other relation. 

Only three plants of the propeller or Kaplan type have been 
field tested. The following comments, therefore, apply only to 
Francis turbine installations. During this period, field efficiency 
tests have been made on a total of seventeen turbines in twelve 
different plants. Completely homologous models of six of the 


The question regarding field tests is not so much the ability 
to repeat tests or to obtain comparative results on identical 
units in the same plant, as it is the question of the degree of 
absolute accuracy that is obtained under the conditions existing 
at that particular installation. 

In order to put the laboratory testing of models in the hy- 
draulie turbine industry on a firmer footing and to obtain greater 
confidence in such tests and possible future recognition of model 
tests as a universal means of determining fulfillment of contract 
obligations, it is suggested that the hydraulic turbine builders 
arrange to test at least one model each of the same Francis and 
Kaplan runner in all of their laboratories to determine what 
might be called the basic efficiency and power level of each labo- 
ratory. 

These considerations lead to the following conclusions: 


1 Model tests do not necessarily give true absolute values. 
Water measurements can produce errors of 1 to 3 per cent in 
absolute accuracy. 

2 Field tests can never be as accurate as model tests and 
Even under ideal 
conditions extreme care must be taken to obtain correct absolute 


therefore are always subject to question. 


values. 

3 There are certain tolerances permissible in the physical 
step up of the prototype from the model, which do not affect the 
results. 

4 Since each test laboratory probably has its own level of 
absolute test accuracy the Moody formula cannot be applied 
correctly to the model tests from all laboratories. Thus each 
test laboratory must establish its own step-up formula. 

5 The laboratories of the various turbine manufacturers 
should be “‘calibrated’’ by testing the same model in all the 
laboratories. 

6 Since field testing even under ideal conditions is usually 
subject to question, careful model testing may eventually replace 
the need for field testing. 


plants were tested. Models of the remaining plants differed in 
minor details which would be expected to cause efficiency varia- 
tions at the peak of the curve of less than '/, per cent. These 
also were reviewed. 

Unfortunately, the comparison of the field and model tests 
shows a scattering which makes it impossible to find any formula 
that fits the experimental results in a satisfactory way. 

As mentioned, the Moody formula definitely indicates a 
greater step up in efficiency than justified by results. A step 
up two-thirds of that indicated by the Moody formula would be 
much closer to the average. It may be that the step-up ratio 
would be different for another model laboratory. 

Obviously, the scattering shown by these tests can be due to: 


1 Variations in model tests. 
2 Variations in field tests. 
3 Deviations from true similarity in model and field unit. 


The first of these possible causes can be eliminated, if we compare 
tests of duplicate units. One plant in which three units were 
tested showed the same peak efficiencies. A second plant, with 
three units, showed a variation of 0.5 per cent. A third plant, 
with two units, showed a variation of 0.6 per cent. No tests are 
available of exactly duplicate units installed in different plants. 
However, units for two different installations, differing only in 
runner bucket design, were built and installed at the same time. 
Model tests were made with a completely homologous setting, 
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and with both model runners. In the laboratory, one design 
showed '/, per cent better efficiency than the other, while in the 
field the second showed higher efficiency by 1 per cent. 

In the discussion of field tests, hydraulic engineers tend to 
concentrate on the methods and procedures of water discharge 
measurement. This is a difficult measurement and well deserves 
the attention of specialists in the field. In some cases the 
measurement of electrical power output of the generator has 
been handled rather casually. Methods of connection, calibra- 
tion of meters, and correction for transformer errors all require 
careful consideration, if the resulting measurements are to be 
correct within '/2 per cent. The calibration of wattmeters before 
and after one of the field tests just mentioned showed a dis- 
crepancy of '/: per cent. 

In general, the horsepower at which the peak efficiency oc- 


hi The subject of this symposium can be divided into two parts: 


_ A The use of laboratory testing by the manufacturer as an 
aid to design and for establishing predicted and guaranteed pro- 
totype performance before the prototype has been built. 

B_ The use of laboratory testing to establish to the satistac- 
tion of the customer that the prototype will meet or has met a 
guaranteed efficiency curve. 


A Laboratory Testing for Design and Predicting 


This type of testing may be done as part of a test program not 
related to a specific project, or it may be done before tendering 
to establish guarantees and sizes, or it may be done in the initial 
design stages of a contract. This type of testing involves measur- 
ing the power and efficiency over a range of speeds, observing the 
effect of cavitation on the power and efficiency as the pressure at 
the runner discharge is lowered, and noting the visible and audible 
effects of increasing cavitation. It usually involves testing a 
series of variations of a given model and often a series of different 
models. The emphasis in this testing is on the measurement of 
relative values rather than on the absolute value of the efficiency. 
It is, however, general practice to measure the absolute value of 
efficiency accurately in order to be able to compare the results 
with tests done at different times and, to some extent, in different 
laboratories. 

This type of testing is important for success in the manufac- 
ture of hydraulic turbines as constantly improving designs 
permit more economical speeds and setting with relation to the 
tailwater level. The writer’s company considers this testing so 
important that two laboratories are in constant operation on 
development testing. 

This type of testing is often done with standard laboratory 
equipment where the principal changes made are in the shape of 
the runner. It is frequently done in a flume without a spiral 
case. 


Acceptance Tests 


Acceptance testing of hydraulic turbine models is done in lieu 
of field efficiency tests where it is considered that an accurate 
field test is not practical. For acceptance testing the model is 
usually completely homologous to the prototype, from the turbine 
case inlet to the exit from the draft tube. Here absolute accuracy 
is important, so extensive and carefully made calibration tests of 
the laboratory measuring devices are a necessary part of the tests. 

The principal factors involved in evaluating laboratory tests 
when used as acceptance tests are the following: 


Accuracy of the laboratory. 
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curred agreed well with the model test. The maximum power 
was generally 5 or 6 per cent greater in field than the model test 
predicted, but one plant showed about 15 per cent maximum 
power increase. No good reason for this large increase has been 
found. 
The field and model tests just reviewed lead to the conclusions 
that: 


1 The Moody formula is unrealistic, at least for this labora- 
tory. 

2 Discrepancies between model and prototype performance 
are considerable and cannot justify any but the simplest formula 
relating them. 

3 Continued efforts to improve test techniques are needed to 
minimize the ‘“‘scatter’’ of model-field relationships now existing. 


Exactness of similarity between model and prototype. 
Relative heads between model and prototype. 

apa. 


Relative cavitation parameter values. 
Relative Froude numbers. 

Model size. 

Ratio of model size to prototype. 


Step-up formula for converting from model to prototype 
performance. 


The attitude of the writer’s company to the use of model tests 
for turbine acceptance may be summed up as follows: 

The use of homologous model tests is approved under agreed 
test conditions when conditions preclude the possibility of making 
field tests with reasonable accuracy. 

The laboratory measuring equipment should be carefully 
calibrated before and after the test. 

The test should be conducted at or near the minimum sigma 
value specified for the prototype. 

The test head may be less than the operating head for the pro- 
totype but should be high enough to permit good test accuracy. 
It is unnecessary and often undesirable to reduce the head so that 
the Froude number of the model and the prototype will be the 
same. 

If the model test is required to check a guaranteed performance 
of the prototype, then the efficiency step-up formula should be 
specified in the contract. 

Stepped-up model tests are not equivalent to field tests of the 
prototype and should not be so represented. 

Field tests of the prototype are preferred as a basis of checking 
performance guarantees for the following reasons: 


1 It is desired to use the research facilities for research work 
rather than for acceptance testing, which is usually of a repeti- 
tive character. 

2 The requirement of making model and prototype closely 
homologous may involve undesirable restrictions on design 
changes and manufacturing procedures. 

3 There may be serious discrepancies between a model test 
and measured field performance of the prototype. In other 
words, the step-up formulas in use are not accurate over the full 
range of power, although reasonably accurate for predicting the 
maximum efficiency. 

4 It is impossible to make model and prototype exactly 
homologous. The degree of approximation is difficult to specify 
and may be the subject of disputes which cannot be resolved 
satisfactorily to both parties. 
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phe hydraulic turbine design is based upon development of 

theories confirmed in the laboratory by model testing. The 
results of such testing are used to predict the performance of the 
prototype units. The verification of the predictions is borne out 
by testing the units in the field. The accuracy of the predictions 
depends upon experience and upon how closely the laws of simili- 
tude were followed in reproducing prototype conditions in the 
model and model test. 

In order to predict what the performance of the prototype will 
be, precise similarity between it and the model must obtain. 
The types of similarity to be considered may be termed geometric, 
kinematic, and dynamic: 

By geometric similarity is meant the similarity in form and 
shape. That is, the ratios of all physical dimensions must be 
equal and the dimensions to exact scale. 

By kinematic similarity is meant the similarity of motion, so 
that the ratio of velocities is equal. 

By dynamic similarity is meant the similarity of masses 
and forces. The different types of similarity are related to and 
dependent on each other. 

Certain difficulties in obtaining true similarity are found. 
The inability to provide precise duplication of physical dimensions 
is often present. The accuracy of model castings, especially in 
the innermost part of the runner water passages, cannot always 
be maintained. Surface finishes must be smooth and fair, and 
it is readily seen then, that a question of economics is also in- 
volved to keep hand finishing from being the major cost of the 
test. And yet, if the surfaces are not uniform and to scale finish, 
an indeterminate roughness factor is involved. 
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The departure from true kinematic similarity is introduced 
by the failure to maintain geometric similarity. If surfaces are 
uneven and rough, certainly the pattern of the flow may vary and 
disturbances foreign to the design may form, and the ratios of the 
velocities of the flow particles will no longer be related. 

In dynamic similarity, the effect of elasticity and surface 
tension may be neglected, as the cold fresh water medium is 
usually the same in model and prototype. However, the effects 
of viscosity and gravity are not so easily overlooked. This in- 
volves choosing the size and operating speed of the model with 
respect to the practical and minimum values of the Froude and 
Reynolds numbers. Obviously all of the dynamic problems 
cannot be solved by the mechanics of similitude. Thus, while 
the foregoing variances from the ideal may be minimized by 
accurate construction and operation, each small discrepancy may 
contribute to the whole, and the sum may be of some significance, 
and vary the results from the absolute. 

Some of the pitfalls of model design have been discussed, with 
the recognition of possible errors to be anticipated in deriving the 
test data. 

Let us now consider the actual testing and the relation of the 
data secured to the absolute, for upon the accuracy of the testing 
will depend the limits to which we can project the data for esti- 
mating prototype performance. 

The final derivation will depend upon measurements of head, 
power, speed, and discharge. Of these, perhaps the discharge 
measurement is the most critical, as the others are more a matter 
of calibration and mechanics. The classical measurement of 
discharge is through use of the weighing tank. The practical 
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Fig. 7 Comparison between field and homologous model tests 
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method is the use of a weir or a venturi meter. Both of the latter 
require frequent calibration, especially so when it is considered 
how small an amount of fungus or extraneous matter in the water 
is required to produce surprisingly erroneous results. 

Losses due to bearing friction must be carefully calculated for 
each model. These may vary due to assembly procedures and 
different operating speeds for different models and should not be 
disregarded. Another loss which is obviously disproportionate is 
that found through the runner seals. Due to required operating 
clearances, the model sealing area may be as much as five times 
larger than the corresponding prototype area reduced by the scale 
ratio. Depending on the model test head, the leakage loss then is 
much higher in proportion. This is actually a loss of energy and 
will vary over the range of gate openings. 

It is vital also that the model be tested at or near field sigma 
and preferably at the field temperatures. There is also to be 
considered the problem of air entrapment in a closed model 
circuit and its importance or unimportance in the final data. 

Two of the recognized methods for measuring flow of a pro- 
totype turbine are the Gibson time-pressure method and the 
Allen salt-velocity method. The accuracy of the Gibson method 
has been stated to be within +0.6 per cent of the absolute. The 
accuracy of the Allen method is probably similar. The accuracy 
of testing a model in a well-designed laboratory may also be 
within these limits. If it is considered that the extremes of the 
accuracy tolerances are used in both cases, that is, the field test 
is 0.6 per cent high combined with the model test being 0.6 per 
cent low, a discrepancy of well over 1 per cent is already noted, 
even before all the other variances mentioned are introduced. 


Prepared Statement by Mr. Johnson 
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Historical Background 


In 1880 the Water Power Company of Holyoke, Massachusetts, 
built an open-flume turbine test stand with a head of 17 ft for 
testing commercial size water wheels (up to approximately 48-in. 
runner diameter). Discharge was measured by a 14-ft weir and 
computed by the Francis formula which was considered to be 
reasonably accurate up to a maximum flow of 225 cfs. This 
facility furnished American manufacturers with the opportunity 
to test and compare the relative efficiencies of their various runner 
and wheel-case designs at reasonable cost. 

Beginning in 1915 the hydraulic turbine manufacturers of this 
country started construction of their own low-head open-flume 
laboratories to permit more frequent testing, under closer obser- 
vation of their own engineers, at lower cost, and with better pro- 
tection of confidential design data. Since it was impossible to 
test large modern prototype runners even at Holyoke, a reasona- 
ble model size was required, large enough for accurate repro- 
duction and testing but small enough for economical laboratory 
construction and operation. Instead of the larger and larger 
test runners being sent to Holyoke because of the higher effi- 
ciencies indicated as the size increased, an effort was made to 
“standardize’’ on runners with 16-in. discharge diameters. 
However, there is very little evidence of efficiency correlations 
between the various laboratories. 

Eventually the Moody formula for increase in peak efficiency 
with size of runner was adopted by the entire hydro power in- 
dustry (in the U. 8. A.). Because of the basic structure of this 
step-up formula, estimated efficiencies for large prototype units 
do not reflect as large differences as are found in the model tests, 
thereby minimizing the need for accurate laboratory calibrations 
and comparisons. 
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In relating model efficiencies to the prototype the well-known 
Moody formula is often used. This formula is based on the 
assumption that the total losses in a turbine will vary in the same 
ratio as the friction losses and that these total losses are in- 
versely proportional to the linear dimensions raised to some ex- 
ponential power. In other words, it is based on a size ratio and 
makes no allowance for the ratio of velocity or viscosity. Fur- 
thermore, it is the same for turbines of all specific speeds, and it 
is believed the step up afforded by the formula is not realistic. 

An attempt has been made here to point out some of the fac- 
tors which must be considered if the differences between model 
results stepped up to the prototype are to be explained. If we 
are to assume comparable testing techniques for both field and 
model tests, and the verity of the Moody formula, certain differ- 
ences do exist, as inspection of the following figures will show. 
In each case shown here, the model was completely homologous 
in all water passages to the prototype. (See Figs. 4 to 9 inclusive. ) 

Both field and model efficiencies were reduced by the Moody 
formula using an exponent of 0.2. Relationship was based in 
each case on an equivalent model top draft tube diameter of 12 
inches. It is noted that the peak efficiencies of both model and 
field occur at about the same output, but the curves diverge at 
high and low outputs. The field data for the highest specific 
speed runner were taken from an index test, so naturally the 
efficiencies coincide at maximum. The agreement in shape is 
very good, however, and the divergence at high output is due 
to the presence of cavitation. The cavitation occurred because 
the tail water elevation at the time of test was much lower than 
it was when the unit went into commercial operation. 


Because of the admitted (and obvious) inaccuracies in the 
field tests on large prototype units, a guarantee of 90 per cent 
maximum efficiency on any turbine, regardless of size or the 
stepped-up efficiency, has been acceptable for most installations 
in the United States. 

Although the fundamentals of turbine theory, such as the 
Eulerian theorem (1754), are well-established and important in 
turbine design, in actual practice no important installation is con- 
summated without confirming the calculations by complete 
laboratory tests on a reasonably homologous model. A sound 
theoretical basis of design cannot be dispensed with, but the 
complexity of flow conditions in any hydraulic turbine renders 
model testing necessary to assure the successful performance of 
the prototype installation. Current practice is to model the 
complete inlet and discharge water passages as well as the 
turbine proper, as compared to a former Holyoke test on just the 
runner, wicket gate case, and short vertical draft tube. 

In add#tion to determining performance characteristics under 
conservative operating critical cavitation data 
are also determined in all modern hydraulic turbine laboratories. 
The first turbine cavitation laboratory in the United States went 
into operation in 1930 at the Holtwood plant of the Pennsylvania 
Water and Power Company. Sixteen-inch diameter Kaplan run- 
ners were tested with homologous semi-spiral cases and elbow- 
draft tubes under gravity heads of 50 to 60 ft. Thus it was pos- 
sible to test the same models for comparison of performance under 
high sigma values in the open-flume test stand at the laboratory 
of the writer’s company which had been built in 1921. 

In 1954 the writer’s company installed a new high-head turbine 
test stand in an extension to the original laboratory building. 
Utilizing centrifugal pumps to create heads up to 325 ft, Francis 
turbine models with 12-in. discharge diameters can be tested 
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conveniently at very low values of sigma and 12-in. Kaplan and 


propeller models can be tested under prototype head conditions, 
all with homologous spiral or semi-spiral cases and elbow draft 
tubes. 

Many turbine development programs include model tests with- 
out spiral or semi-spiral cases although they are required on all 
contract tests. However, since they are concerned with acceler- 
ating flow, losses are almost negligible in any reasonably well- 
designed case and corrections to the so-called open-flume tests are 
insignificant. 

But the same considerations do not apply to draft tubes, ex- 
cept possibly for very low specifie speed Francis wheels. Because 
the flow is decelerating, losses tend to be considerable (increasing 
with the specific speed of the unit) and to be critically affeeted 
by the various runner discharge velocity and whirl patterns. 
Consequently, Kaplan and propeller models as well as medium to 
high specific speed Francis designs must be tested with draft tubes 
essentially homologous to the prototype installations in order to 
closely approximate expected field performance characteristics. 


Contract Mode! Tests 


Many large prototype units, especially Kaplan and propeller 
turbines, are installed under conditions that render it prac- 
tically impossible to conduct a reasonably accurate field accept- 
ance test in accordance with any approved test code. The effec- 
tive head and the horsepower output usually present no special 
problems, but accurate measurement of the large quantities of 
water involved is not economically feasible. 

Consequently, current practice in such cases is to specify 
accurately conducted laboratory tests on homologous models 
including inlet and discharge water passages, and the contract 
guarantees are based on model performance. The various tur- 
bine manufacturers propose guarantees on the basis of previous 
tests of similar models, but they must be confirmed on a com- 
pletely homologous model before the prototype structure and 
turbine-generator equipment are actually processed. The 
major items to be settled are the draft tube and spiral case 
details and dimensions, the elevation of the distributor center 
line, the design of the turbine proper including the speed and size 
required to achieve the specified outputs and efficiencies under the 
various heads and flow rates without exceeding the critical 
cavitation limits, as well as the maximum runaway speed and 
hydraulic thrust for which the generator must be designed. 

After the turbines have been installed and placed in satisfac- 
tory operation, “‘index’’ tests are conducted in accordance with 
the ASME Test Code (1953) to determine the shapes of the effi- 
ciency-horsepower curves and to confirm the guaranteed output 
capacities and cavitation limits under various head and tailwater 
conditions. In order to draw the prototype efficiency-horse- 
power curves, the maximum model test efficiency is stepped up to 
prototype size by the Moody formula (U.S. A.) or by the Ackeret 
formula (Europe). 

It is desirable that more units be installed under favorable 
conditions so that they can be accurately field tested at reasona- 
ble expense for comparison with laboratory tests on completely 
homologous models and thereby assist in the establishment of a 
reliable efficiency step-up formula. 

Since the advent of very large hydroelectric units in the 1920's, 
the various hydraulic turbine manufacturers have experienced 
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ing 92 to 94 per cent peak efficiencies. The major field of explo- 
ration in the laboratories, therefore, has been the development of 
runners with improved cavitation resistance and better operating 
characteristics. 

In the new high-head test stand, medium and high specific 
speed Francis wheels and all Kaplan and propeller models may 
be tested under heads equal to those on the respective prototypes. 
Under these conditions, the Thoma cavitation index, sigma, is ob- 
tained with the same draft head between the runner discharge 
elevation and tailwater as will exist in the field, thereby not only 
reproducing sigma but actually utilizing the same absolute pres- 
sure (average) under the runner as will occur in the prototype. 
When running cavitation tests in low-head test stands, in order to 
obtain low sigma values, it is necessary to utilize large suction 
heads which frequently cause air to come out of solution and 
“cloud”’ the validity of the results as well as ‘“‘fouling’’ the manome- 
ter lines. By testing under a higher head, the required suction 
head is smaller for a given sigma value with less suction on the 
gages and less likelihood of air coming out of solution. 

Laboratory tests duplicating field conditions and permitting 
investigation of the effects due to their variations are much more 
likely to lead to trouble-free operation of the prototype units 
than are tests under much lower heads. The higher test heads 
are not only more suitable for cavitation research, but the larger 
horsepower outputs also facilitate a higher degree of accuracy, 
thereby permitting extremely satisfactory tests to be conducted 
tor both performance and cavitation characteristics on the same 
model. 

For a cavitation test, five men are located at the following 
stations: Dynamometer control console, venturi manometer, 
headwater manometer, tailwater manometer, and computer's 
desk. During the design stages, the use of measuring equipment 
that would allow the stand to be operated by one or two men was 
considered, but it was felt that greater accuracy and more consist- 
ent results could be obtained initially by taking a number of 
simuitaneous readings on all instruments during each run—in the 
same way that prototype field tests are usually conducted. 
However, the use of accurate remote indicating or recording in- 
struments is still being considered for future application. 

A high degree of accuracy is especially desirable for develop- 
ment work, because any specific design modification may produce 
only a small change in performance that cannot be discovered if 
it is smaller than the errors of measurement, which must there- 
fore be kept as small as practicable. The repeatable accuracy of 
any test point in the new stand appears to be within plus or minus 
one quarter of one per cent. The absolute accuracy is con- 
sidered to be within one per cent, since each component has been 


carefully calibrated against recognized standards. ld 
Conclusi 

onclusion 


By duplicating prototype conditions while maintaining labora- 
tory control and accuracy, homologous model tests can obviate 
the need for expensive, time-consuming field tests. This is 
particularly true in cases where Paragraphs 2 and 3 of the ASME 
Test Code, dealing with inaccuracies of measurement and failure 
to conform to “ideal’’ testing conditions, are obviously significant. 
Also worthy of mention is the fact that a field test is usually 
limited to the small head range existing at the time, whereas the 
homologous laboratory model may be conveniently and accu- 
rately tested throughout the entire prototype operating head 
range. 
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from geometrically homologous model to prototype assumes that 
all turbine losses are in the nature of friction losses. On the 
other hand, if it is assumed that the frictional losses can be 
treated as dynamic losses, the Froude number rather than the 
Reynolds number becomes the basis of comparison and there is 
no efficiency step up. It is reasonable to expect the true answer 
to be somewhere between these extreme views and the discusser 
is inclined to agree with Mr. MacNamee, who suggests a step 
up of two thirds of that compuced by the Moody formula using 
an exponent of one fifth (instead of the original one quarter), 
especially since available test data seem to indicate that Moody 
step ups are too large. 

It is desirable to have several models, each tested in more than 
one laboratory, and these results published together with the cor- 
responding prototype field test data. The discusser takes issue 
with Mr. Johnson, who suggests the use of index tests to de- 
termine the shape of the efficiency versus horsepower curve with 
the position of the curve determined by making the maximum 
efficiency coincide with the maximum model efficiency stepped 
up to prototype size, but admits that this procedure may be 
desirable for installations with short or complex intakes even 
though it is not recognized by the ASME Test Code as fulfilling 
the requirements of an acceptance test. However, he agrees with 
Mr. Johnson on the importance of a completely homologous 
model, including turbine case and draft tube, when a step up to 
prototype size is to be made. 


I. A. Winter.‘ In the experience of the discusser, laboratory 
tests are subject to the same possibilities of error as are found in 
the field; possibly more so, since the larger sizes and capacities 
of the prototype units may permit a higher degree of accuracy. 
Also, he prefers the highly accurate standard meters for measuring 
generator output to specially developed laboratory dynamome- 
ters. 

The discusser feels that field measuring sections for the de- 
termination of water flow rates are superior to those in the labo- 
ratories, which tend to be too short for accuracy and do not have 
adequate means for calibration, both dictated by the need for 
economy. Also, laboratory testing is generally under the direc- 
tion of a junior engineer in training, whereas field tests are 
handled by responsible engineers of long standing experience. 
Since all of the physical measurements used in the conduct of a 
field test can be determined within plus or minus 0.2 per cent, the 
law of averages leads to the conclusion that the probable error in 
field measurements is zero. Inaccuracies in field testing have 
been accepted because of the practice of following abridged 
procedures, which “points up the need for better planning of the 
test installation and procedures.”’ 

The discusser prefers the use of a power step-up formula, 
which corrects for Reynolds number and other important varia- 
bles but does not predict prototype efficiency like the Moody and 
Ackeret formulas, which he considers unreliable because of the 
inconsistent relationships between the various laboratories, 
model construction, and field tests. 


Grant H. Voaden.* This discussion pertains to the relation 
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Fig. 11 Comparison of model and prototype tests (McNary) 
between the power delivered by hydraulic turbines in the field 
and that of completely homologous laboratory models. It is 
generally recognized that there is some step up in efficiency from 
model to prototype. The basis of the Moody formula is that in 
the prototype the proportion of the total head lost in the turbine 
is less than in the model and it is because of the method that must 
be used to measure the head that we have an efficiency step up. 
Consequently, there must be a power step up which should be 
approximately the three-halves power of the efficiency step up. 

However, comparison of 37 field tests on Francis turbines with 
laboratory tests on reasonably homologous models failed to 
indicate any power step up (beyond the three-halves power of the 
head ratio and the direct ratio of the runner discharge areas), 
even though the measured efficiency step up was approximately 
as calculated. Sixty tests of Kaplan turbines, on the other hand, 
have consistently shown an additional power step up closely ap- 
proximating the three-halves power of the Moody efficiency step 
up (using the one-fifth exponent). Fig. 10, comparing Bonne- 
ville prototype and homologous model outputs under noncavi- 
tating conditions, indicates an average “extra’’ power step up of 
7.3 per cent, very close to the 8.5 per cent indicated by the three- 
halves power of the efficiency step up. Fig. 11 illustrates how 
this additional power step up tends to flatten out the prototype 
efficiency versus horsepower curves at outputs beyond the maxi- 
mum efficiency point. 


S. Logan Kerr. There are differences between laboratory 
testing, where small quantities of water are measured, where 
installations can be checked and rechecked, and where expe- 
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rienced personnel are available for carrying out the tests and also 
for acquiring familiarity with the test apparatus and the methods 
of measurement and field testing, where these optimum condi- 
tions are not always found and tests have to be made under serv- 
ice conditions in the full scale plant at the convenience of the 
operating department. Nevertheless, it is the field performance 
of the hydraulic turbine unit that the owner of the plant has pur- 
chased and not the laboratory results. 

These difficulties in making field tests should not be a deter- 
rent, but should rather be a challenge to the hydraulic turbine 
manufacturers to confirm in as accurate a manner as possible 
their engineering expectations of the finished product. With 
these improved methods (Allen and Gibson) of measuring large 
quantities of water, a degree of accuracy rarely attained with 
other methods was made available for checking guaranteed 
performance. 

Holvoke tests of the runner (usually 30 or 36-in. diam) and 
wheel case on a conical draft tube were never truly homologous 
When the turbine manufacturers built their 
own laboratories (about 1920), they standardized on 16-in. 
diameter model runners for reasons of economy. These showed 
somewhat lower efficiencies than those obtained at Holyoke and 
gave rise to the need for a step-up formula. The writer partici- 
pated with the late Professor Moody in the development of the 
original theoretical formula with an exponent of one quarter, 
which was used to correlate the early tests in one manufacturer's 
laboratory with previous Holyoke tests, and then had to be 
changed to an exponent of one fifth because the stepped-up 
efficiencies far exceeded the field results. 

A shift in the absolute efficiency of the laboratory's results 
would cause the stepped-up efficiency to change very substan- 
tially. Negative increases in efficiency from model to prototype 
occurred in some cases, particularly for impulse turbines, thereby 
casting doubt on model testing. The power step up and the 
shape of the efficiency curves have also failed to be confirmed in 
field tests. Although the philosophy that the ‘‘field test was in 
error’’ seemed to be a convenient explanation, in many cases the 
prototype intake and draft tube were not homologous to the 
model. In one instance, even the runners were not homologous. 
The outflow area was stepped up exactly but excessive curvature 
of the prototype vanes caused additional contraction of the out- 
flow jets, reduced the discharge, and distorted the performance. 
On other installations, the location of the penstock valve, wye 
pipes, and elbows ahead of the turbine had a marked effect on the 
field performance. 

In the light of these actual experiences, the stepping up of 
model turbine performance obtained in the laboratory to the 
conditions of the full scale installation is always subject to doubt 
unless every detail of the main unit is reproduced precisely in the 
model, or vice versa. The ability to check laboratory and research 
work in full scale installations by means of field tests has a great 
value in stimulating the development of the art, since actual 
performance is subject to measurement and not speculation. 
Although a number of field tests have produced unsatisfactory 
results, usually investigation disclosed that the ASME Test 
Code had not been followed or that the plant design had not made 
proper provision for a field test. 

The purchaser buys the finished product and in fairness to him, 
the actual performance in the field, both as to efficiency and out- 
put, should be the true basis of compliance with contractual 
guarantees. 


OCTOBER, 1958 


to the prototype. 


Oral Discussions’ 
At this point, Mr. Petersen opened the meeting to questions 


7 Condensed by 1956 Chairman, Hydraulic Prime Movers Sub- 


-ommittee. 
committee 


wr, which would 


and extemporaneous discussions from the floc 
then be answered or clarified by the panel members. 

Dr. Robert T. Knapp* divided the subject into three main 
points: (1) Are laboratory tests accurate? Are the actual meas- 
urements made better than in field tests? (2) If so, what is the 
relationship between these accurate laboratory measurements 
and actual field performance? (3) Is laboratory performance 
really essentially the same as field performance? Apart from 
accuracy, is the fluid behavior in the laboratory the same as it is 
in the field? 

Dr. Knapp then said ‘tategorically that the laboratory tests 
can be made as accurate as you want them.’’ There is no ques- 
tion of being able to minimize inaccuracies; it is merely a 
question of how far you want to go and if you are willing to pay 
the money for it. Consequently, laboratory measurements can be 
more accurate than you can hope for in the field. Back in 1934, 
the Cal Tech hydraulic machinery laboratory had a probable 
absolute over-all accuracy within +0.1 per cent, the various 
individual measurements being within 0.05 per cent; today, that 
error could be divided by ten. 

Regarding a step-up formula for the relationship between the 
accurate laboratory measurements and the observed field per- 
formance, Dr. Knapp thinks that we must analyze the various 
phenomena involved and treat each one in a suitable manner. 
“The ship people, for example, have been confronted with this 
(problem) for a lung time and they have broken down thei step 
up into pieces’. . . “There is no reason why we should search for a 
universal omnibus factor that we lump everything into and 
think it is going to be the same for every machine.’ For ex- 
ample, leakage losses are entirely different from friction losses and 
should be handled differently. 

It is the opinion of Dr. Knapp that for the normal performance 
characteristics of capacity, head, horsepower, and efficiency, 
under noncavitating conditions, the behavior of the flow in the 
model and in the field can be said to be the same, provided that 
true geometric similarity exists. In some cases, ‘“‘we could use 
accurately made models to predict prototype performance 
better than we can measure it in the field.’’ Each factor, or de- 
tail, must be carefully modeled and considered separately. 
With cavitation occurring, it is not possible to satisfy all proto- 
type conditions in a single model at the same time. However, 
with careful analysis, it should be possible to test for separate 
effects under different conditions. 

Dr. Knapp admits that we do not know too much at the 
present time about using model tests to predict actual cavitation 
damage (or pitting). It may be possible to study pressure varia- 
tions and vibration, where the rigidity of the construction can 
have resonance with the hydraulic phenomenon, if proper model 
analyses are made. But he feels that you can predict the major 
characteristics of a unit in the field with a good model test, 
provided that it is an accurate model of the actual machine. 
Prototypes involving detail changes from the basic model design 
tested should be modeled again for an accurate performance 
check. As an example, Dr. Knapp cited the case of two dif- 
ferent pump impeller castings from the same patterns with as 
much as 2 per cent difference in performance (efficiency?) due 
to the finish. 

Mr. Rheingans agreed with Dr. Knapp that it is possible to 
get a very accurate model test in spite of what Mr. Winter had 
written. He also pointed out that there are many cases where 
you run into trouble in a “‘one-shot’’ field test. 

Mr. Johnson thought that the relationship between accuracy 
and expense as pointed out by Dr. Knapp, should be emphasized, 
and agreed that a reasonably accurate field test can also be per- 


Director of Hydrodynamics Laboratory, California of 


Technology, Pasadena, Calif. Mem. ASME. 


+ 
é 
— 


1534 
formed, provided that conditions are suitable and expense is not 
of primary importance. 

Mr. Sproule thought that accuracy within 0.1 per cent, as men- 
tioned by Dr. Knapp, was pretty good to expect from a closed- 
circuit cavitation laboratory. 

Mr. MacNamee commented “‘that the application of cavitation 
model tests to the field unit is a very large question and certainly 
not one that we would like to get into right now,’’ but pointed out 
that the peak efficiency is usually well away from the cavitation 
limit so that the efficiency step up is not likely to be affected by 
cavitation, which might have to be conSidered near full gate. 

Mr. Johnson read the following paragraph from Section 10 of 
the ‘1917 Machinery Builders’ Testing Code’’: ‘“‘The power of 
the model when operating at the hydraulic equivalent of the 
speed of the large unit in the tests of the latter, at the same pro- 
portional gate opening, is to be multiplied by the ratio of the 
area of the discharge orifices of the large turbine runner to that of 
the model and by the three-halves power of the ratio of the head 
existing in the tests of the large unit to the head in the model 
tests. When the power so computed agrees exactly with that 
obtained from the installed unit, the efficiency of the large unit 
shall be considered to be identical with that of the model; and 
when the power of the large unit exceeds that thus computed 
from the model, the efficiency of the large unit shall be considered 
to be in excess of that of the model.’’ He considered this a very 
good piece of basic thinking that was done many years ago and 
that tended to agree with the Kaplan turbine data presented by 
Mr. Voaden, but was not in accordance with observed Francis 
turbine test results. 

Richard E. Krueger® tried to explain some of the comments 
made by Mr. Winter regarding the accuracy of laboratory testing 
not being as good as that in the field. He had personally meas- 
ured and rechecked a head of 1000 ft within 1 in., or 0.01 per cent, 
making allowance for the change in barometric pressure, and 
so forth, which (he said) is not done in the laboratory. He then 
mentioned that the USBR department under Mr. Parmakian 
was applying strain gages to turbine shafts for measuring horse- 
power with very consistent results (within +0.5 per cent). 

Mr. Krueger referred to the need for careful planning of field 
tests mentioned by Mr. Kerr, and pointed out that the USBR 
prepares a test brochure several months in advance to have the 
field personnel alerted and the preliminary work done before 
the test experts arrive on the job. He did not care to discuss 
the difference between Gibson and Allen tests but, based on the 
consistency of the results, the Bureau has a lot of confidence in 
both. Mr. Krueger also noted that all piezometer connections 
are arranged for when the plant is designed, and the piping is put 
in prior to the test so that the test engineer merely connects up 
his equipment and dresses up the piezometer orifices. In this 
connection, he has never found a difference of more than about 
1 per cent of the velocity head among the various piezometers on 
a traverse, although the (ASME) Code allows as much as 10 per 
cent (or 20 per cent). 

Mr. Rheingans questioned Mr. Krueger as to whether the 
accuracy within 1 in. of his 1000 ft head measurement was repeti- 
tive or absolute. Mr. Krueger admitted that it was repetitive, 
using the same instruments, but felt that the absolute accuracy 
was also very close by comparison with the (static) difference in 
water surface elevations determined by accurate field surveys, 
including corrections for barometric pressure and temperature 
from the top to the bottom of the 1000-ft water column. 

Mr. Rheingans agreed that the USBR “ is very careful in their 
tests’ but “that isn’t true universally.’’ In many cases, com- 
mercial instead of calibrated transformers are used for measuring 
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power output, and the water measuring people take such data 
along with their own discharge measurements and calculate the 
official efficiencies of the unit. This situation will have to be 
corrected; the person who signs the official report should be 
responsible for the accuracy of all measurements, including 
electrical output, head, and discharge. He alse cautioned that 
the condition of the unit in the field must be carefully considered, 
since differences of several per cent in output could be attributed 
to growths or bitumastic (paints) on stay rings and wicket 
gates. 

Mr. Johnson pointed out that he is not recommending only 
accurate laboratory tests and no field tests, but either accurate 
laboratory tests or accurate field tests under satisfactory condi- 
tions. He felt that there was a lot of agreement among Mr. 
Kerr, Dr. Knapp, Mr. Rheingans, and quite a few others, and 
read the following paragraph from his letter of January 24, 1955 
to Mr. Kerr: “It should be noted that field conditions seem to be 
getting more and more difficult for conducting accurate and re- 
liable tests. It should also be noted that good upstream flow 
conditions, which favor convenient and accurate tests, are also 
Possibly our plant 
designs are actually lowering turbine (and over-all) efficiencies by 
appreciable amounts (up to several per cent) merely to effect 
economies in plant construction that may amount to less than one 
per cent of over-all project costs. If such be the case, instead of 
attempting to conduct field tests under difficult conditions in 
order to justify these economies by obtaining seemingly satisfac- 
tory results, we should be testing complete models in laboratories 


conducive to good turbine performance. 


to determine the extent to which such economies are warranted.”’ 

I. M. White’ had made a summary of the best reaction turbine 
tests in their records, as compared with essentially homologous 
laboratory tests. They had calculated the value of the exponent 
in the Moody formula required to make the model and the proto- 
type curves coincide at the peak point, and found a range irom 
0.07 to 0.23. He had also made a survey of what various quali- 
fied people thought of field test accuracies, by either of the two 
accepted methods (Allen and Gibson), and found a range from 
+0.25 to +2.0 percent. If you take anything approaching | to 
2 per cent into account, it makes a tremendous difference in the 
Moody exponent. Mr. White felt that it would be nice to 
improve the accuracies of both field and laboratory tests, but that 
it would also be possible to co-ordinate all of the tests conducted 
to date and arrive at a more realistic Moody exponent, say, 0.15. 

He also pointed out that a field test inaccuracy of 1 per cent 
could mean as much as $100,000 to the turbine manufacturer; if 
the test is low by 1 per cent, he may be gambling $100,000... . or 
a new runner. 

Mr. Petersen agreed with Mr. White that it would be highly 
desirable to arrive at a Moody exponent acceptable to all con- 
cerned, and wondered whether Mr. Jaski of Allis-Chalmers might 
have something to say in regard to pump-turbine efficiency step 
ups, especially for the pump cycle. 

Robert E. Turner! suggested that careful correlation of unit 
outputs with stream flow gagings would indicate variations of 
0.5, 1, or even 2 per cent due to changes like coating the runners, 
adjusting the water-lubricated guide bearings, et cetera. Field 
test runs last only 3 to 5 minutes, but they operate the Conowingo 
units at fixed gate openings for hours and “‘get a pretty good 
index of the relative efficiencies’ from their operating records. 
As far as absolute efficiency is concerned, he has his choice since 
the two methods (Allen and Gibson) ran into some difficulty 
there and they never did agree on a fina] report. 
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Frank E. Jaski'* questioned the apparent increase in power re- 
ported by Mr. Voaden as possibly being due to larger prototype 
discharge openings, even at the same blade angle (on Kaplan 
runners). He also mentioned the possibility of duplicate units 
showing different test results because of different inflow or out- 
flow conditions at various locations in a given powerhouse. 
Anything but a direct inflow to the turbines and a direct outflow 
into the tailrace is “not conducive to good hydraulic flow.’’ In 
reply to Mr. Petersen regarding the Moody step up for pumps, 
Mr. Jaski pointed out that the decelerating flow through pumps 
is the reverse of the accelerating flow through turbines ‘‘and the 
Moody formula does not have the same application.”’ 

Clyde W. Hubbard!* mentioned the lack of consistency be- 
tween index tests on the same unit at the Rock Island Plant, as 
the other five units went into service one at a time, and considered 
that this was evidence of what Mr. Jaski had noted about the 
importance of flow conditions approaching and leaving the tur- 
bine proper. 

Mr. Rheingans mentioned some difficulty experienced by Mr. 
Aeberli of the Hydro-Electric Power Commission of Ontario 
(Canada) in connection with index tests using Winter-Kennedy 
piezometers. It appeared that model tests had indicated some 
variations in results due to wicket gate and runner blade positions 
and that index testing methods might be due for considerable 
revision. 

Mr. Voaden replied to Mr. Jaski by saying that the runner dis- 
charge openings had been checked within +1 per cent and that 
even +2 per cent would not account for the “apparent’’ power 
step ups of 7 per cent or more. 

Prof. L. J. Hooper'* quoted Professor Gerber of Zurich and 
Mr. Bovet of Charmilles as saying that the Moody formula gives a 
step up that is too high, whereas the Ackeret formula gives too 
low a step-up value. He also quoted the laboratory at Kristine- 
hamm (Sweden) as reporting that when they tested models at full 
prototype head (and therefore full prototype velocity) there was a 
very small efficiency step up, if any. Professor Hooper also 
mentioned the difficulty involved in making the model and proto- 
type accurately homologous. 

Mr. Rheingans referred to his prepared statement in which 
(Table 1) he had shown the average measurements for four fairly 
large runners. These prototype runners checked each other 
quite closely but were considerably different from the test model; 
therefore, a new model runner was made from the stepped-down 
measurements and the new test efficiency checked the old one 
within 0.1 per cent. 

Prof. C. P. Kittredge™ cited the difficulties experienced a 
few years back in obtaining extremely accurate (within 0.01 per 
cent) venturi meter calibrations. For this class of work, not 
only the meters but the manometers and even the manometer 
fluids must be accurately calibrated in place. 

Paul D. Hess" agreed with Professor Kittredge on the need for 
accurate calibration of any venturi meter right in its own test 
circuit because of the effect of uneven velocity distribution on the 
indicated discharge coefficient. Certain combinations of up- 
stream flow conditions can even result in coefficients slightly 
greater than unity, a theoretically impossible value with so- 
called normal flow patterns. Mr. Hess also referred to pressure 
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‘Table 1 


Average dimensions 
of four prototype run- 


ners down 
to model size 


dimensions 
Max. blade thickness, in. 


Original 
model 


0.246 0.281 

Camber of horizontal sec- 

tion below c/i distributor, 

in. 

Thickness of blades at ¢/l 

distributor, in. 

0.153 

0.096 
Discharge openings after 

alterations, in. 

0.714 

0.528 

0.526 
Discharge angles (back of blades).. 18°-20’ 
Inlet angles (back of blades)... ... 33°-37' 


reading accuracies within 0.01 per cent as unrealistic; it may be 
possible to duplicate gage readings that closely but with water 
flowing in the pipe the actual pressure is affected by the up- 
stream piping configuration and the piezometers are affected by 
the condition of the inside pipe surface. Since careful laboratory 
calibrations had revealed errors of the order of 1 per cent in 
venturi coefficients, he guessed that some field pressure tap 
readings might be in error by as much as 5 per cent. 

Mr. Krueger again emphasized the importance of cleaning the 
pipe wall near the piezometers and carefully checking the condi- 
tion of the piezometers themselves. He cited the case of a 
recent test where it was not convenient to check the piezometers 
on the inside of the pipe and the traverse of the individual 
piezometers showed variations up to 30 per cent of the 
velocity head. Since the conditions responsible for this excessive 
variation could not be corrected, it was necessary to cut those 
piezometers out of the test. 

Mr. Kerr aiso emphasized that the word “piezometer’’ does 
not mean accuracy per se, but that the design and conditions of 
installation must be in accordance with epproved practices. 
He referred to the classic work of Professors Allen and Hooper 
at the Alden Hydraulic Laboratory of the Worcester Polytechnic 
Institute. Mr. Kerr pointed out that negligence in the checking 
of penstock piezometers does not prove that all field tests are 
inaccurate, since the same negligence would produce correspond- 
ing errors in laboratory work. 

Mr. Kerr then referred to the difficulties experienced in the 
field tests at Conowingo mentioned by Mr. Turner. He admit- 
ted that substantial discrepancies (approximately 4 per cent) 
had appeared between the Allen and Gibson water measurements 
on one of the units tested. On another identical unit, the same 
personnel with the same instruments checked water quantities 
very closely (within about 1 per cent). Actually, conditions at 
Conowingo were not favorable for the application of either method 
of water measurement. According to Mr. Kerr, a leak in the pie- 
zometer piping to the Gibson apparatus was responsible for the 
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discrepancy on the one unit, and he feels very definitely that it is 
unfair to discredit all field tests because of the unfortunate 
experience in this particular case. 

L. H. Kessler” said that in his experience with pumps each 
1 per cent in efficiency could be worth as much as $22,500 .... 
as compared to $100,000 for turbines (Mr. White). He hoped that 
ASME would soon be able to take a definite stand as to whether 
there is or isn’t a step up in efficiency from model to prototype, 
or to recommend that the model efficiency be regarded as the guar- 
anteed efficiency (for the prototype). 

Wm. C. Osborne™ felt that the Moody formula just happened 
to be published and well known, but that it did not apply correctly 
to pumps. 

Mr. Petersen thanked the panel members and the discussers 
from the floor for their efforts in bringing the various points to 
the attention of all interested parties, and adjourned the meet- 
ing with the thought that these recorded presentations would 
form the basis for a written summary on the present state of the 
art. 


Personal Commentary’? 


Although that was not the basic idea behind this symposium, 
the discussions tended to be divided in favor of field tests for 
determining prototype performance or in favor of laboratory 
tests on homologous models as being more accurate. 

Mr. 8. Logan Kerr, Chairman of ASME Power Test Code 
Committee No. 18 on Hydraulic Prime Movers, and also Chairman 
of the International Electrotechnical Commission Technical 
Committee No. 4 on Hydraulic Turbines, emphasized that it is 
the field performance of the hydraulic turbine unit that the 
owner of the plant has purchased and not the laboratory results. 

Actually, no one disagreed with this statement—the real ques- 
tion was whether the more accurate representation of prototype 


performance could be attained by one-shot field tests of the pro- 
totype unit or by carefully conducted (and casily repeated) 


laboratory tests of a completely homologous model. Even Mr. 
Kerr pointed out the greater difficulties attendant upon an ac- 
curate field test as compared to an accurate laboratory test. In 
so doing, he answered the questions raised by Mr. Winter, the 
only one to suggest that field tests are more accurate than labora- 
tory tests. In all fairness to Mr. Winter, it must be admitted 
that laboratory tests are subject to significant errors in the same 
way as field tests, but such errors are much more easily controlled 
and limited in the laboratory by rechecking tests and recalibrat- 
ing instruments. 

Several representatives of the turbine manufacturers agreed 
that careful consideration must be given to all of the measure- 
ments and calibrations involved in a laboratory model test in 
order to obtain an absolute over-all accuracy within 1 per cent, 
even though repetitive accuracies within +0.1 per cent to £0.25 
per cent are usually attained. By contrast, even the 1949 ASME 
Test Code for Hydraulic Prime Movers (Paragraph 24) aceepts 
individual point (or repetitive) accuracies within +1.5 per cent— 
and does not specify just what absolute accuracy is expected in a 
field test conducted with conditions and procedures in strict ac- 
cordance with the provisions of the Code. A popular estimate 
of the over-all accuracy attainable in a well-conducted field test is 
s+2 per cent—and extreme care under ideal test conditions is 
required even to approximate this value. 

There was a great deal of discussion about the proper method 
of stepping up the laboratory performance of a homologous model 
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to predict prototype efficiency and output characteristics. In 
addition to the universally accepted procedure of stepping up the 
power output by the ratio of the prototype-to-model runner dis- 
charge areas and by the three-halves power of the prototype-to- 
model effective test head ratio, the use of the popular Moody 
efficiency step up was analyzed. Basic considerations, pointed 
out by Mr. Voaden and the 1917 Machinery Builders’ Testing 
Code, indicate that a step up in efficiency would correspond to a 
reduction in head loss which should be accompanied by an in- 
crease in power output (to the three-halves power of the efficiency 
step-up ratio). This does not appear to agree with observed out- 
put measurements for Francis-type turbines, which do not show 
this extra power due to measured efficiency increase, and there- 
fore it is rational to doubt that there is actually any step up in 
efficiency from model to prototype for Francis turbines. As a 
matter of fact, a number of field tests have failed to show any 
efficiency step up, and practically all of the step ups reported to 
date could be eliminated on the basis of the combined inaccuracies 
of the laboratory test (+1 per cent) and the field test (+2 per 
cent). 

In this connection, it is extremely significant that, even when 
the peak efficiency points of the exemplary model and prototype 
tests seemed to agree approximately with the Moody step up 
formula, there was no consistent relationship between the shapes 
of the model and prototype efficiency-horsepower curves. It 
appears that the suggestions made by Dr. Knapp—that we must 
analyze the various phenomena involved and treat each one 
separately in a suitable manner: break down the step-up into 
pieces as in the marine industry; stop trying to use a universal 
omnibus factor that will be the same for every machine regardless 
of type—should receive serious consideration. 

Another point that was mentioned several times was the desir- 
ability of calibrating the various laboratories by having each one 
test the same model. Although such results would be extremely 
interesting, they would not have any permanent value because of 
mevitable changes in equipment, instruments, or calibrations. 
What we really need is agreement upon the degree of over-all 
absolute accuracy desired and a set of corresponding specifica- 
tions covering the methods and accuracies required in the various 
individual measurements and calibrations. As Dr. Knapp 
pointed out, any conceivable degree of accuracy can be achieved 
in the laboratory—if we are willing to spend enough money. 

Similarly in field testing, we should agree upon the over-all 
absolute accuracy desired and write a test code that specifies in 
detail how accurately the individual measurements and ¢alibra- 
tions must be made to achieve it. In order to guarantee field 
test inaccuracies of less than 2 per cent, it will be necessary for 
the plant designers to make proper provisions for reasonable test 
conditions—in accordance with code requirements. Although 
the present ASME Test Code for Hydraulic Prime Movers is one 
of the best in the world today, it leaves too many details that 
materially affect test accuracy either to the judgment of the ex- 
perienced men conducting the test or to agreement between 
representatives of the parties to the contract. 

For the benefit of those who honestly believe that field tests are 
generally conducted with an over-all accuracy within +1 per cent, 
serious consideration of the following items is recommended: 

1 Practically all of the experts admit that field discharge 
measurements within +1 per cent are extremely difficult under 
ideal conditions—and therefore impossible under normal condi- 
tions. 

2 Several of the experts mentioned the fact that most field 
output measurements were hardly within +0.5 per cent under 
optimum conditions—and casual optimism could easily double 
this inaccuracy. 

3 Even the simple pressure head measurement can be made 
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under the ASMI° Code with individual piezometers varying by 
as much as 20 per cent of the velocity head at the turbine inlet. 
Since the usual inlet velocity head is approximately 4 to 5 per cent 
of the total head on the turbine, the Code accepts variations up 
to 1 per cent of the head as reasonable—which certainly corre- 
sponds to an inaccuracy of at least +0.5 per cent—and this does 
not allow for the inevitable errors of observations and inaccuracies 
in the instruments and their calibrations. 

It should be obvious just from these points that those field tests 
with over-all inaccuracies of less than +2 per cent are the excep- 
tion rather than the rule, since most field tests are conducted 
under difficulties or short cuts of some kind. 

Although there was very little discussion concerning the effects 
of cavitation upon the relationship between model and proto- 
type performance, all of the experts agreed that the models 
should be tested at values of the Thoma sigma coefficient corre- 
sponding to field conditions. 

Another very significant point that all of the experts agreed 
upon was that reasonably homologous model tests were required 
to assure the successful performance of the prototype installations. 
All of the manufacturers conduct laboratory model tests to enable 
them to predict the field performance of the prototypes with 
sufficient accuracy to make firm output and efficiency guarantees, 
and to convince the customers in advance of manuiacture that 
the prototype turbines will deliver the expected performance. 
After the model tests have convinced both the manufacturer and 
the purchaser that the prototype turbines “can’t miss,’’ conduct- 
ing a difficult, expensive, and/or potentially inaccurate field test 
on the prototype unit to confirm that the guaranteed predictions 
have been fulfilled hardly seems necessary. In view of the obvi- 
ous difficulties and inaccuracies inherent to prototype field tests, 
it does not seem fair or practical to penalize a reputable manu- 
facturer $100,000 for an indicated deficiency of only 1 per cent in 
turbine efficiency—-as mentioned by Mr. White. 

Consideration of all of the previous comments and discussions 
makes it appear obvious that, when compliance with the proto- 
type efficiency guarantees is to be based upon model tests, the 
efficiency step-up formula should be specified in the contract—or 
the guarantees should be in terms of model efficiencies, which 
amounts to the same thing. 

All of the experts agreed that the laboratory model must be 
completely homologous to the prototype unit, when the field 
efficiencies are to be based upon the model tests. Not just the 
runner and wicket gates, but the entire water passage from the 
spiral case inlet to the draft tube exit should be modeled for an 
acceptance test. However, the degrees of dimensional accuracy 
required in the various portions of the model and prototype have 
not been settled. Some reasonable tolerances are obviously 
permissible, as pointed out by Mr. Rheingans, but industry-wide 
agreement on a set of specifications is highly desirable. This 
could be reached by rational analysis and common sense, but 
some comparative model tests (and/or field index tests) might 
expedite its general acceptance. 

Messrs. Rheingans and Johnson seem to prefer accurate labora- 
tory tests on homologous models to the dubious results expected 
even from the better field tests and indicate that such model tests 
may eventually eliminate the need for field tests. On the other 
hand, Mr. Sproule prefers field tests for checking performance 
guarantees, except when field conditions preclude the possibility 
of conducting prototype tests with reasonable accuracy. 

In closing, the author wishes to emphasize that his criticism of 
the present ASME Test Code is not intended as a personal 
reflection on the ability and/or integrity of any practicing test 
engineers. Since the Code does not include detailed specifications 
for the accurate performance of individual measurements and 
calibrations, the special care usually required in at least one of 
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the major quantities would involve delays and expenses that the 
owner of the plant did not anticipate and is not willing to assume. 
Consequently, most field tests involve potential inaccuracies 
much greater than is generally realized, even when carefully con- 
ducted under the supervision of competent, experienced engineers. 


Summary” 
The present state of the art may be outlined as follows: 


1 All of the major manufacturers now have their own labora- 
tories, well-equipped for model performance and cavitation 
tests. 

2 Two types of model testing are performed in these labora- 
tories, development of improved designs and contract acceptance 
tests. 

3 For accurate prediction of prototype performance, a com- 
pletely homologous model (including inlet casing and draft tube 
discharge) must be carefully built and tested. 

4 The required degree of dimensional accuracy between 
model and prototype has not been settled, but obviously some 
reasonable tolerances are permissible. 

5 There is no universally accepted model-to-prototype effi- 
ciency step-up formula probably because of the difficulties en- 
countered in both laboratory and field tests as well as in both 
model and prototype construction. 

6 It is easier to obtain any specified degree of test accuracy in 
the laboratory than in the field. 

7 The smaller the allowable inaccuracies are, 
expensive the tests will be—in laboratory or field. 

8 The various laboratories should be calibrated against each 
other—and against universally acceptable standards. 

9 Acceptance tests on homologous models are desirable 
whenever field conditions are not suitable for accurate proto- 
type tests. Only the maximum prototype efficiency is based on 
the model test, the shape of the prototype efficiency-horsepower 
curve is determined by field index tests—as are the actual 
cavitation limits. 

10 It is desirable that more units be installed under favora- 
ble conditions for accurate field testing at reasonable expense so 
that comparisons with accurate laboratory tests on homologous 
models can assist in the development of a reliable efficiency step- 
up formula. 

11 Since upstream flow conditions affect test accuracy as well 
as turbine performance, provisions for accurate field tests must 
be made in the design of each plant. The conduct of the tests 
should be carefully planned, in advance, and the unit should be 
in first-class condition at the time of the test. 
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1957 Annual Meeting Discussion 


L. J. Hooper.* There are several points concerning the test of 
a hydraulic turbine model and the prediction of the field per- 
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formance which can be emphasized more strongly. Mr.8. Logan 
Kerr points out that a distinction should be made between model 
and prototype test performance. It is true that very good ac- 
curacy can be obtained in the laboratory while testing a hydraulic 
turbine model but fundamentally the customer is not using the 
model but rather the full-scale turbine in the field. 

Of course guarantees of performance, particularly with respect 
to efficiency, can be made on a model test alone with no reference 
to field performance. This arrangement is legally definite but is 
hardly satisfactory so far as a guarantee of field performance is 
concerned. 

The next possibility is that the field of performance may be 
compared with the model performance by means of an index 
test with the power carefully measured as by a normal field- 
efficiency test under test-code conditions. To be significant this 
index test must be supported by very careful measurements of the 
runner dimensions and angles. The area at outflow by itself 
does not seem sufficient to determine similarity of discharge con- 
ditions between model and prototype. The angles of conver- 
gence of the water passages at the outlet are alsoimportant. This 
all leads to guaranteeing geometric similitude between the model 
and the prototype runner. This also leads to the question of 
tolerances for inaccuracies in these measurements. Everyone re- 
alizes that all measurements do not have to be made with similar 
accuracy, but there is little information available at the present 
time to tell hydraulic engineers in general which dimensions are 
critical and which can be measured less exactly. In this connec- 
tion the measurement of a Kaplan blade of which all the surfaces 
are readily accessible should be a fairly simple and accurate mat- 
ter. The same cannot be said for the measurement of a Francis 
runner where some of the surfaces are very difficult to reach. 

The final arrangement which is possible is the prediction of field 
efficiency by similitude and a suitable step-up formula. In the 
discussion by the panel this arrangement has been assumed 
tacitly but not spelled out. It presumes a step-up formula such 
as the Moody formula and only this formula has been mentioned in 
the discussion. However, there are several step-up formulas and, 
significantly they do not give the same increase in efficiency for a 
given relation between the model and its prototype. There is 
reason to believe also that test stands operating with different 
diameters of models and heads will have differing step-up ex- 
perience. There is reason further to believe that the step-up re- 
lation for Kaplan, Francis, and impulse wheels may all differ. 
Finally, there is no general information available in engineering 
literature as to the operating experience with these step-up fac- 
tors as determined by the various manufacturers’ laboratories 
and their prototype installations. Under such circumstances the 
acceptance of a step-up formula would seem to be a supreme act 
of faith on the part of the customer. 

In conclusion it would seem as though the prediction of proto- 
type efficiencies from accurate model test data is still subject to 
uncertainties which are comparable to those of direct determina- 
tion of field-test efficiency. 


S. L. Kerr.*! In this symposium on laboratory testing in rela- 
tion to field testing, there is an opportunity to bring to light a 
great deal of information concerning the relationship between 
these two methods of establishing the performance of hydraulie 
turbines. It should be borne in mind, however, that there are 
distinct differences between field and laboratory testing where 
small quantities of water are measured, where installations can 
be checked and rechecked, and where experienced personnel are 
available for carrying out the tests, and also for acquiring famili- 
arity with the test apparatus and the methods of measurement. 


*t Consulting Engineer, Flourtown, Pa. Fellow ASME. 


TRANSACTIONS OF THE 


In field testing these optimum conditions are not always found 
and yet it is the field performance of the hydraulic turbine unit 
that the owner of the plant has purchased and not the laboratory 
results. Instead of well-heated rooms, convenient quarters for 
office work, and the ability to check and recheck results, field 
tests have to be made under service conditions in the full-scale 
plant at the convenience of the operating department, with fuli 
representation by both parties to the contract together with 
strict adherence to the test code and the contract provisions. 

These difficulties in making field tests should not be a deterrent, 
but should rather be a challenge to the hydraulic-turbine manu- 
facturers to confirm in as accurate a manner as possible their 
engineering expectations of the finished product. 

Field testing of hydraulic turbines was a very difficult operation 
in the days before the Allen and the Gibson methods became 
available. With these improved methods of measuring large 
quantities of water, a degree of accuracy rarely obtained with 
other methods was made available for checking guaranteed per- 
formance. It is interesting to note that a philosophy had de- 
veloped concerning field testing. If the efficiency was high and a 
bonus and penalty clause was in effect, the test was wrong. If the 
efficiency was low, irrespective of whether a penalty clause was in 
the contract, the turbine was always to blame. 

Some classic examples in the years from 1900 to 1920 showed 
efficiencies in excess of 100 per cent and even the manufacturers 
were unwilling to believe these results. 

The Holyoke Water Power Company testing flume was one of 
the original ‘“‘model test laboratories’ and many contracts stated 
that the guarantees were based on “Holyoke tests.’’ An examina- 
tion of the Holyoke test flume would indicate that no turbine 
with an elbow draft tube or with an inclosed casing was used. A 
Holyoke setting stepped up to the full-scale installation was never 
truly homologous to the prototype. 

About this time (1920) the Holyoke laboratory was super- 
seded to a large extent by the construction of laboratories by the 
individual turbine manufacturers. For reasons of economy, the 
size of the model runner in most cases was set at 16 in. diam 
whereas 30 or 36 in. was customary at Holyoke. The efficiencies 
on the smaller diameter model runners were somewhat lower than 
those obtained at Holyoke. This gave rise to the need for a 
“step-up’’ formula. 

In checking my notes as one of the participants in the develop- 
ment of the Moody formula, I find a curve sheet dated July 16, 
1924, from which the original formula was derived. It consisted 
of five different runner designs, four of which were tested at 
Holyoke with diameters between 32 and 36 in., and one in the 
manufacturer’s laboratory with a diameter of 16 in. The ex- 
ponent of the ratio of diameters was fixed at 0.25 and a master 
sheet for the ‘‘Moody formula’’ was prepared for general use by 
the manufacturer. 

This chart was mercifully cut off at 95 per cent efficiency and 
later the exponent was reduced to 0.20 as the step up from 16-in. 
models using the exponent 0.25 far exceeded the field results. 

It should be emphasized that only five or six field tests with 
runners ranging from about 50 to 160 in. in throat diameters were 
related to laboratory tests. 

A shift in the absolute efficiency of the laboratory’s results 
would cause the step-up efficiency to change quite substantially. 
In some cases the efficiency from the model tests showed a nega- 
tive increase from the model to the full-scale unit. This was 
particularly true in the field of impulse turbines and unfortunately 
cast doubt on model testing in this field. An arbitrary ceiling of 
85 per cent on field performance of impulse turbines received 
general acceptance. 

While efficiency step up alone has been emphasized, the power 
step up and the shape of the efficiency curves also have failed to 
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be confirmed in field tests. Here again the philosophy that the 
‘field test was in error’’ seemed to be a convenient explanation. 
In many cases, however, the intake, the scroll case, and draft tube 
of the full-scale unit departed substantially from the model tests 
and introduced other factors which seriously affected the per- 
formance of the main unit. 

In a number of these cases corrective measures were under- 
taken by the manufacturer and when the discrepancies were 
traced to their source, many interesting deviations came to light. 
In one instance, the outflow area of the runner was stepped up 
exactly from the model, but the curvature of the vanes introduced 
an added contraction of the outflow jet, reduced the discharge, 
and distorted the performance. 

On other installations, the location of the penstock valve, wye 
pipes, and elbows, or changes in direction of the water passages 
ahead of the turbine had a marked effect on the field performance. 

With impulse wheels this was particularly true. Many 
models were tested where the flow was below the turbulent point, 
whereas the full-sized unit operated under conditions of extreme 
turbulence. The buckets of the impulse wheels may have been 
superbly designed, but the flow conditions leading up to the 
nozzle produced a turbulent or funnel-shaped jet and much of the 
water never reached the buckets. 

In the light of these actual experiences, the stepping-up of model 
turbine performance obtained in the laboratory to the conditions 
of the full-scale installation is always subject to doubt unless 
every detail of the main unit is reproduced precisely in the model 
or, conversely, every detail of the model is reproduced in the de- 
sign, construction, installation, and operation of the main unit. 

The ability to check laboratory and research work in full-scale 
installations by means of field tests has a great value in stimulat- 
ing the development of the art, since actual performance is sub- 
ject to measurement and not speculation. 

In July, 1956, at a meeting of Technical Committee 4, Hy- 
draulic Turbines, International Electrotechnical Commission in 
Munich, much discussion was given to the feasibility of making 
field tests, and numerous examples were cited whereby field tests 
had produced unsatisfactory results. In most of the cases that 
were analyzed, it was found that either the tests were not made 
in accordance with provisions of a code such as the ASME Power 
Test Code for Hydraulic Prime Movers, or the designer of the 
plant had not made proper provision for a field test. 

At that time, a section was adopted for the International Code 
that called for the designer of a hydroelectric plant to make pro- 
vision in the design in advance of construction for the carrying 
out of field tests within the provisions of the new Code. 

It should be emphasized again that the purchaser buys the 
finished product and, in fairness to him, the actual performance in 
the field, both as to efficiency and output, should be the true 
basis of compliance with contractual guarantees. 


OCTOBER, 


W. R. MacNamee.”* A review of the discussions of a year ago 
shows universal agreement on one point only; namely, that field- 
test efficiencies cannot be predicted accurately by model tests. 
This appears to be so regardless of the model laboratory involved 
or the step-up formula employed. 

A manufacturer’s model laboratory is in daily use and subject 
to repeated recheck and recalibration, at least with respect to 
relative efficiencies. In the writer’s company, two test stands, 
independently calibrated, are available for testing a given model. 
Several models of widely different specific speeds have been 
tested over the complete operating range. In each case the ef- 
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ficiency curves have differed by less than '/2 per cent throughout. 

Under the circumstances, when field tests do not correlate with 
model tests, it is difficult for the manufacturer to believe that 
the model tests are at fault. 

It is natural that the user, unfamiliar with the laboratory, is 
concerned primari'y with the field test. This concern is funda- 
mentally correct, the only question being whether the field test 
truly represents the field performance. 

The writer does not advocate the abandonment of field tests; 
to do so would be to give up any hope of producing real proof that 
the prototype performance can be tied to model tests. Moreover, 
it is the writer’s opinion that many, though by no means all, field 
tests have suffered from indifferent preparation, untrained ob- 
servers and rigid time schedules. Sometimes, the personnel 
directly concerned do not appreciate the difficulties involved in 
obtaining accurate measurements nor recognize the importance 
of the tests. Such deficiencies can be eliminated readily at little ex- 
pense when the problem is recognized. Attention to the require- 
ments of testing during the design of the power plant also can be 
helpful, although here an economical solution may not be easy. 

It has been pointed out that the large size of many turbines re- 
sults in an evaluation of efficiency that may run into many 
thousands of dollars for each 1 per cent. Surely field tests beyond 
the bare minimum should be considered when so much is at 
stake. At times, minor design modifications can be investigated 
at slight cost. In any event, additional knowledge of the scope 
and limitation of testing procedures will be helpful to all. 

Whatever the cause, the present unsatisfactory correlation be- 
tween field and model tests offers a serious problem to both the 
manufacturer and user when performance “guarantees’’ are con- 
sidered. Basically, the establishment of such guarantees calls for 
engineering judgment, based on model tests and past experience 
with similar machines. The design engineer has learned, however, 
that the field-test efficiency of what appears to be a sound design 
may vary over a range that is quite broad. In view of the penal- 
ties that may be assessed for failure to meet guarantees, the mar- 
gin between “expected’’ and “guaranteed’’ performance is a com- 
promise between the engineer’s innate conservatism and the com- 
mercial pressures to be competitive. While the prospective pur- 
chaser may be able to evaluate bids in considerable detail, based on 
guaranteed performance, it is obvious that the conclusions cannot 
be more exact than the data on which they are based. At the 
present time, much more is to be learned. 


W. J. Rheingans.** A considerable portion of the symposium 
deals with the accuracy of field tests. It is apparent that all the 
commentators agree that field tests of hydraulic turbines can be 
made with satisfactory accuracy, provided the tests are made in 
strict accordance with the ASME Test Code for Hydraulic Prime 
Movers. The difficulties with field tests have largely been due 
to two factors: 

1 Using short cuts in making the test. 

2 Trying to use methods of water measurement under condi- 
tions outside the limitations set by the Test Code or using these 
methods where good judgment indicates that the methods may 
not give accurate results. 

The usual short cuts which affect the test accuracy are as 
follows: 

1 Use of the station instrument transformers for measuring 
generator output. The commercial calibration of these trans- 
formers is used, disregarding the extra burden put on them by the 
test instruments. The Code calls for the test transformers to be 
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calibrated with the actual burden (including leads) to be used 
during the test. 

2 Failure to calibrate the electrical output-measuring instru- 
ments both before and after the test. 

3 Use of generator losses calculated by the generator manu- 
facturer in lieu of an actual generator-loss test in the field. 
Probably the hydraulic-turbine manufacturer should calculate 
the turbine losses and the generator performance should be de- 
termined based on such calculations. However, we doubt that the 
generator manufacturer would agree to this. 

4 Failure to measure the tail-water elevations in accordance 
with the provisions of the code. 

5 Failure to make an accurate measurement of the Gibson or 
Allen test section, using instead the design dimensions or measur- 
ing the circumference of the penstock, to determine the inside 
area. 

6 Failure to inspect the water passages before and after the 
test. 

7 Failure to compute and agree upon test results before the 
testing personnel shall have left the field, and before the test 
equipment is removed. One of the major criticisms of field tests 
has been that the test results as agreed upon in the field are 
changed by as much as 1 to 2 per cent in the final report 4 or 5 
months after the test is completed. 

8 Failure to obtain the agreement of the manufacturer before 
the results are embodied in the final report. 


The use of methods of water measurement under conditions 
outside the limitations set by the test code applies to all methods 
but particularly to current meters, Allen salt velocity, and the 
Gibson method. It is quite true that under certain conditions 
these methods sometimes will give fairly accurate results even if 
used outside the limitations set forth by the test code. However, 
they also can give quite erroneous results, which immediately 
tend to give the method a bad reputation. 

It would certainly increase the all-around confidence in these 
methods if their proponents recognized the possibility of obtaining 
inaccurate results and would refuse to conduct a test unless all 
test conditions were ideal. 

There is a definite reason for each of the conditions set forth in 
the ASME Test Code. The code was written by engineers with 
many years of background and experience in field testing. They 
tried to foresee every eventuality in such a way that if the test were 
conducted in strict accordance with the code it had every chance 
of being successful. 

However, the shortcuts mentioned previously, and the at- 
tempt to use water-measurement methods under conditions not 
ideally suited to that method, are practices that have brought 
field testing into ill repute among many engineers. 

It appears that the subject of model tests has been covered fully 
by the various commentators. It is evident that model tests can 
be made with greater accuracy than field tests since the accuracy 
is dependent only upon the amount of money and time one wishes 
to expend on such tests. Furthermore, model tests can produce a 
greater wealth of over-all information on the performance of the 
unit than the ordinary field test. Thus model-acceptance tests 
eventually could take the place of field-acceptance tests. 

However, before this can be accepted universally, the accuracy 
and consistency of model tests must be demonstrated either by 
making all the model-acceptance tests at an independent, proven 
laboratory, or by a calibration of the various acceptable labora- 
tories; such calibration to consist of a careful check by independ- 
ent parties of all the test constants, and also the establishment 
of a laboratory performance level, in comparison with other 
laboratories by testing certain identical models in all of the labo- 
ratories. 


R. S. Sproule.** The writer’s prepared statement mentions, 
“It is unnecessary and often undesirable to reduce the head so 
that the Froude number of the model and the prototype will be the 
same.”’ This is not only unnecessary and undesirable, it is im- 
practical in the case of cavitation tests of models of very large 
turbines. 

If the head under which the model is tested is less than '/\_ the 
field head, and it may be even less than this for Froude similitude 
of very large turbines, the pressure level in the apparatus has to be 
so low, to obtain the critical sigma, that stable operation and 
accurate measurements become extremely difficult, if not im- 
possible. If cavitation does not occur, that is, if the test is net 
done near the critical sigma, there is no question of operating at 
the Froude number equivalent to the field, because Froude’s cri- 
terion of similitude is significant only when there is a free water 
surface present. It is usual to test at a high enough head to make 
dynamometer readings accurate and to permit obtaining sigma 
values low enough to make cavitation troubles apparent. The 
lower the critical sigma, the higher the test head must be for stable 
operation. 
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The writer does not believe that the aun correlating field tests 
and model tests are extensive or accurate enough to draw con- 
clusions about what step up has been experienced. Suppose that 
the true step up from a given model to its prototype is 3 per cent. 
Suppose again that the model test may be wrong by 1 per cent, the 
field tests may be wrong by 2 per cent and the inaccuracy of 
reproducing the modei may cause 1 per cent discrepancy. This 
combination could show the field efficiency from 1 per cent lower 
than the model test to 7 per cent above, as shown by Fig. 12 of 
the comment. 

It is not suggested that these are the limits of obtainable ac- 
curacy. The diagram exaggerates. Few field tests 1 per cent 
below the model efficiency have been reported, but at least one 
ASME paper quotes a field test where the turbine, at certain 
loads, was 9 per cent above the model. 

In view of the foregoing remarks, it seems superfluous to point 
out that a number given in the paper of 3.3 per cent step up at 
Shasta Dam, contradicts Fig. 1 of the paper which shows over 4 
per cent, or very close to the Moody step up. 


B. L. VanderBoegh.* The amount of interest displayed by 
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need for a reappraisal of the relationship of model-test results to 
field-test results. Two definite issues have appeared—one, 
whether the model and field tests were each sufficiently accurate, 
and also, whether there may be hydraulic phenomena influencing 
the prototype performance which are unrecognized or inde- 
terminate thus far in model studies. It appears from the dis- 


cussions that whenever difficulty arises in relating model tests 
to field results, the laboratory adherents doubt the accuracy of the 
field tests, and vice versa, and each disputes the step-up formula. 
This question has remained somewhat dormant prior to this 


symposium. 

If laboratory accuracy is a direct function of the budget, it is 
not unlikely that, to some degree, the same would hold for field 
tests. 

Whenever a prototype exceeds its output and efficiency guaran- 
tees, the manufacturer does not evidence too much curiosity as 
to why the unit did particularly well. It is only when the guaran- 
tees are not met, or at least are marginal, that interest is awak- 
ened and some investigational program is instituted. 

Data would indicate that frequently there are differences be- 
tween actual field-test results and stepped-up model results. The 
majority of comparisons between field results and homologous 
model results reveals that best efficiency occurs at about the same 
relative output. The curves themselves frequently are not 
parallel. Therefore, it would seem that we should investigate 
thoroughly the means by which model data pertain to the proto- 
type. 

Dr. Knapp has suggested that the many and various factors in- 
volved in hydraulic flow be considered individually and sepa- 
rately weighted. This conceivably could require a series of gradu- 
ated tests with carefully selected variables, co-ordinated with a 
program of intensive study and deliberation by qualified investi- 
gators. It is certainly worthy of a great deal of reflection. A be- 
ginning towards the problem might well be the establishing of a 
test code for model testing, whereby certain standards, tolerances, 
and/or allowable inaccuracies would determine comparison levels 
between laboratories. Until such criteria are established the test- 
ing of the same model in different laboratories is subject to 
question. 

The development of a single new step-up factor, or a series of 
factors to be applied to model data is a definite need. The present 
factor allows the estimate of efficiencies which cannot be verified 
by recognized field-testing techniques, but its use is tolerated be- 
cause nothing better has been derived. 


Author’s Closure” 


When this report was presented at the 1957 Annual Meeting, 
the other panel members were requested to comment specifically 
on the author’s eleven-point summary of the present state of the 
art. The results of this ‘“‘poll’’ were as follows. 


1 Unanimous agreement, except for Mr. Sproule who ques- 
tioned whether all manufacturers’ laboratories are well-equipped 
for cavitation testing over the full range of turbine specific 
speeds. However, he agreed that this is desirable and stated 
that his company was rebuilding its laboratory to increase its 
practical testing range. 

2 Unanimous agreement. 

3 Unanimous agreement, except for Mr. Sproule who felt that 
reasonable changes could be made in turbine runner design, and 
the effects accurately predicted from comparison of *‘open flume’’ 
tests (without inlet casings). 

4 Unanimous agreement. 

5 Unanimous agreement. 


% Written by G. Dugan Johnson. 


6 Unanimous agreement, except for Mr. Sproule who qualified 
his agreement specifically to point out that the laboratory test 
applies only to the model tested and is not necessarily a more 
accurate indication of what would be obtained in the field with 
a full-scale turbine. 

7 Unanimous agreement. 

8 Apparently, this item suffered from a poor choice of words, 
since it seems obvious that there must be some basis upon which 
potential customers can compare the model efficiencies attained 
in the laboratories of the various manufacturers. The general 
consensus of opinion seemed to be that this is desirable, but 
that calibration of the various laboratories against each other 
would be impractical, although calibration of all measuring 
devices against universally acceptable standards would be 
feasible for all laboratories. 

9 Unanimous agreement, except for Mr. Sproule who felt that 
neither field tests nor acceptance tests on completely homologous 
models are justified unless the purchaser of the equipment (or his 
representative) feels that he can obtain some return for the ad- 
ditional expense of making the test. He pointed out that the 
test can produce no revenue unless it results in changes being 
made to the turbine equipment. 

10 Unanimous agreement, except for Mr. Rheingans who did 
not feel that field tests are sufficiently important to justify design 
features that are favorable to test accuracy but add to the cost 
of the power plant. 

11 Unanimous agreement, except for Mr. Rheingans who felt 
that field tests are not important enough to justify that provisions 
for accurate tests be incorporated in the design of each plant— 
at considerable extra expense. 


Before attempting another summary of the present state of 
the art that is more or less universally acceptable, the author 
would like to synthesize the more recent comments with the origi- 
nal symposium. In a sincere effort to give “the opposition’’ to 
the manufacturers’ representatives another opportunity to get 
‘fon record,’’ the author contacted all of the original contributors 
to the Symposium plus a truly representative list of the other 
experts in this field—requesting the presentation of additional 
data and/or opinions. The only responses to this appeal were 
from Professor Hooper and Mr. Kerr. 

Professor Hooper’s statement that the arrangement of guaran- 
teeing the performance of the model “is legally definite but is 
hardly satisfactory so far as a guarantee of field performance is 
concerned”’ is contradicted conclusively by the large number of 
huge Kaplan turbine contracts that have been processed on this 
basis to the complete satisfaction of the purchasers and the 
manufacturers. The author anticipated Professor Hooper’s 
discussion of dimensional accuracy between model and prototypé 
in his personal commentary and pointed out that ‘‘some reasonable 
tolerances are obviously permissible, as pointed out by Mr. 
Rheingans, but industry-wide agreement on a set of specifications 
is highly desirable.’’ 

Professor Hooper’s statement that only the Moody efficiency 
step-up formula had been mentioned is an obvious oversight, 
since the author’s prepared statement in 1956 mentioned the use 
of the Moody formula in the United States and the Ackeret 
formula in Europe. In this connection, the author’s personal 
commentary (1957) pointed out that “practically all of the step 
ups reported to date could be eliminated on the basis of the com- 
bined inaccuracies of the laboratory test (+ 1 per cent) and the 
field test (+ 2 per cent).’’ This point is brought out vividly by 
Mr. Sproule’s 1957 discussion and Fig. 13—even if his + 1 per 
cent for the ‘‘accuracy of similitude’’ is disregarded completely 

Professor Hooper’s suggestion that “the acceptance of a 
step-up formula would seem to be a supreme act of faith on the 
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part of the customer’ has been obviated by the author’s 1957 
personal commentary which states that ‘when compliance with 
the prototype efficiency guarantees is to be based upon model 
tests, the efficiency step-up formula should be specified in the 
contract—or the guarantees should be in terms of model effi- 
ciencies, which amounts to the same thing.’’ No “supreme act of 
faith’’ is involved, since the purchaser’s representative witnesses 
the acceptance tests on the model and must be convinced of the 
accuracy of the tests as well as of the laboratory instrument 
calibrations. Professor Hooper’s “parting shot’’ also has been 
anticipated in the author’s 1957 commentary which states that 
“it must be admitted that laboratory tests are subject to signifi- 
cant errors in the same way as field tests, but such errors are much 
more easily controlled and limited in the laboratory by rechecking 
tests and recalibrating instruments.”’ 

Mr. Kerr’s discussion adds very little to his 1956 comments, 
which had been condensed slightly for inclusion in the original re- 
port. Consequently, most of the items mentioned by him have 
been discussed in the author’s 1957 personal commentary. It is 
interesting to note that the philosophy concerning field test 
efficiencies has changed—bonus and penalty clauses are seldom 
used nowadays, but if the fielc test efficiency falls below the guar- 
antee it is the test that is “‘suspect’’ rather than the turbine. 

Mr. Kerr’s version of the origin of the Moody efficiency step-up 
formula should do more to discredit that formula than all of the 
contradictory evidence collected to date. As mentioned in the 
author’s prepared statement (1956), the Holyoke weir “was con- 
sidered to be reasonably accurate up to a maximum flow of 225 
efs’’ which led to “larger and larger test runners being sent to 
Holyoke because of the higher efficiencies indicated as the size 
increased.’’ Although the Moody formula was based to some 
extent upon rational theory, it would appear that it was originated 
as a scientific ‘explanation’’ for the obvious inconsistencies to 
be expected from uncalibrated weirs. As pointed out by the 
author in 1956, “because of the basic structure of this step-up 
formula, estimated efficiencies for large prototype units do not 
reflect as large differences as are found in the model tests, thereby 
minimizing the need for accurate laboratory calibrations and 
comparisons.”’ 

Mr. Kerr stated that the forthcoming International Test Code 
(IEC/TC4) would call for “the designer of a hydroelectric 
plant to make provision in the design in advance of construction 
for the carrying out of field tests within the provisions of the 
new Code.’’ Messrs. Rheingans and Sproule have pointed out 
the uneconomic aspects of field tests which add to the cost of a 
plant without producing any compensating revenue. 

The results of the “poll,’’ together with the several 1957 
discussions, indicate that the following commentary on the 
summary of the present state of the art would not be too 
repetitious. 
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1 No further comment. 

2 No comment. 

3 Although the author is inclined to agree with M Mr. Sproule 
that inlet casing losses usually are not significant, it must be 
realized that, for a completely homologous model (per contract), 
the customer would not be satisfied with an “open flume’’ test— 
nor with an “indicative’’ test on a runner not completely homolo- 

5 No comment. 

6 Mr. Sproule’s qualification is correct, but was not necessary. 

7 No comment—except that the author hopes that ite true 
significance is universally appreciated. 

8 The calibration of all laboratory measuring equipment 
against universally acceptable standards is not only feasible, but 
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the International Electrotechnical Commission, Technical 
Committee 4 on Hydraulic Turbines, is currently engaged in 
drafting a Test Code for Hydraulic Turbine Models. 

The United States National Committee IEC/TC4/US, is 
being assisted in this task by the Hydraulic Turbine Section of the 
National Electric Manufacturers’ Association. In this connection, 
the author’s 1957 personal commentary included: “What we 
really need is agreement upon the degree of over-all absolute 
accuracy desired and a set of corresponding specifications covering 
the methods and accuracies required in the various individual 
measurements and calihrations.”’ 

9 Mr. Sproule’s point that neither model nor field test ex- 
penses are justified unless the purchaser obtains some return for 
the additional expense is well taken. Actually, field tests rarely 
result in significant changes being made to the turbine—except 
for the optimum adjustment of the blade-gate cam on a Kaplan 
turbine as the result of an index test. However, field index 
tests (even on Francis type turbines) enable the purchaser to 
arrange for the most efficient scheduling of operations—based 
on the prevailing load demand, head, and quantity of water 
available. 

10 No further comment. 

11 Mr. Rheingans’ point that field tests are not important 
enough to justify considerable extra expense for the incorporation 
in plant design of special provisions that favor test accuracy is 
also well taken. Laboratory tests of the complete structure, as 
well as of the turbine itself, would indicate whether or not up- 
stream conditions favoring test accuracy are justified by resulting 
improvements in turbine efficiency and performance. Mr. 
VanderBoegh pointed out that field testing of any unit immedi- 
ately after it goes into commercial operation is the best way to 
assure that it is in first-class condition at the time of the test. 

In his closing discussion (1957), Mr. MacNamee pointed out 
that many field tests have suffered from indifferent preparation, 
untrained observers, and rigid time schedules, and that the in- 
dicated field-test efficiency of an established design may vary 
considerably. 

Mr. Rheingans stated that field tests can be made with “satis- 
factory’’ accuracy if they are conducted in strict accordance with 
the ASME Test Code, but admitted that the Code allows the use 
of the various methods of water measurement under conditions 
where good judgment indicates that they might not give accurate 
results. He listed eight common short cuts, not in accordance 
with the Code, some of which are encountered in almost every 
formal acceptance test. The author agrees that “one of the 
major criticisms of field tests has been that the test results as 
agreed upon in the field are changed by as much as 1 to 2 per 
cent in the final report 4 or 5 months after the test is completed.” 
The use of calculated generator losses in many so-called “absolute” 
turbine tests is inconsistent; the same confidence should also 
apply to modern hydraulic turbine guarantees, thereby obviating 
the need for anything more expensive than a field index test. 

Mr. Sproule emphasized the impracticality of making labora- 
tory cavitation test under conditions of Froude similitude between 
model and prototype. The model test heads indicated by this 
cviterion are too low for general test accuracy—especially under 
critical sigma conditions. 

Mr. VanderBoegh mentioned another point that should be 
emphasized. Most manufacturers (and purchasers) are not too 
inquisitive when the indicated field test efficiencies are higher 
than expected, but get “up in arma’’ when the indicated effi- 
ciencies are marginal or fail to meet the guarantees. It should 
be noted that inaccuracies can lead to either high or low effici- 
ciencies, and a completely honest approach to the problem does 
not permit accepting the high efficiencies and repudiating only the 


low ones. 
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In closing, the author would like to repeat a point that was 
made to the Power Division of the American Society of Civil 
Engineers at their 1958 Chicago Convention as a commentary on 
a committee report on “The Value of Efficiency, Index, and Ac- 
eeptability Tests for Hydro-Electric Units’? by Mr. M. G. 
Salzman. In a field index test, preferably using the Winter- 
Kennedy system of spiral case piezometers, the shape of the out- 
put versus efficiency curve can be determined and only the peak 
efficiency point need be taken from the manufacturer’s data. 
Since the manufacturer’s “expected’’ curves are based on appli- 
cable (i.e., reasonably homologous) model tests, it is inconceivable 
that an indicated peak efficiency of 92 per cent could be in error 
by more than + 2 per cent (minimum field test inaccuracy) in any 
ease. This is based on the assumptions that the usual peak 
efficiency guarantee of 90 per cent bas been met or exceeded by 
the laboratory model and that an indicated peak efficiency of 
more than 94 per cent on the field test would be “taken with 
a grain of salt.’’ Consequently, it is obvious that if the manu- 
facturer can show the purchaser an efficiency of approximately 
90 per cent on a reasonably homologous model test, the extra 
cost of a so-called ‘‘absolute’’ test over an index test is entirely 
without justification. 

The following statement of the present state of the art is 
based upon all of the previous discussions; the author is not 
listing merely his personal convictions but is summarizing those 
points upon which all of the panel members agreed. Once 
again, the author wishes to thank all of those who have contributed 
to the success of this symposium. 


1 All of the major manufacturers now have their own labora- 
tories for model performance and cavitation tests. 

2 Two types of testing are performed in these laboratories, 
(a) development of improved designs and (6) contract acceptance 
tests. 

3 Acompletely homologous model (including inlet casing and 
draft tube [ee should be carefully built and tested to 


satisfy any contract based upon laboratory acceptance tests. 

4 The required degree of dimensional accuracy between model 
and prototype has not been settled, but obviously some reasonable 
tolerances are permissible. 

5 There is no universally accepted model-to-prototype 
efficiency step-up formula, probably because of the difficulties 
encountered in both laboratory and fie!d tests, as well as in both 
mode! and prototype construction. 

6 Itis easier to obtain any specified degree of test accuracy in 
the laboratory than in the field. 

7 The smaller the allowable inaccuracies are, 
expensive the tests will be—in laboratory or field. 

8 All of the measuring devices used in the various laboratories 
should be calibrated against acceptable standards. The specifi- 
cations covering the methods and accuracies required in the 
various individual measurements and calibrations should be incor- 
porated in a universally accepted test code for hydraulic turbine 
models. 

9 When the purchaser insists upon a formal acceptance test 
and field conditions are not suitable for accurate prototype tests, 
a homologous laboratory model should be tested. The efficiency 
step-up formula should be specified in the contract—or the 
quarantees should be in terms of model efficiencies, which amounts 
to the same thing. 

10 If the purchasers continue to insist upon field acceptance 
tests, they should provide favorable conditions for accurate field 
testing. Accurate field tests could then be compared with 
accurate labora: ~y tests on homologous models to assist in the 
development of a reliable efficiency step-up formula. 

11 Since upstream flow conditions affect test accuracy as well 
as turbine performance, when the purchaser insists upon a field 
acceptance test he should provide for an accurate field test in 
the design of the plant. The conduct of the tests should be 
carefully planned, in advance, and the unit should be in first- 
class condition at the time of the test. 
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The Effect of Wakes on the Transient 
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Pressure and Velocity Distributions 


in Turbomachines 


oy R. 


In general, the blades of a multistage turbomachine move 
through a row of wakes shed from the blades of the preceding 
stage. This interaction between blade rows results in a tran- 
sient fluctuation of the pressure distributions, which in turn can 
be expected to have an important effect on the drag, the maximum 
lift coefficient and, in the case of hydraulic machines, on the 
cavitation characteristics of the affected blades. In the paper, 
the time-dependent pressure gradient and the velocity are de- 
termined for the case of two-dimensional incompressible flow 
through lightly loaded cascades. 


Nomenclature 
Tue following nomenclature is used in the paper: 


amplitude of v, 

half-width of wake 

chord 

free-stream velocity, relative to stationary blades 

profile drag coefficient 

functions related to wake velocity-profile 

Bessel functions of the first kind 

modified Bessel functions of the second kind 

pressure gradient 

step function 

time 

dimensionless time 

z, y-components of velocity perturbation 

xz, y-components of velocity perturbation due to un- 
disturbed wake 

circumferential velocity of rotor blades 

free-stream velocity, relative to rotor blades 

velocity defect of undisturbed wake 

integrated velocity defect of undisturbed wake 

co-ordinates 

dimensionless co-ordinate 

angle between airfoil and wake 

parameter, Equation [8] 

density 

= stream function 
dimensionless frequency; also vorticity 

= stator blades (subscript) 

part of perturbation which is independent of wake 
width (superscript) 


1 Based on a dissertation submitted to The Johns Hopkins Univer- 
sity in June, 1955, in conformity with the requirements for the 
degree of Doctor of Engineering. The investigation was supported 
by the Office of Naval Research, under Contract Nonr 248 (45). 

2The Ramo-Wooldridge Corporation. 

Contributed by the Fluid Mechanics Committee of the Hydraulics 
Division and presented at the Annual Meeting, New York, N. Y., 
December 1-6, 1957, of THe AMERICAN Society OF MECHANICAL 
ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 2, 1957. Paper No. 57—A-83. 
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(1) = part of perturbation which is independent of chord 
(superscript) 


Introduction 


Each blade of a turbomachine has trailing behind it a viscous 
wake, i.e., a region of fluid of diminished velocity originating 
from the boundary layer of the blade. In a multistage turbo- 
machine, the rotor blades move through a row of wakes shed from 
the preceding stationary blades, and vice versa. The result of 
this interaction between neighboring blade rows is a nonsteady 
flow accompanied by a fluctuation of the pressure distribution 
on the affected blades. 

The present considerations are confined to axial-flow machines, 
more specifically to two-dimensional incompressible flow through 
lightly loaded cascades. On the assumption that only the wakes 
shed from the directly adjacent upstream cascade have a material 
effect on the downstream blades, the analysis is restricted to this 
case. 

Although perfect fluid theory does not offer an adequate 
means of description of wakes, it nevertheless can be used to ob- 
tain approximately the effect of interaction between a viscous 
wake and an airfoil situated in its path. The wake appears in 
this type of analysis as a region of fluid containing vorticity, the 
transport of which is governed by the vortex laws of perfect- 
fluid theory. 

The fluctuating parts of lift and aerodynamic moment have 
been investigated by Sears and Kemp in a number of papers 
(1-3). The lift and moment can be obtained more directly, 
i.e., without integration of the pressure distribution, from a con- 
sideration of the change of momentum. The present investi- 
gation makes use of results obtained by Kiissner (4, 5) and 
Schwarz (6) for the pressure distribution of a single airfoil in 
nonuniform motion. 


Reduction to Potential-Flow Problem 

To give more definiteness to the formulation, it will be as- 
sumed that the upstream blades, from which the wakes are shed, 
are stationary, and that the blades located downstream are 
rotating. 

The case of a compressor stage is illustrated in Fig. l(a). The 
velocity distribution in the wake, as it would be in the absence 
of the rotor blade, is shown in Fig. 1(b), which is self-explanatory. 
Fig. 1(b) is drawn to scale, for an assumed profile drag coefficient 
of the stator blades of 0.01, utilizing the semi-empirical relations 
for turbulent wakes found by Silverstein, Katzoff, and Bullivant 
(7). In the present investigation, it will be assumed that the 
velocity defect is small compared with the free-stream velocity, 
and that the corresponding small terms of higher order therefore 
may be neglected. 

It also is assumed that the flow about the rotor blade may be 
considered to be the one of a perfect fluid, a flow which is non- 
steady and rotational. The fact that the velocity distribution 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Fig. 1 Compressor blades and velocity diagram 


in the wake flattens and that its width increases because of vis- 
cosity as it progresses downstream cannot be taken into account 
in a theory which assumes that the fluid is inviscid. It is 
necessary therefore to assume that—at least in the vicinity of 
the location of the rotor blade—the velocity profile of the wake 
would be the same for all cross sections if the rotor blade were 
absent. It is natural to select for this constant profile the one 
which would occur at the mid-chord location. 

For lightly loaded thin blades, the effects of camber, angle 
of attack with respect to the flow outside of the wakes, thickness, 
as well as the effects produced by the neighboring blades, may be 
computed without reference to the wakes, by known methods, 
and the results added to the ones obtained for a flat plate at zero 
angle of attack in the presence of wakes. Fig. 2 illustrates this 
latter case. 

WAKE 
AT TIME... 


The region of the wake is swept downstream at a velocity 
(relative to the airfoil) equal to the free-stream velocity V. 
Also indicated in the figure is a streamline, typical for all those 
streamlines which are at a large distance from the airfoil. 

Owing to the previously introduced assumptions, the problem 
reduces to one of potential flow. In order to show this, the 
velocity at any point and at any instant of time is decomposed 
into: 


(a) The (constant) free-stream velocity V parallel to the z- 
axis. 

(b) The perturbation due to the wake alone; i.e., in the ab- 
vence of the blade. Its velocity components are designated by 
u, (x, y, t), v(z, y, t) and its vorticity by w,(z, y, ¢). 

(c) The additional perturbation introduced by the presence of 
the blade (flat plate) with velocity components u,(z, y, ¢), 
v,(2, y, t) and vorticity wa(z, y, t). 


The total velocity perturbation is designated by (u, ») 
u=u, + 


and the total vorticity by 


Helmholtz’ equation in the present case reduces to Dw/Dt = 0, 
or, neglecting small terms of higher order 


ol 


The same reasoning applied to the flow perturbed by the wake 
alone, in the absence of the blade, leads to an identical equation 
with w, instead of w. Subtraction from Equation [2] yields 


re) 
The effect of the blade is imperceptible at infinity, except—due 
to the trailing vorticity—on the positive z-axis. The seemingly 
trivial solution of Equation [2a], which requires that w, vanish 
identically, except on the positive z-axis, is the physically per- 
tinent one, since it is capable of satisfying all the imposed bound- 
ary conditions.‘ This signifies that (u,, v,) represents a poten- 
tial flow to which the results of the theory of oscillating airfoils 


at 

In order to describe the instantaneous location of a wake rela- 
tive to the blade, it is convenient to define a wake axis for which, 
for instance, the line connecting the points of maximum velocity 
defect may be chosen. It is also convenient to introduce a char- 
acteristic half-width b of the wake. If b& denotes the perpendicu- 
lar distance from the wake axis, Fig. 2, one has the transforma- 
tion 


can be applied. 


Expressions for u, and v, 


(z — Vt) sin 8 + y cos 8 
f= 


where it is assumed, without loss of generality, that the axis of 
the particular wake considered passes through the origin of the 
(x, y) co-ordinate system at the time ¢ = 0. 

The angle 6 between the airfoil and the wake is taken as 
positive in the case illustrated in Figs. 1 and 2. For simplicity, 
the following equations are restricted to 0 < 8 < 7m. No loss of 
generality ensues, since the case in which 0 > 6 > —7, can be re 
duced to the previous one by a mirror reflection. 

The velocity defect w can be expressed by putting 


w = const g(£) 


where the function g(£) describes the wake profile. Also, it shall 
be normalized to unity, i.e. 
where the integral is extended over a single wake. 
Introducing the integrated velocity defect’ W 


W = dé 


thereis 


W 
cos g(£) | 


q 


4 Cf. James (8). 
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Representing g(£) as u complex Fourier transform 


and introducing the dimensionless quantities 


S(n) e~ 


= 
c 
where c is the chord of the blade, one obtains 


2Ww 


- 


f(\w)e da 
for points located on the airfoil, i.e., for y = 0, if Equation [3] is 
taken into account.’ A is a dimensionless parameter character- 
izing the relative magnitudes of wake width and chord 


Sinusoidal Wake 


The form in which v, appears in Equation [7] suggests first 
examining the case where, on the airfoil 


= 
(a = const) which corresponds to a sinusoidal profile of the ve- 
locity defect in the wake. 

This problem is equivalent to the case, considered by Kiissner 
(5), of a thin elastic airfoil executing a sinusoidal “snaking” 
motion (9). The following expression is obtained for the pres- 
sure gradient p, 


1 
sin 6(1 + cos 


2paV 


Pp = + eft’ S(w) 


where p is the density, and where 
cos = 2’; 


The function 


= - 


iw[Koiw) + Ki(iw)) 


which occurs frequently in Sears’ work, and where Ko and K;, are 
modified Bessel functions of the second kind, is tabulated by 
Kemp (10). The upper sign in Equation [10] as well as in the 
subsequent equations pertains to the side of the airfoil which 
corresponds to y > 0, the lower sign to y < 0. 

The result expressed by Equation [10] is very curious, inas- 
much as it states that the pressure distribution on the flat plate 
remains similar at all times and for all frequencies. In fact, 
this distribution is the same as for steady flow about a flat plate 
at constant angle of attack, except for a scale factor depending 
on time and frequency. Because the equations are linear, the 
same must be true not only for a sinusoidal wake, but for a wake 
of arbitrary, but permanent, shape which can be represented by a 
Fourier series or Fourier integral. However, no such similarity 
exists in the case of the velocity distribution on the airfoil, as will 
be found presently. 

Euler’s equation of motion, if applied to the flow along the air- 
foil, yields 


‘ Term w represents a dimensionless frequency. There should be 
no occasion to confuse it with the previously considered vorticity, 
designated by the same symbol. 
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if small terms of higher order are neglected. Since u varies 
sinusoidally with time 
ou 


— =i 


ot c 
Equation [13] is therefore a differential equation for u with z as 
the only independent variable. Integrating, and making use of 
the Kutta condition at the trailing edge for the determination of 
the constant of integration, the foilowing expression for the ve- 
locity perturbation is found, after some calculation (9) 


Sees) 
Ko(tw) + Kil(iw) 


1 cos 6 
= 
iw [Ko(iw) + Ki(iw)} 1 + cos cos 


Single Wake of Small Width 

The results obtained for the dieaieite wake serve to obtain 
corresponding results for the more general wake expressed by 
Equations [4]. Of particular interest in the application to turbo- 
machines is the limiting case, in which the characteristic width 
of the wake is small compared with the chord of the airfoil. The 
parameter \ characterizes this ratio. No quantitative definition 
has been attached as yet to the half-width 6, which occurs in the 
expression for A. For the usually encountered, nearly symmetric 
wake, the most pertinent definition is to set 9 


2b = W/wmax 


where wmax is the maximum velocity defect in the wake. Term 
A has been computed, based on the data of (7), and is listed in 
Table 1 for some values of the profile drag coefficient (of the stator 
blades) and some values of 8. The table applies to the case— 
which may be regarded as more or less typical for most axial flow 
machines—where: 


(a) Chords of stator and rotor blades are of equal length. 
(b) And where the average length* of the wake to its inter- 
section with the blade is one chord length. 


The following analysis is based on the assumption that |A|< 1. 
As one recognizes from the table, the case in which a high drag 
coefficient is combined with a small angle of incidence, may 
hardly be expected to be rendered adequately by a solution based 
on this assumption. This case is excluded from the present in- 
vestigation. 

Table 1 
B = 30° 
150° 
0.14 


0.24 
0.30 


Parameter \ 
60° 
120° 

0.078 


0.14 
0.18 


Drag 
coeffi 
0.01 
0.03 
0.05 


90° 
0.068 
0.12 
0.15 


Pressure Gradient. Comparison of the expression for , in the 
case of the sinusoidal wake with the corresponding expression for 
an arbitrary wake indicates that the amplitude a is to be replaced 
by 

2Wf(rw) dw/c 


Substituting this term in the equation for the pressure gradient 
and integrating, one obtains 


4pVW 
sin cos 6) 


* The wake length is measured from the 85 per cent chord point 
on the stator blade, since this point may be regarded approximately 
as the (virtual) vertex of the parabolic wake contour (7). 


de 


= + . [15] 
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In the case of a narrow wake of arbitrary shape, it is convenient 
to write 
= 
where the right-hand side is Dirac’s 6-function. 
27 in this case, one obtains 
2pVW 1 
c? sin 6(1 + cos @) 


Since f = 


+ T(t’) 


T(t’) = S(w)e™ dw; 


t’ = —1 signifies the time at which the wake intercepts the 
leading edge of the airfoil. The fact that the leading edge is 
associated with a singularity is to be expected, since the same is 
true in the case of the steady flow about a thin airfoil. 

The function 7', which is real for real arguments (9), is tabu- 
lated in Table 2. It is the derivative of a function which occurs, 
e.g., in Kiissner’s work (5, 11). T is discontinuous at —1 and 
zero for all arguments smaller than —1. 

The velocity in the case of the narrow wake of arbitrary shape 
is obtained by extending the Fourier integral over the right-hand 
side of Equation [14]. Each of the three terms in the bracket of 
this equation will give a contribution to the velocity. The first 
term represents the velocity component which had been desig- 
nated by u,. 

Velocity u,. Considering now the last term of this bracket, its 
contribution to the velocity is, if designated by u, 

| 


etait’ —z’) 


The order of the integrations may be reversed, yielding 


< 


S(w)etoe’ —cos 6+ cos 3) dw 


dd 


w 
T(t’ — cos 6 + cos ———— 
c Jo 1 + cos 8 
where T is the same function which occurred previously in the 
expression for the pressure gradient. However, the argument of 
T is different. Introducing the quantity 


which represents the (dimensionless) time counted from the in- 
stant at which the wake passes the point defined by z’, one has 


if 
a 
P(x’, t’) 


The integrand is continuous for t’> —1. Numerical methods 
to obtain P from the previously tabulated function T are there- 
fore easily applied. P(z’, t’) is a universal function in the sense 
that it is independent of the shape of the wake, and is tabulated 
in Table 3. 


Table 2 Function 

it J_. wlKo(iw) + Ki(iw)] 
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atin, 
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. 9582 
6458 
5036 
4167 

.3567 
3118 

.2769 

. 2487 
2252 
2053 
1668 

.1390 

.1180 
1014 
O882 
0773 

0366 
0239 
0069 

.0029 
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Table 3 


z’ = —1.0 -—0.6 
1.043 
0.761 
0.564 
0.452 
0.375 
0.318 


Function P(x’, t’) 


—0.2 0.2 
0.626 0.456 
0.462 0.335 
0.346 0.249 
0.278 0.198 
0.232 0.164 
0.196 0.139 

0 

0 


0.169 .119 
.103 


— 


Velocity u,. Next, the Fourier integral extended over the 
second term in the bracket of Equation [14] is considered. The 
function which occurs in this term 


[21] 
is continuous everywhere in the finite part of the w-plane. In 
order to decide on the convergence of the Fourier integral, it is 
therefore sufficient to consider the asymptotic expansion for 
large |w| of the Function [21]. This expansion is computed 
in the Appendix, Equation [40]. As one recognizes from this 
equation, the value of the function tends on the real axis to 
+i/7 as w = and to as w = It is therefore 
clear that the Fourier integral with f(7) = 1/27 cannot converge, 
or, in other words, that the contribution to the velocity due to 
the term [2ij must depend upon the shape of the wake. Also, 
the form obtained for the asymptotic expansion of this term sug- 
gests splitting it into two parts, to be investigated separately 
Jw) - tJ w) 


Kdiw) + Kiliw) = — R(oo)} 


— ©, 


(22) 


where s(w) is the step function 
+1 if Rew)>0O 
0 if Re(w) =0 
—1 if Rew) <0 
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a! [he remainder Equation 


R(w) ~ ie” 


1 
ll 1 


valid in the whole (cut) plane’ —(3/2)4 < argw < + (1/2)r. 
If the Fourier integral is extended over R(w), the following con- 
tribution, designated by u,, to the velocity tangential to the air- 
foil results 


where 


Q(r) = | R( dw 
since the integral converges. 
In the interval —2 < r < 0, Q(r) is computed from a contour 


integral involving the expansion Equation [24]. Different ex- 
pansions are needed i in other intervals (9), and nn caren to construct 


Table 4. 
Table 4 Function 


Jo(w) — (w | 


s(w@) 
(iw) + Ki (iw 


182 
169 
148 
139 


it 


O819 
O747 
0505 
0296 


Velocity u,. Having determined the effect of the term R(w) in 
Equation [22] on the velocity, it is now necessary to consider the 
effect due to the step function s(w). It follows from the pre- 
vious discussion, that the Fourier transform f() no longer can 
be set equal to (277)~! as corresponds to the representation of the 
wake by the 6-function, but that the complete expression, 
namely, the inverse of the Fourier transform Equation [5], is 
needed. If this contribution to the velocity is designated by u,, 
there is 


= F2i— -2s(w) dw 


A simple physical interpretation of u, can be given. In order 
to show this, s(w) is represented by (VP = principal value) 


+ 9—twe’ 
s(w) = wef 


Consequently 


dz’ 


a form of Dirichlet’s discontinuous factor. 
2W 


+o +o 
f dw ve fO\w)e~ +2’ dz’ 


7 Although R(w) is discontinuous on the imaginary axis, its asymp- 


totic expansion is nevertheless continuous, a phenomenon which 


_ may be regarded as the inverse of Stokes’ phenomenon. 
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The sequence of the two integrals can be reversed, and one finds 
with the new variable of integration ¢ = 2'/X 


WwW +o + 
- VP tho(S+8) d( 


cK é 


since y = 0 on the airfoil. Finally, if ¢ — & is substituted for ¢, 
and if \ is replaced by the expression defining it (Equation [8] ) 


aise F b sin 


where h(é) = 


A comparison of this result with the theory of steady linearized 
flow over an airfoil, indicates that u, represents the effect pro- 
duced by the wake, if the plate were of infinite extent. 

Comparing the order of magnitude of u, and u, with the one 
found for u, and u,, it is found that the former is larger by a 
factor of c/b, which is large in the case of a narrow wake. On 
the other hand, u, and u, are large only in the immediate neigh- 
borhood of the point of intersection with the wake. Since, 
roughly speaking, the effect on the boundary layer on the airfoil 
in the case of a large, but localized disturbance, can be of the 
same order of magnitude as in the case of a weaker, but diffuse 
disturbance, both types of terms are retained in the present con- 
siderations. 

In contrast to the previously encountered functions, h(&) is 
not strictly a universal function, but depends upon the velocity 
profile of the wake. Measurements in the turbulent wake be- 
hind aircraft wing models indicate that the dynamic-pressure-loss 
distribution through a cross section of the wake is very nearly 
the same, except for a scale factor, for all cross sections and all 
models tested (7). Accordingly, the velocity defect also ha: 
an approximately universal distribution, which, in the notation 
of the present paper, can be described by the empirical formula 


cos? if 2 | 


0 if 
from (7). For this choice of the function g(&), the velocity de- 
fect at the distance b from the center of the wake is, since in this 
case = 


w= 


2 


Umax 


The actual dimensions of the wake essentially depend on the — 
profile drag of the airfoil producing the wake, and on the dis- 
tance of the cross section from the airfoil. The lift appears to be 
of little influence on the dimensions of the wake; in particular, 
it does not affect the symmetry of the wake profile significantly. 
From the semiempirical relation for the width of the wake (7) 
one finds 


b = 0.24 cg [cas — 0.70)}'/* 


where cs is the chord length of the blade shedding the wake 
(stator blade), czs its profile drag coefficient, and zs’ the dimen- 
sionless co-ordinate analogous to x’, but with respect to the stator 
blade. Furthermore, from conservation of momentum 


W 


__ 
ve | 
+ 
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The empirical relations Equations [28] and [28a], together with 
the last equation, determine the shape and size of the wake com- 
pletely. 

The integral in Equation [27a] can be expressed in terms of 
the sine-integral and cosine-integral functions. A is an odd func- 
tion of & since g is even, and is tabulated for positive arguments 
in Table 5. 

Table 5 Function h(£) 


OOS, 


Perturbation Velocity u. Collecting all results found for the 
various contributions to the velocity perturbation u, since 


one has 
u= [P(2’, t') — Q(t’ — 2')] 
> 


Ww 
[cos B g(&) + sin h(E)] 


It will be found convenient to write 
u =u 4+ 


where 


uO = — — [32a] 


u® depends on the abscissa expressed in terms of the chord c; 
u™ depends on the abscissa expressed in terms of the wake half- 


foos + sin A(E)] [326] 


width b. Similarly 


where, from Equation [16] 
2pVW 1 


The present results were obtained from an application of thin- 
airfoil theory; i.e., a method of small perturbations. However, 
as shown in the next section, this method is inadequate to render 
correctly the velocity and pressure distributions in the immedi- 
ate neighborhood of the intersection of wake and airfoil and 
must be substituted there by the solution of a differential equa- 
tion which is no longer linear. As a consequence, it will be 
found that, whereas the expressions found for u® and p, can 
be retained without change, the expressions found for u‘ and 
p, must be modified. 


(33a) 


-| -86 -6 -4-2 0 2 4 6 


Dash-dot lines, thin-airfoil theory, for 
7/2,» = 0.15, and 


Fig. 3 Pressure gradient. 
y > 0; solid lines, corrected solution for 6 = 
cW/(2b)?V = 1.08. 
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Dash-dot lines, thin-airfoil theory, 
solid lines, corrected solution for 


‘4 


-4 
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Fig. 4 Velocity perturbation. 
fory > 0,8 = +/2,% = 9.15; 
cW/(2b)?V = 1.08. 


The pressure gradient p, obtained from thin-airfoil theory 
is plotted in dimensionless form in Fig. 3, and is represented by 
the dash-dot curves. Each of these curves represents the pres- 
sure gradient at a fixed time t’, and applies to the side of the air- 
foil on which y > 0. For y < 0, the pressure gradient is of op- 
posite sign. Similarly, the curves in Fig. 4 represent the ve- 
locity perturbation, in the case where 8 = 7/2 and \ = 0.15. 


Conditions in the Vicinity of the Wake 

Two distinct limiting processes were involved in the previous 
section: (a) It was assumed that the deviation of the velocity 
from the free-stream velocity was small compared with the latter. 
(b) It was assumed that the width of the wake was small com- 
pared with the chord of the airfoil. It is necessary to investigate 
the physical significance of this particular sequence in which the 
two limits have been taken. 

The first limit implied Equation [2], which means that the vor- 
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Fig. 5 Sketch of vorticity distribution. Ly) = lines of constant 
vorticity in thin-airfoil theory; Z; = lines of constant vorticity in 
exact theory. 


ticity is assumed to be transported with the free-stream velocity 
V, rather than by the actual velocity, as is the case in the exact 
theory. This is illustrated in Fig. 5(a), which is similar to Fig. 2, 
but where it is assumed for convenience, that a velocity —V 
is imparted to the airfoil. The wake then appears as a jet which 
sucks off air from the upper side of the airfoil and impinges 
on the lower side. The parallel lines inclined at an angle 8, 
connect points for which the vorticity is constant spatially, as 
well as in time. 

In contrast to this, Fig. 5(b) illustrates schematically the exact 
theory. The velocity induced by the jet in the vicinity of the 
airfoil causes a progressive distortion of the lines connecting points 
of constant vorticity, a process which starts when the wake is 
intercepted by the leading edge of the airfoil. At least the initial 
stages of this distortion are easily discerned. The width of the 
wake (jet) will tend to diminish on the upper surface, and in- 
crease on the lower one. 

Next, the order of magnitude is estimated of this distortion, 
for which, for instance, the distance between the points P and Q 
of Fig. 5(b) may be considered as representative. The time in- 
terval between the instant at which the wake intercepts the 
leading edge and the instant at which it intercepts an arbitrary 
point on the airfoil, is of the order of magnitude O(c/V). Since 
in Fig. 5(b) the vorticity is transported with a velocity which is 
of the same order of magnitude as the velocity defect of the 
wake, the distortion at the considered point must be of the order 
O(ew/V). Comparing this with the width of the wake, one has 
the result that the relative magnitude of the distortion is of the 
order 


For turbomachines, the first factor in the foregoing expression is 
much smaller, and the second one much larger than unity. If it is 
assumed in accordance with current design practice of axial-flow 
machines that the stator chord, rotor chord, and average wake 
length (to its intersection with the downstream blade row) are 
all of the same order of magnitude, it follows from Equation 
[28a] that 


which is a large number. Furthermore, since it is permissible to 
assume that the free-stream velocity C relative to the stator is 
of the same order of magnitude as the free-stream velocity V rela- 


Consequently 


Since, therefore, the distortion is of the same order of magnitude 
as the width of the wake, it follows that the thin-airfoil theory, 
which neglects it entirely, is not applicable in the immediate 
vicinity of the wake; ie., at points, the distance of which from 
the center of the wake is of the order of b. At all other points of 
the airfoil the thin-airfoil theory constitutes a valid approxima- 
tion in the case of a sufficiently small cys. 

Since the exact theory differs from thin-airfoil theory only in 
the vicinity of the wake, it suffices to restrict the present considera- 
tions to this region. The problem is therefore equivalent to the 
one in which a flat plate of infinite extent is suddenly (at t = 0) 
inserted into a two-dimensional jet.’ 

The stream function y” (z, y, t) satisfies the relation 
d 


Oy 0. . [36] 


ra] 
— (Ay) 
+ 


where A is the Laplacian. Although this equation is nonlinear, 
it resembles the equation of conduction of heat. Somewhat simi 
larly as in the case of the latter equation, an approximate nu- 
merical solution can be obtained as follows: Replacing the de- 


rivative with respect to ¢ by finite differences 
oy, 


where 6¢ is a (small) time interval and where the subscripts indi- 
cate the value assumed by #, in terms of multiples of 6t, as, for in- 
stance, in = Yrryt—n. If is known, fat is found 
from Equation [37a]. Equation [37], which is a Poisson’s equa- 
tion, is then solved to find Y,s:. Starting from the known 
initial condition for Y, the complete solution can be found by a 
repetition of the foregoing process. 

By means of the relaxation method, the dimensionless pressure 
gradient and velocity have been computed for 8 = 2/2 and for 
the side of the airfoi! corresponding to y > 0(Figs.6and7). Re- 
placing the expressions for p,“ and u“ given by the thin-airfoil 
theory by those obtained from the exact theory, and adding to 
them p, and u®, the solid lines in Figs. 3 and 4 are obtained, 
representing the exact solutions for pressure gradient and ve- 
locity. Whereas the required correction of the thin-airfoil theory 
is relatively minor in the case of the velocity distribution, a strong 
local pressure disturbance appears at the intersection with the 
wake, a disturbance which is entirely absent in the results yielded 
by the thin-airfoil theory. 
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* The time ¢ = 0 is the instant at which the leading edge intercepts 
the wake. For convenience, the origin of t was defined differently 
in the previous sections. Similarly, the origin of the abscissa z in 
this section will be placed into the center of the wake, rather than 
into the center of the airfoil. 
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~ (2) E (« ) 


(-1)%0, 2n + 1) 
2) 


and similarly for J;(w), are valid for —m < argw < + m7. As 
usual in the theory of Bessel functions, the symbol (v, m) is intro- 
duced, where 


(4y? — 


@ 


Appendix 


x/b 


-2 


Fig. 6 from exact theory, fory > 0,8 = 


t=0 
4/3 (2b)? 


12)(4v? — 32)... 
22" m! 


— (2m — 


(v,0) = 1 


Since the range of arg w is less than 27, it is necessary, in order to 
cover the whole plane, to introduce a second expansion, valid for 
—2m < arg w < 0, derived from the former by noting that _ 


= +J(w) 
Ji(-—w) = —Ji(w) 
Also, one has the expansions for the K-functions (12) 


Kdiw) ~(Z)". 5 
-.6 


“2 2 and similarly for K, valid in the whole plane —(3/2)" < argw < 
Fig. 7 (1/2) (actually, the validity extends even further) and where, 
as before, the principal branch of the square root is meant. Col- 
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Discussion 


W. G. Corneil. The author is to be congratulated on an ex- 
cellent and interesting paper, having considerable practical 
utility to the turbomachine designer in improving his notions of 
the mechanism of mutual interference between adjacent rows of 
blades. It should be pointed out that the author’s use of the 
Kutta condition, viz., assumption of smooth, separation-free flow 
off the blade trailing edges, may yield misleading results, espe- 
cially in the blade-surface pressure distribution near the trailing 
edge. The Kutta condition is never quite satisfied in actual, 
steady flow over an airfoil, a small separation normally occurring 
on the suction side near the trailing edge. In the present un- 
steady case, it is probable that conditions near the trailing edge 
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vary even further from the Kutta condition and that in a time- 
dependent fashion. 


Author’s Closure 


Mr. Cornell is quite correct in pointing out that the Kutta con- 
dition is only approximately satisfied by a real fluid. The same 
problem is encountered in the application of unsteady-flow theory 
of airfoils to the stability and control of aircraft, and a number of 
corrections to the Kutta condition have been proposed."! It is 
quite possible, that some of the simpler approaches, such as the 
semiempirical Rott-George method, could be incorporated into 
the present paper, perhaps without introducing undue mathe- 
matical difficulties. 


1 “Some Recent Developments in Airfoil Theory,” by W. R. Sears 
Journal of the Aeronautical Sciences, vol. 23, no. 5, 1956, pp. 490-499 
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Laver Equations 


A review of research on the problem of obtaining similarity 
solutions of the three-dimensional, laminar, incompressible, 
boundary-layer equations is presented along with a general 
method of analysis for treating the problem. Restrictions on 
main flow velocity components and co-ordinate systems which 
lead to similarity solutions are tabulated. Finally, a discussion is 
given of the practical application of similarity solutions and the 
problems which remain to be solved. 


Introduction 

Tue analysis of boundary-layer flows over various aerodynamic 
configurations continues to be a problem of major importance. 
Efficient design procedures for both internal turbomachine com- 
ponents and external surface components must allow for bound- 
ary-layer development. In the past it has often been possible to 
make gross allowances for the boundary layer by using empirical 
relations in combination with results predicted from two-dimen- 
sional boundary-layer theory. However, in many current design 
problems, this method has serious shortcomings. One of the major 
shortcomings is that this approach does not readily account for 
three-dimensional boundary-layer characteristics such as second- 
ary flow phenomena. Often it is precisely the three-dimensional 
characteristics that are of major importance. As a consequence, 
a great deal of experimental and theoretical research on three- 
dimensional boundary-layer flows has been carried on in recent 
years. 

In spite of past efforts, a need still exists for theoretical analyses 
which will lead to quantitative as well as qualitative predictions 
of boundary-layer behavior. Theoretical research, however, has 
been restricted because of the complex nature of the equations 
describing the flow. For example, in a number of problems of 
practical concern, the boundary layer is turbulent. Examination 
of the nonlinear partial differential equations which describe tur- 
bulent flow discloses that the equations are all but intractable. 
Some success, however, has been achieved in the analysis of the 
three-dimensional laminar equations. The practical importance 
of this research is threefold: (a) Experimental evidence indicates 
that laminar boundary-layer flows can usefully provide qualita- 
tive information concerning turbulent boundary-layer behavior. 
(b) As in the two-dimensional case, laminar-flow solutions may 
provide a basis for approximating more general flows. (c) Cer- 
tain boundary-layer problems such as external-surface boundary- 
layer flows for high-altitude flight might well be encompassed by 
a laminar-flow analysis. 
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Possible Similarity Solutions of the 
Laminar, Incompressible, Boundary- 


By A. G. HANSEN,? CLEVELAND, OHIO 
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One important phase of the theoretical attack on boundary- 
layer problems has been the search for exact solutions of the 
laminar, incompressible, boundary-layer equations for special 
types of main stream flows. References (1 to 7)* might be cited 
as typical of such investigations. The principal approach for 
finding exact solutions of the equations has been the use of the 
similarity technique. In instances where the technique is ap- 
plicable, the partial differential equations of the boundary layer 
reduce to a system of ordinary differential equations. The cor- 
responding solutions for the boundary-layer velocity components 
are such that the velocity profiles differ, at most, by scale factors 
along the co-ordinate directions. 

To date, similarity solutions have been found for only very 
special types of main stream flows and for special types of co- 
ordinate system. A question has always existed, therefore, as to 
the applicability of the similarity technique to general problems 
and what limitations are inherent in its use. This question was 
successfully answered for the case of two-dimensional, laminar 
flows in references (8-12). These investigations showed that, in 
general, similarity solutions can only be found for main stream 
flows in which the velocity varies as a power of the distance along 
a surface or as an exponential. Recently, several investigations 
(13-16) have attempted to determine the conditions under which 
similarity solutions exist for laminar, incompressible, three-di- 
mensional boundary-layer flows. In investigations of this kind, 
the type of co-ordinate system employed plays an important role 
as a result of similarity of velocity profiles in the co-ordinate 
directions. Consequently, reference (13) considers the special 
case of a stationary rectangular co-ordinate system and deter- 
mines what possible main stream flows referred to such a system 
lead to similarity solutions. Reference (14) determines permissi- 
ble main stream flows referred to polar co-ordinates. In references 
(15) and (16) an arbitrary orthogonal co-ordinate system is as- 
sumed but certain additional assumptions are then made regard- 
ing either the main stream flow or the surface over which the flow 
takes place. Requirements for similarity equations then lead to 
restrictions on both the co-ordinate systems and main stream 
flows. 

As a completely general analysis of possible similarity solutions 
does not exist at present, it will be one of the purposes of this 
paper to outline a technique used for attacking this problem. In 
addition a review of the progress made to date (13-16) will be 
made and a comparison of results presented. Finally, an evalua- 
tion of the practical applications of similarity solutions will be 
attempted along with a discussion of certain problems remaining 


to be solved. 


Conditions for Similarity Solutions 


Consider a surface in space in which an arbitrary orthogonal 
co-ordinate system (zx), 22) has been imbedded. Let y* be a co- 
ordinate normal to the surface, Fig. 1. The boundary-layer 
equations referred to such a system are the following (16) 


3 Numbers in parentheses refer to the Bibliography at the end of 
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uy Ou; Ue Ou; v ou, 


>? 


= U, OU, Uz wi + Uvtk (1a) where F(7) and G(m) are as yet undetermined functions of the 
hy dz he 222 ciel «similarity variable’ 9 defined as 
— — —— 
hy Ox, O22 oy oy? where g(2z, 22) isan arbitrary function of x, and (See reference 
U, au U, av’ 13 for a detailed explanation on specification of the form of 7.) 
+ — — + Uae — Ui For the case of one main stream velocity component, U2, 
oz; he O22 identically zero, it is assumed that 


ov 
Vv dy 


B6 


where U;* = Us *(z,, 72) is a function which will be determined 
from the analysis. 

Transformed Equations for U, and Ul’, Not Identically Zero. 
From Equation [lc] and the definitions for u; and wz, it is possible 
to obtain an expression for the boundary-layer velocity com- 
ponentyv. Substituting Equations [3] and [4] into Equation [Ic] 
and using Equation [5] we obtain 


ae Solving Equation [7] and integrating partially with respect to y, 
we have 
Fig. 1 Co-ordinate system and orientation of velocity components ( G 1 ov U, 


for flow over a surface — 

where | « + G (uss 4 1 U 2 In ’) 
y*/Vv abe he O22 he O22 


coefficient of kinematic viscosity end U,dIng 
boundary-layer velocity components in the 2, 22, oe 
and y*-directions, respectively 
main flow velocity components in vicinity of surface At this point, it would be well to discuss restrictions on the 
geodesic curvatures of co-ordinate linesz; = constand functions F(7) and G(n) resulting from the boundary conditions 
2. = const, respectively On U;, Uz, and v. From Equations [3], [4], and [5] we have: 
(«= 1 dh 1 =) 1 The boundary conditions u,(0) = u.(0) = 0 for y = O imply 
1 a 2 


ky = — 
O22” hyhe F’(0) = G’(0) = 0 
metric tensor components related to differential of 
are length by ds? = hy*dx,? + The conditions lim = U; and lim = U; imply 
vor @ yr @ 


boundary conditions are the following lim F’(n) = 1 and Jim. =1 


@ 


hy Oz; hy 
U, ding 
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+ f(x:, 22). . [8] 


3 The condition = 0 => 


y 0, = = Ae 0 9 fle F(0) (v 1 U; dln 

Without loss of generality, we can assume that U, # 0. ~ ao) ( Usk, + 1 OU; U; dln 9g 
Two possible situations now exist. Either U; # 0 or U;=0 in + G(0) ok, he Oz 
which case the streamlines of the flow coincide with the co-ordi- 
nate lines z:2 = const. It is first assumed that U2 # 0. Following 
the classical approach for obtaining similarity solutions it is as- 

sumed the u; and uz are ———- as 


Now, it can be shown by a slight extension of an argument pre- 
sented in reference (13) that there is no loss of generality if it is 
assumed that F(0) = 0 and G(0) = 0 which in turn implies f(z, 
z:) = 0. This result will be used in the following development. 

Substitution of Equations [8], [4], and [5] into Equations 
[la] and [1b], respectively, yields 
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Equations [9] and [10] will be termed the “transformed equa- 
tions’’ and the principal problem that we shall be concerned with is 
to find the necessary and sufficient conditions for reducing the 
transformed equations to a system of ordinary differential equa- 
tions. Before this step is undertaken, however, we will determine 
the transformed equations for the case when one of the main 
stream velocity components is identically zero. 

Transformed Equations for One Main Stream Velocity Com- 
ponent Identically Zero. We now consider the case U; = 0 and 
define u, and u; by Equations [6a] and [6b]. Again, the bound- 
ary-layer velocity component v can be obtained. The form for v 
will be identical to that given in Equation [8] with U; replaced by 


U;*. 
Substitution of the expressions for uw, uw, and v into Equations 
= [la] and [1b], respectively, then gives 
1 1 U, g? 


U,* OlnU 
° + on) or 
1 av. 
U; hy oz, 
1 1 ou; re) In g? 
Us*k, — & 2q" 
ra) In U2 
( 9 + Ui) 
1 _ Us ding! 
U;* U;* 


We see that Equations [11] and [12] are of exactly the same 


‘form as Equations [9] [10] except for the final terms which 


are not coefficients of terms involving F, G, or their derivatives. 
This fact will be important in determining the general conditions 
necessary for reducing the transformed equations to ordinary dif- 
ferential equations. 
It should be stated that the boundary conditions for G’() for 
> Sur limG(n)=O 


this case are given by ; 
5 


The boundary conditions on F’(7) are the same as for the previous 
case. 

Necessary Conditions for Obtaining Similarity Solutions. An 
analysis presented in reference (15) shows that a necessary condi- 
tion for obtaining similarity solutions for a system of equations 
like Equations [9] and [10], and the system of Equations [11] and 
{12] is that the various terms which serve as coefficients of F, G 
and their derivatives in these equations be proportional. Let us 
first examine the implications of this result relative to Equations 
[9] and [10]. As the function g* serves as a coefficient in both 
equations, we have the general requirement 


G'(0) = 0 
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We now make the following observations: 
not be identically zero (see Equation [5)}). 
dividual terms 


First of all, g? can- 
Therefore, if the in- 


hy dz,’ he 


are each proportional to g? (or identically zero), the term ad 


hy Ox; he O22 U; 
will be proportional to g* (or identically zero). Similarly, if 
U, din U; ( 1 
oz, + U in), , and Us ky 
are each proportional to (or identically zero), the term 
Mar 
hy Oz; he oz, U; 


will be proportional to g* (or identically zero). The requirement 
given by Equation [13] therefore reduces to the requirement that 
nine coefficients be proportional. Furthermore, various terms in 
certain of these coefficients can be deleted when the terms are 
required to be individually proportional to g*. This leaves the 
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following list of nine terms which must be mutually proportional 
(or identically zero) if similarity solutions of Equations (9] and 
[10] are to be obtained 


k 


U, oh In U; 

hy 

i... 

Proportionality between the foregoing terms is equivalent to 
specifying a system of partial differential equations. Solutions of 
the equations determine main stream velocity components U; and 
U2, and the components h, and h, of the metric tensor associated 
with the orthogonal co-ordinate system. As solutions of these 
equations will result in Equations [9] and [10] being reduced to 
ordinary differential equations, a stated proportionality between 
any two terms will be called ‘an ordinary differential equation 
condition’’ and will be abbreviated ‘‘o.d.e. condition.’”’ A similar 
set of conditions appears in reference (15). 

If we proceed to set up o.d.e. conditions for Equations [11] 
and [12], it will follow that these conditions will be exactly the 
same as those given for Equations [9] and [10] except for the re- 
placement of U; by U2*. Hence solutions for various functions 
in one case will correspond exactly to those in the other case. In 
stating the equations for the o.d.e. conditions, U. will be used to 
denote either U, or U2*. 

A general solution of the system of o.d.e. conditions would give 
all requirements on U;, U2, g?, 41, and he for the existence of possi- 
ble similarity solutions of the boundary-layer equations relative 
to an orthogonal co-ordinate system. At present the complica- 
tions which arise in attempting to treat the general case make it 
desirable to impose certain simplifying assumptions. Such addi- 
tional assumptions were made in references (13-16). A discussion 
of these assumptions and a summary of the results obtained in 
these references will now follow. 


Specific Solutions of the O.D.E. Conditions 


The investigations presented in references (13, 14, 16) will first 
be reviewed. In reference (16) two separate assumptions are 
made. The first of these is that the surface over which the flow 
takes place is developable. This assumption is also basic to ref- 
erences (13, 14). 

Analysis for Flow Over Developable Surfaces. An important 
property of surfaces is the so-called Gaussian or total curvature. 
The total curvature K is related to h;, he, ki, and ke by the follow- 


= 
TRANSACTIONS OF THE 
1 dk: 1 Oki | 
— k 2 2) 
- dz, ) ( 


(see reference 17). Now it is known from differential geometry 
that a necessary and sufficient condition for a surface to be de- 
velopable is that K == 0. Hence for developable surfaces 


1 1 ok 
ki+kh%= — (2 =) 
he Ore 


hy Oz; 
This provides an additional equation beyond those already given 
by the o.d.e. conditions. Before the system of equations can be 
solved, however, it is necessary to make certain additional as- 
sumptions which influence the vanishing or nonvanishing of 
specific terms which comprise the o.d.e. conditions. Three sub- 
cases are considered in reference (16). These are (i) k; # 0, hk: # 
0, (ii) either k, = 0 or kz = 0 but both are not identically zero, 
and (iii) k; =O and k, = 
The analysis presented in reference (16) then yields the follow- 
ing major results for these three cases: 
1 If ki # 0 and k, # O then necessary and sufficient condi- 
tions for Equations [9] to [12] to possess similarity solutions is 
= (const) ke 


that 
= (const) U, 


) 4 1, U2, g*, Ai, and he must be expressible as 


= aro, he = br, (a ad 0, b #0 
= 
= dz,"z.™ 
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Equations [9} and [10] become, respectively ' 
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— (A; + Aq — Ap) = 0 
— A;GG" — A;G’"’ + B,G’F’ — — BF" 

— (B, + B: + B;) = 0 
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e 
As = 2h (m oo 3) 


Equations [11] and [12] have, respectively, the same form as 
those given in the foregoing except that the first equation has only 
A, as a constant term and the second has only B; as a constant 
term. 

(d) The co-ordinate system for the surface can be uniquely de- 
termined in this case. The system is a “logarithmic spiral’’ co- 
ordinate system; that is, if the surface considered were a plane, 
the system would have the form shown in Fig. 2. 

(e) The permissible main flow streamlines relative to this sys- 
tem on a plane turn out to be either logarithmic spirals, concen- 
tric circles, or radial lines. 

2 If ki =0 and k, ¥ 0 (or vice versa) the analysis reduces to 
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Fig. 2. System of spiral co-ordinates 


the one presented in reference (14) with the exception that a de- 
velopable surface instead of a flat plane is permissible. Some of 
the principal results here are the following: 

(a) U; = (const) U2 except in the case of radial flow in which 
no secondary flow takes place. 

(b) The system of co-ordinates is a ‘‘polar-type’’ system; that 
is, if the flow were over a plane, the co-ordinate system would be 
the usual polar co-ordinate system. 

(c) As in the previous case, the main flow streamlines are re- 
quired to be either spirals, concentric circles, or radial lines. 

The specific forms for U,, U2, hi, he, and g? for this case and for 
all other cases which follow will be presented in tabular form in the 
next section. 

3 Ifk, =Oand k, =0, the co-ordinate system is a “rectangu- 
lar type,’’ that is, on the surfaces in question, the co-ordinate lines 
are geodesics. The analysis principally reduces to the one pre- 
sented in reference (13). One of the interesting results of this 
case is that it leads to solutions of flow problems where the bound- 
ary layer develops from a sharp leading edge. Particular cases 
are solved in references (1-3). 

Solutions of O.D.E. Conditions for Flows with U; = (Const) Us. 
A second assumption considered in reference (16) is that U, = 
(const) U2. This added restriction on the o.d.e. conditions makes 
it possible for the system to be solved quite readily. As first, such 
an assumption appears highly restrictive. However, past 
analyses have indicated that such a relation generally arises in 
determining the conditions for similarity solutions. To date, the 
author knows of no explicit expressions for the main stream ve- 
locity components in a similarity analysis employing nonrectangu- 
lar co-ordinates which has not had this correspondence between 
U; and U2. Geis in reference (15) illustrates a case in which 
U:/U: # const when the flow is referred to a co-ordinate system 
in which the members of one set of co-ordinate lines have zero 
geodesic curvature. However, U; and 0; are defined implicitly in 
terms of a function which must satisfy a nonlinear differential 
equation. No solution of this equation is presented. 


-hold for rotational flows as well. 


With the basic assumption that U, and U, are proportional, it 
is no longer necessary to restrict the flow surface only to the de- 
velopable type. However, with K # 0, it is much more difficult 
to determine the nature of the co-ordinate system on a given sur- 
face. (If K =0 or if K = const, certain theorems from differential 
geometry make it possible to determine the nature of the system. ) 

The forms for U,, U2, ii, he, and g? are presented in reference 
(16) and, as mentioned previously, will be outlined in a following 
section. In using these results for a specific problem one might 
assume a surface and then imbed a particular co-ordinate system 
(2, 2). The functions h; and he could then be calculated and 
compared with the permissible values obtained from the analysis. 
If agreement was lacking a new co-ordinate system might be as- 
sumed and the process repeated. Probably, the first assumption 
would be that one set of co-ordinate lines were geodesics of 
the surface; i.e., the geodesic curvature of such lines would be 
identically zero. The form of the other set of co-ordinates then 
might be determined and checked. For any other set of co- 
ordinate lines assumed, the analysis shows that k, and k, would 
have to be proportional. 

In reference (7) a solution is obtained for a nondevelopable sur- 
face. A surface of revolution is assumed and one set of co-or- 
dinate lines are geodesics. 

Solutions of the O.D.E. Conditions for Irrotational Mainstream 
Flow. The basic assumption made in reference (15) in addition 
to the o.d.e. conditions for a nonconstant rectangular system is 
that the main stream flow is irrotational. The functions U’, and 


must therefore satisfy the equation 
h 
d 


For nonrectangular systems it develops that U, = (const) Us ex- 
cept for two cases. The first is that 


re) re) 
h J = 
( 2 U2) oz. (A,U 1) 0 


wow 
0, = a(U;? + (a, b, constants) “4 


and U, = g(x) where ¢(z,) is nonconstant solution of the dif- 
ferential equation 


1 1 

(g? + b)y” + (; — cg? + - bo — ac) = 0 (¢ = const) 

= 

The second case is 7 an 


U,=1 


where ¢(2;) is a solution of mip 


+ (¢’ — 1)? = 0 


While the assumption of irrotationality is employed in a number 
of cases investigated in reference (15), solutions are given which 
It should be pointed out that 
results similar to those obtained in references (13, 14) also are pre- 
sented. 

Although forms for }, and h, are determined in this analysis, a 
description of co-ordinate systems is generally omitted. Here 
again a problem exists if the total curvature of the surface is a 
nonconstant function of z,; and 2. Specific reference is made, 
however, to the case of flow over a surface revolution referred to 
earlier (7). 


Summary of Requirements for Similarity Solutions 
In Table 1 are presented the permissible forms for U;, U2, hi, 
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Nots: The corresponding forms for the ordinary differential equations can be obtained by substituting these expressions into 


Equations [9] and [10] or [11] and [12]. 


he, and g? which when used in Equations [9] to [12] reduce the 
equations to ordinary differential equations. Solution of the 
final equations is a problem in its own right and, in general, re- 
quires the application of numerical techniques. Approximate 80- 
lutions of one class of equations is discussed in reference (16). 

It is of interest to note that in certain cases the differential 
equations which result are “uncoupled.’’ By this we mean that 
one equation contains either F() and its derivatives or G(m) and 
its derivatives alone. The foregoing could result when either (a) 
the co-ordinate system employed is rectangular or (b) a point source 
flow is referred to polar-type co-ordinates (13, 14). 


Practical Applications of Theory 

From a practical standpoint, similarity solutions might be ap- 
plied to the study of boundary-layer flows over such aerody- 
namic configurations as wings, missiles, fuselage forms, or channel 
flows. From the standpoint of analyzing flows over wings or in 
channels, the only type of analysis that seems promising is the 
one employing rectangular co-ordinates. The principal reason is 
that in such configurations the boundary layer generally de- 
velops along a line on the surface (leading edge, for example). As 
pointed out in references (13, 14), this physical case can only be 
approximated when an analysis allows a boundary layer of zero 
thickness to exist along such a line. Apparently this only can 
come about in a rectangular type co-ordinate system analysis» 
On the other hand, nonrectangular co-ordinate systems have par- 
ticular application to flow over such configurations as missiles 
where three-dimensional boundary-layer flow develops from a 
point (nose of the missile, for example). 

In most attempted applications, however, it should be kept in 
mind that a similarity analysis probably will predict only qualita- 
tive behavior of the flow. The restrictions imposed on the main 
flow velocity components, in general, will be too severe to con- 
form to a specified flow configuration and at best an approxima- 
tion to this flow can be constructed (1). Nevertheless, experi- 
mental verification of certain aspects of flow behavior predicted 


by theory has been very encouraging in at least one instance. The 
investigation presented in reference (1) showed that limiting- 
flow deflection on a channel surface could be predicted ac- 
curately. 

The calculation of boundary-layer velocity profiles and various 
flow parameters from a similarity analysis also can serve as a 
guide in setting up approximate analysis of boundary-layer flows 
using momentum-integral methods. For example, one ap- 
proach requires an a priori specification of the velocity profile 
shapes, which are then approximated by an analytical expres- 
sion. From the standpoint of applications, momentum-integral 
methods seem to be most promising. 


Problems Remaining for Investigation 

The following problems pertaining to the analysis of similarity 
solutions seem worth while for continued investigation: 

1 A general analysis for all possible types of similarity solu- 
tions has not yet been evolved. In investigations to date (13-16) 
certain assumptions have been made in addition to the o.d.e. con- 
ditions. The general solution involves solving the o.d.e. condi- 
tions without any such restrictions. 

2 Although requirements are known for reducing the partial 
differential equations of the boundary-layer equations to ordi- 
nary differential equations, little work has been done on solving 
these equations. Most solutions are for systems in which one 
equation contains either F(7) alone or G(7) alone (references 1 to 
3, for example). Hence further work on “mixed systems’’ would 
be of interest. Use of present-day high-speed computing machines 
should make it possible to obtain a wide range of solutions quite 
readily. 

3 Further work might be carried out on the differential geo- 
metric properties of surfaces and co-ordinate systems associated 
with similarity analysis. For example: What types of surfaces 
might be permissible in a study of this type, and what is the na- 
ture of permissible co-ordinate systems imbedded in such sur- 


faces? 
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4 Extension of the present theory for incompressible, laminar, 
boundary-layer flow to compressible, laminar, boundary-layer 
flow would be of interest. An investigation of similarity require- 
ments for a two-dimensional compressible flow is given in ref- 
erence (11). A particular solution of a three-dimensional com- 
pressible problem is given in reference (18). However, a general 
analysis for similarity solutions of the compressible-flow equa- 
tions has not been developed. 

5 The present analysis has been restricted to ‘‘stationary’’ co- 
ordinate systems. In problems where a surface is in motion, it is 
often desirable to employ a rotating system. The extension 
of analyses to include these cases should be straightforward. 
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Discussion 


A. J. A. Morgan.‘ The paper is of particular interest to the 
writer since it provides an interesting opportunity for the appli- 
cation of a general theory for obtaining similarity solutions of 


4 President, AER, Inc., Pasadena, Calif. Mem. ASME. 


partial differential equations developed by the writer’ and gener- 
alized by A. D. Michal.* The purpose of this note is to illustrate 
the application of this general theory to the basic partial differen- 
tial equations of, and to make some observations on the results ob- 
tained in, the paper. 

For convenience in the formulation of the boundary conditions, 


let 

where the u,’ and ue’ correspond to the author’s u, and uw. Under 

the transformations [14] of this discussion, Equations [la], [1b] 

and [lc] of the paper (for the case U;, Uz # 0) assume the form 
U gle 
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where the notation is defined in the paper. 

To seek similarity solutions of the system of Equations [15a]- 
[15c] is equivalent to determining the invariant solutions of these 
equations under a particular continuous one-parameter group of 
transformations.*’ To illustrate the application of this theory,® 
there will be determined the set of invariant solutions of 
Equations [l5a]-[15c] under the continuous one-parameter 
group which is a generalization of the group of uniform expan- 
sions. This group (I) is given by the set of transformations 


j= ay 

0, = aU; 
hy = he = 

k= = ak, ) 


2 =a™z,, = a@2z, 


where a( 0) is the parameter and a, . . ., a2 are arbitrary real 
numbers whose interrelationship will be determined by the subse- 
quent analysis. The functionally independent set of absolute in- 


8A. J. A. Morgan, “The Reduction by One of the Number of In- 
dependent Variables in Some Systems of Partial Differential Equa- 
tions,”” Quarterly Journal of Mathematics, Oxford Second Series, vol. 
3, December, 1952, pp. 250-259. 

* A.D. Michal, “Differential Invariants and Invariant Partial 
Differential Equations Under Continuous Transformation Groups in 
Normed Linear Spaces,” Proceedings of the National Academy of Sci- 
ences, vol. 37, September, 1952, pp. 623-627. 

7A continuous r-parameter group of transformations (r > 1) will 
sometimes be referred to as, simply, ‘a group.” 
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variants of the group [16] play a central role in the theory; one 
such set is given by 


—(as/an) 


(as/ a3) 4, 


m = YX 
— 


= 


=2, 


93 
= (as/ai)[7, 


2, ~ = 


= 2,7 


Now, by Theorem [3],5 Equations [15a]-[15c] will admit a set 
of invariant (similarity) solutions if they are constant con- 
formally invariant® under the group [16]. Upon substitution of 
the transformations [16] in Equations [15a]—[l5c] it is found 
that this condition is satisfied when 


a 
— =A, + A; -1, 


ay 


= A, + A, — 


an 
= Ag, 
a 


where A, As, and A; are arbitrary constants. 
Hence on using Equations [18] in Equations [17] and the 
writer’s theory (Theorem 3),5 Equations [15a]—[15c] will be re- 
duced to a system of partial differential equations in two inde- 
pendent variables by the following set of substitutions: 


m2), 


m = Ne = 


u = Pi(m, ue = Fe(m, m), v= 


U2 


ky = x, ~ ke = a, ~ 


2), 


where, even though U;, U2, hi, he, ki, and ke are restricted to be 
functions of z, and xz, a dependence on 7, has been introduced for 
reasons which will be apparent later. On using the relations [19] 
in Equations [15a]—[l5c] the resulting set of partial differential 
equations is 
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8 A set of functions #;(m, ..., 2n), abbreviated ;(z;), is said to be 
“conformally invariant” under a group zi—> 2, with numerical parame- 
ter a, if = f,(zi; a); (zi), 
where the #,;(z;) are exactly the same functions of the z; as the ©, are 
of the z;. These functions will be said to be “constant conformally 
invariant” under the group if the f;(zi; a) are independent of the 2, 
and “absolutely invariant” if f;(zi; a) = 1,6 = 1, 
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It is worthwhile to note several features of Equations [20a]- 
[20c]. If the analysis were to be stopped at this stage, then Us, 
U4, hs, ha, ks, and ky would be made independent of m,. This, in 
turn, would imply that, on redefining F; and F, to be the partial 
derivatives with respect to m of two new functions and setting 
A; = 0, Equation [20c] can be immediately solved for F'3(m, 72) 
on integrating it once with respect to m. In fact, the restriction 
A; = 0 arises when Equations [15a]—[15c] are required to be ab- 
solutely invariant under the group [16]. The boundary condi- 
tions for Equations [20a]—[20c], then assume the form 


F,(0, m) = F:(0, n2) = F3(0, m) = 0 


weal 


To proceed further, it is necessary to inquire as to the existence 
of a set of invariant solutions of Equations [20a]—[20c}] under the 
group (T’,) cia 
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where b( # a ¥ 0) is the parameter of the group and §;,..., Bu 
are arbitrary real numbers to be determined in the previously in- 


dicated manner. One set of functionally independent absolute 
invariants of the group [21] is 
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Equations [20a]-[20c] will be constant conformally invariant 
under the group [22) if 


where B, and B; are arbitrary real numbers. 

Again, on using Equations [24] in [23] and invoking Theorem 
[3] Equations [20a]-[20c] will be reduced to a system of 
“ordinary” differential equations by the following set of sub- 
stitutions: 

n=m* 
F; = G,(n), 


Us = m®Ue(n), 


Ne 
= F; = m~"G,(n), 
= 

= 


On using the relations [25] in Equations [20a]-[20c] the re- 
sulting set of ordinary differential equations is found to be 
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On combining Equations [19] and [25], it is seen that, in terms 
of the original variables, the substitutions which tranform Equa- 
tions [15a]—[15c] into a system of ordinary differential equations 


which, aside from a trivial transformation of independent varia- 
ble, subsumes several of the cases given in Table 1 of the paper. 
The restrictions which must be imposed on U;, Us, hs, he, ks, and ke 
so that U,, Us, hi, he, ki, and ky are independent of y can now be 
clearly seen; that is 


Us(n) = Bo), 
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.., Ce are arbitrary constants. Furthermore, the rela- 


1 
impose the additional restric- 
1 


here 
i n k —_=— 
tions 1 


tions 


E Ay (Bz —B, + » | . [28d] 
B, 


1 Br +: 


B, 


% 

Under Equations [28], Equations [27] imply that U,/U, = 
const. If, however, U; = const and U; = U;(x, 22), then the 
appropriate similarity variables can be found in a similar manner 
by altering Equations [15] accordingly and investigating their 
invariance properties under the groups I’; and T with U; sup- 
pressed therefrom. 

With the preceding results at hand, it is now possible to 
remark upon those obtained in the paper in greater detail. The 
following observations can be made: 


1 Although otherwise implied in the paper, a completely gen- 
eral theory for determining the form of the “similarity” solu- 
tions of systems of partial differential equations does exist. It is 
given in references cited. * 

2 In view of the preceding development it is clear that in 
order for similarity solutions of Equations [15] to exist it is not 
necessary to: 


(i) assume the form of the similarity variables beforehand (as 
was done in Equation [5] of the paper) 

(ii) restrict the coefficient functions in Equations [9 and 10} 
of the paper to be mutually proportional, and 

(iii) impose the “‘o.d.e. conditions” of the paper. In fact, the 
existence or nonexistence of invariant (similarity) solutions for a 
system of partial differential equations is determined solely by 
their invariance properties under a particular one (or more) 
parameter continuous group of transformations. 


3 However, as indicated by Equations [27], and [28], in order 
for invariant (similarity) solutions to exist under the groups [16] 
and [22] certain restrictions must be imposed on the functional 
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form of the external velocity components and the geometrical 
properties of the surface over which the boundary layer flow 
occurs. 

4 The functionally independent sets of absolute invariants 
{17} and [23] of the groups I; and [; respectively represent, in 
each instance, only one of many pussible such sets. Clearly, other 
sets could have been used in the determination of the form of the 
invariant (similarity) solutions of Equations [l5a]-[lic]. 


It should be noted that the groups I’, and T’; need not have been 
taken as generalizations of group of uniform expansions. To 
mention another possibility, one could have been chosen to work 
with the spiral group 


Y; = ¥s + yaa, a4 ...,8 


where the z; (¢ = 1, , 3) and the Y; are, respectively, the in- 
dependent and dependent variables (and/or coefficient functions) 
in the partial differential ogee In the group [29], a is the 
parameter, the ys (6 = 2,..., n) are arbitrary numerical con- 


stants, and one set of its absolute invariants is given by 


gs = Ys — ysln x, 
t = 2, 3, 


Thus invariant (similarity) solutions of Equations [l5a]—[l5c]} 
could have been determined under I, = group [16] and I, 
=group [29], orl’, = group [29]and I, = group [27], and TI, = 
group [29] with parameter a and I’; = group [29] with parameter 
b (#a). In fact, an investigation of these possibilities in the case 
of Equations [15a]—[15c] will show that they yield the remaining 
cases listed in Table 1 of the paper. 

Finally, it should be remarked that the analysis given in this 
discussion could have, been performed with greater sophistication 
by investigating the invariance properties of Equations [15a]- 
[15c] under two-parameter continuous groups of transformations 
and applying the theory developed by Michal. The inter- 
mediate steps, culminating in Equations [19] and [20], were given 
to illustrate the ease with which invariant (similarity) solutions 
can be found and because, due to their less restrictive character, 
Equations [20a]—[20c] may prove to be of interest in the further 
analysis of three dimensional boundary layers. 


Author’s Closure 


The author expresses his appreciation to Dr. Morgan for a 
very worth-while contribution to study of similar solutions of the 
boundary layer equations. The author fully agrees with Dr. 
Morgan’s observation that the analysis leading to Equations 
[20a] [20c] may prove of interest in boundary layer theory and 
might well receive further study. 

In reading the conclusions 1-4 given in the discussion, it be- 
came evident that certain facts in the paper needed clarification. 
First, let it be stated that the author’s remark “a completely 
general analysis of possible similarity solutions does not exist at 
present. ..’’ was perhaps misunderstood by Dr. Morgan. The 
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intent of the remark was that a complete determination of all 
possible similarity ‘‘solutions’’ has not as yet been obtained for 
(a) equations initially expressed in arbitrary orthogonal co- 
ordinates (b) an analysis based on the “classical’’ similarity 
transformations » = yg(m, 22); = = 
G'(y). This problem has been solved, for example, for equations 
expressed in rectangular co-ordinates. While Dr. Morgan’s 
analysis illustrates an approach to solving similarity problems it 
is still not clear that the method will readily answer certain 
questions associated with the original paper. One question, for 
example, is whether or not similarity solutions exist for ki # 0, 
ke # 0, and U, # (constant) U2. 

The statement by Dr. Morgan that the form of the similarity 
parameter need not be assumed initially is certainly true in light 
of his analysis. It should be pointed out, however, that the 
form chosen for 7 appears quite reasonable. In NACA TN 3768 
(ref. 13) the author and H. Herzig applied the one-parameter 
group method to a study of the boundary layer equations in 
rectangular co-ordinates. (This method is outlined in G. Birk- 
hofi’s ‘‘Hydrodynamics’’). The analysis showed that 9 was 
expressible as a product of a function of y and a function of x, 
2: for the transformations used. It seemed reasonable then, to 
assume a priori such a form for 7 and set up conditions for simi- 
larity. At present, this a priori specification of 7 = yg{x, z2) 
continues to appear reasonable in light of Dr. Morgan’s contribu- 
tion. It is not evident that other forms for 7 can be obtained 
which are not reducible by a scale transformation to the form 
used in the paper. 

In defense of the ‘‘o.d.e. conditions,’ one can refer to T. Geis 
(ref. 15) who established that the conditions were necessary and 
sufficient for establishment of similarity conditions for the com- 
plete boundary value problem. Again, this is based on 7 being 
expressed as given. While the use of o.d.e. conditions may lack 
the generality of Dr. Morgan’s approach, it has a minor ad- 
vantage in giving only one specific set of requirements to work 
with at the outset. The one-parameter group method requires 
first choosing suitable groups and then separately investigating 
combinations of these groups in an analysis. 

A remark might be inserted here about the proportionality of 
U, and U,. It is shown in the discussion that, under the groups 
T, and T;, Ui/U: = constant. It is then suggested that the 
case U,; = constant, U; = U2(2, 22) be investigated. If this 
problem iz analyzed using the o.d.e. conditions under the as- 
sumption k; # 0, ke # 0, it follows at once from @ and © that 
Uz = constant. Hence, one might expect success only in the 
case where either k; or kz were identically zero. 

In conclusion, the author would like to point out that one o 
the problems left unsolved in the paper has since been analyzed. 
This was the problem of determining the differential-geometric 
properties of the surfaces associated with the various solutions 
and the nature of corresponding co-ordinate systems. The 
analysis is given in NACA TN 4322. It is also shown that the 
solutions listed in the paper can be grouped into four basic 
categories which cover all cases. 
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One-Way Surge Tanks for Pumping Plants 


By JOHN PARMAKI 


One-way low-level surge tanks may be used for the con- 
trol of water hammer at pumping plants where water- 
column separation occurs in the discharge line subsequent 
to a power failure at the pump motors. This paper de- 
scribes the characteristics of these tanks and also includes 
a typical graphical water-hammer solution of the problem. 


Nomenclature 


The following nomenclature is used in the paper: = 


= cross-sectional area of pipe, sq ft 
= velocity of pressure wave, fps 
= ratio of pump speed at any time to rated pump speed, 
a= 
ratio of pump input torque for any given speed to 
pump input torque at rated speed and head, 8 = 
= inside diameter of conduit, in. 
thickness of pipe wall, in. 
acceleration due to gravity, fps per sec 
pumping head for initial steady pumping conditions, ft 
rated pumping head, ft 
= pressure head for surge conditions measured above 
pump-intake water-surface elevation, ft 
barometric pressure, ft 
vapor pressure of water, ft 
ratio of pressure head for surge conditions to rated 
pumping head, h = 
defined by Equation [2], sec 
length of pipe, ft 
wave travel time of discharge line, sec 
pump-input torque corresponding to a given speed and 
head, lb-ft 
pump-input torque at rated speed and head, lb-ft 
pump speed at any time, rpm 
rated pump speed, rpm 
pump efficiency at rated speed and head 9 eee i 
pump discharge at any time, cfs Kate 
pump discharge for initial pumping conditions, cfs 
pump discharge at rated speed and head, cfs 
a pipeline constant as defined by Equation [5] . 
time at instant under consideration during variable- 
flow conditions; time ¢ = 0 is taken at the instant of 
power failure, sec 
velocity of water in discharge line for surge conditions 
at any time ¢, fps 
velocity of water in discharge line for initial steady 
conditions, fps 
ratio of velocity of water for surge conditions to that for 
initial steady conditions, v = V/V» = Q/Qs 


w = specific weight of water, pcf 


1 Head, Technical Engineering Analysis Section, Division of De- 
sign, Bureau of Reclamation, U. S. Department of the Interior. 
Mem. ASME. 

Contributed by the Hydraulic Division and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
American Society oF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 5, 
1957. Paper No. 57—A-25. 
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WR? = flywheel effect, or moment of inertia in terms of weight 
of rotating parts of motor, pump, and entrained 


water, pfs 
Introduction 


The graphical method of water-hammer analysis for pump- 
discharge lines has been well established. In order to determine 
the transient hydraulic conditions at the pump and discharge 
line subsequent to a power failure at the pump motor, three ef- 
fects must be considered; namely, the pump and motor inertia 
the pump characteristics, and the water-hammer wave phe- 
nomena in the discharge line. 

The effect of the pump and motor inertia is obtained from the 
following inertia equation? 


— = K,(8, + Bs)At 
where 
(eA A 
450 


This equation defines the relation between the pump speed and 
torque at a given instant of time in terms of the kinetic energy of 
the rotating system. 

The pump-performance data usually supplied by the pump 
manufacturer include the head, brake-horsepower, and efficiency 
curves plotted against the discharge. By utilizing the laws of 
homologous pump operation these data can be converted to a 
family of torque and speed curves on an A-» diagram as shownfin 
Fig. 1. When a power failure occurs at the pump motor, these 
pump characteristics are adequate for determining the minimum 
transient pressures at all points in the discharge line and for de- 
termining the likelihood of water-column separation. However, 
if a control valve is not present on the discharge side of the pump, ° 


* See reference (5). 


Fig. 1 Speed and torque curves. Zone of normal pump operation. 
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the flow reverses through the pump and additional pump charac- 
teristics are required to determine the transient conditions for the 
zone of energy dissipation in which the pump is running in the 
forward direction with the flow through the pump in reverse, and 
for the zone of turbine operation in which the flow through the 
pump and the pump rotation are both in reverse. 

Finally, the water-hammer effects are obtained from the fol- 
lowing conjugate water-hammer equations 


which is the pipeline constant. These equations define the rela- 
tions between the head and flow in the discharge line during the 
transient-flow conditions under the action of the water-hammer 
waves. In the first equation, (t2 — t:) is the wave travel time 
between two points on the pipeline B, and C, for a pressure wave 
which originates at the pump and moves in the direction of normal 
pump flow. In the second equation, (t, — t:) is the wave travel 
time between C, and B, for a pressure wave which originates at 
the upper basin and moves opposite to the direction of normal 
pump flow. 


Water-Hammer Analysis Without Water-Column Separation 
Consider the pump-discharge-line profile cove in Fig. 2. 


325/s in. 
5.81 sq ft 
= 3/16 in. 


33.7 eps (for 3-pump operation) . 
5.81 fps (for 3-pump operation) 
220 ft 
= 3940 ft 
400 hp for each pump motor 
384.9 lb-ft? for each pump and motor — 
1760 rpm 
84.7 per cent 
1.155 i 
= 1.397 sec 


In order to shorten the water-hammer solution, it is assumed 
that each pump is equipped with a check valve on the discharge 
side of the pump. For a power failure which occurs simultane- 
ously at all three pump motors, 2p = 2.31 and K, = 0.224. Ifa 


_-Maximum head on discharge 
line after power failure 


IN FEET 


‘Normal pumping gradient 
(friction neglected) 


ELEVATION 


pumps 


“Minimum head on discharge 
line after power failure 


Fig. 2 Pipeline transient 
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Fig. 3 Graphical water-hammer solution—no water-column 


separation 
time interval of At = L/4a = 0.349 sec is selected for the compu- 
tations 


Ki At(p, ~ Bs) = 0.0782( 8; Bs) 


The simultaneous solution of the water-hammer equations and 
the inertia equation on the pump characteristics diagram by 
graphical methods is shown in Fig. 3. Pipeline friction effects are 
negligible in this problem and have been neglected in the analysis. 
The starting point in the solution corresponding to A, is located 
on the h-v diagram at the co-ordinates h = 1,v = 1. A,/4a is 
then located on the line of slope 29 = +2.31 whieh passes 
through Ag, in the following manner: The location of A,/4a is 
first estimated. Values of a, and @: are then read from the 
pump-characteristics curves. This value of 6 is used in Equa- 
tion [6] to compute a,. If the computed value of a; does not 
agree with the value of a: on the curves, the point for A, /4a is 
shifted up or down on the sloping line 29 = +2.31 until these 
values of a, agree. This particular point is found to be located at 
a value of 8 = 0.760 and a = 0.863. Other points for subsequent 
time intervals are determined in a similar manner. The basic 
graphical water-hammer solution is shown in Fig. 3. The limiting 
values of head are as follows: 


Maximum drop in head at pump = 0.92 H, = 202 ft 


Maximum drop in head at mid-length = 0.69 H, = 152 ft _ 


Maximum head rise at pump = 0.90 H, = 198 ft 


Water-Column Separation 


The maximum positive and negative pressure changes obtained 
from the water-hammer solution are plotted on the discharge-line 
profile in Fig. 2 to show the limiting pressure for which the dis- 
charge line should be designed. When the minimum pressure at 
any point along the pump-discharge line reaches the vapor pres- 
sure of water, the water-hammer solution shown in Fig. 3 is no 
longer valid. If this subatmospheric pressure condition inside 
the pipe persists for a sufficient period, the liquid water column 
parts and is separated by a section of vapor. This phenomenon is 
known as water-column separation. Water-column separation 
sometimes occurs upon failure at the meters during 
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the initial negative surge waves on long pump-discharge lines at 
high points which are near the hydraulic gradient. Whenever 
economically possible, this condition should be avoided by using 
either a surge tank, an air chamber, or larger motor WR? because 
of the high pressures created when the two liquid water columns 
rejoin. When water-column separation cannot be avoided, special 
means are usually taken to minimize the violence of impact re- 
sulting from the rejoining of the water columns. This can be ac- 
complished by positioning special control valves or other protec- 
tive devices in the discharge line, which will either reduce the 
reverse velocity of the upper water column, or increase the re- 
verse velocity of the lower water column prior to the rejoining of 
the two columns. 


Water-Hammer Analysis With Water-Column Separation 

In order to illustrate the effect of the water-column separation 
phenomena, consider the pipeline shown in Fig. 4. With the ex- 
ception of the change in the pipeline profile and the sharp crest 
at B this installation is assumed to have the same characteristics 
as those shown in Fig. 2. The graphical water-hammer solution 
for this installation upon a power failure at the pump motors is 
shown in Fig. 6. The solution starts off in the same manner as 


<& 3 pumps 


Air inlet valve 
8 


Check is located at the g point 


wolves 


Fig. 4 Pipeline profile—with air inlet valve 


that described previously for Fig. 3. However, at ¢ = 3L/4a sec 
the pressure at the crest B has reduced to atmospheric pressure at a 
value of h = 0.56. Air then begins to enter the pipe through the 
air-inlet valve and the water columns part. Let B’ designate 
the extremity of the lower water column AB’ and B” designate the 
extremity of the upper water column B’D. It is assumed that 
the air valve is of sufficient size to maintain atmospheric pressure 
at B until the columns reunite. It is further assumed that the 
break at the extremities of the water column at B is complete 
and therefore complete wave reflections occur at the separated 
points B’ and B” in the two water columns. From a consideration 
of the wave travel time in the two water columns, the point B’sz/s, 
in addition to representing the condition at B’ at t = 3L/4a 
sec, also represents the condition at B” from t = 3L/4a to 7L/4a 
sec. In other words, the head and velocity at B” remain con- 
stant during this time interval until the initial pressure wave re- 
flected at D arrives at B” att = 2L/a sec 

To complete the solution it is necessary to maintain a record of 
the movement of the two water columns at B’ and B” in order to 
ascertain the instant when the columns rejoin. A plot of the 
movement of the water columns from data obtained from the 
graphical solution is shown in Fig. 7. The separation of the water 
columns based on these movements is shown in Fig. 8, from which 
it is seen that the maximum separation is about 8.7 ft and that 
the water columns rejoin at t = 29L/4a sec. At this instant 
of time and thereafter, the points B’ and B” are synonymous and 
are designated as B. It is assumed that the air admitted to the 
pipe is released prior to the rejoining of the water columns. The 
maximum head rise at the check valve as read from the graphical 


Atmospheric pressure minus 
vapor pressure of water ws 


‘ 


Vapor pressure line.“ 
B is located at the g point 


Fig. 5 Pipeline profile—with no air inlet valve 


The graphical water-hammer solution shown in Fig. 6 is also 
applicable to the pipeline profile shown in Fig. 5 without an air- 
inlet valve. In the latter case the minimum pressure at B drops 
down to the vapor pressure of water and the question of air ad- 
mission or release at the point of separation is not pertinent. 


Water-Hammer Analysis With One-Way Surge Tank 


A one-way low-level surge tank may be used effectively to 
eliminate the large water-hammer pressures resulting from the 
water-column separation phenomena just described. The basic 
construction of one of these tanks is shown in Fig. 9. The pri- 
mary purpose of the tank is to supply water to the discharge line 
at the point of separation whenever the head in the line drops be- 
low that corresponding to the level of water in the tank, thus 
preventing the formation of a void. When the flow in the dis- 
charge line at the tank reverses, the check valve at the surge tank 
closes. 

To illustrate the effect on water hammer for an installation 
with a one-way surge tank consider the pumping-plant installa- 
tion shown in Fig. 10. Aside from replacing the air-inlet valve 
with a one-way surge tank this installation is assumed to be 
identical to that shown in Fig. 4. In order that a direct compari- 
son may be obtained, the minimum level in the one-way surge 
tank is assumed to be constant during the transient and is taken 
so that the head at B is maintained at the same value as in the pre- 
ceding section with water-column separation, that is, ath = 0.56. 
The graphical water-hammer solution for the pump-discharge 
line with the one-way surge tank is shown in Fig. 11. The first 
part of the solution is identical with that shown in Figs. 6 and 7 
until t = 4L/a sec. At this time the check valve at the surge 
tank closes momentarily and then closes finally at ¢ = 5L/a sec. 
This is due to the saw-tooth nature of the velocity curve for the 
point B’ on the lower water columns as shown in Fig. 7. The 
graphical solution is then completed as shown. The maximum 
head rise at the check valves at the pumps is 0.44 Hp or 97 ft. 
It is noted that since the maximum separation of the water 
columns was about 8.7 ft the voiume of water supplied by the 
tank was only 51 cu ft. This could be supplied by a tank of 
the same dimensions as the pipe with the initial water level in the 
tank about 10 ft above the assumed minimum level. 


Miscellaneous Features 


From a study of the water-hammer solutions described in the 
foregoing, it is seen that the economy gained by the use of the 
one-way surge tank in pump-discharge lines where water-column 
separation occurs lies primarily in the fact that the initial water 
level in the tank does not have to reach the normal pumping hy- 
draulic gradient. Moreover, the required volume of water sup- 
plied by the tank to fill the void due to the separation is usually 
very small. The locations where these tanks can be used most 
effectively and the optimum height of water in the tank depend 
somewhat upon the pipeline profile. For example, referring to — 
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Fig. 12, the height of water in one tank which would be required 
to protect the entire line against the effects of water-column 
separation at both crests B and C should be such that the mini- 
mum water level in the tank during the transient is not less than 
about 30 ft below the high point at C. 

The effect of pipeline friction and head losses through the check 
valve at the tank can be approximated easily in the graphical 
water-hammer solution whenever these effects are substantial. 
In the example just given these effects were negligible. A 
graphical water-hammer solution for this installation also could 
be performed if the check valves at the pumps were omitted or 
replaced by other types of control valves whose time cycle was 
specified. 

Field Experience 

Each of the one-way surge tanks which have been built and 
field tested to date has been equipped with a pair of smaller 
nonslam-type check valves. The tanks were connected to the 
pump-discharge line adjacent to the location where water-column 
separation was most likely to occur first. The initial level in the 
surge tank was established either manually or automatically with 
float control valves depending on accessibility. 

Upon power failure the head in the discharge line adjacent to 
the surge tank drops rapidly to a value corresponding to the 
water level in the tank. The check valves at the tank then pop 
open and the tank starts draining to fill the void formed by the 
separation of the water columns. When the flow in the upper 
column reverses, the check valves at the tank close quietly and 
the harmful effects of water-column separation are thus avoided. 


Conclusions 

One-way surge tanks offer an effective method for eliminating 
the harmful effects of water-column separation at high points in 
pump-discharge lines subsequent to a power failure at the pump 
motors. Basically, the tank supplies water to fill the void formed 
by the separation. This prevents the upper water column from 
attaining a high reverse velocity prior to rejoining the lower 
water column. For certain types of pipeline profiles, these tanks 
will be found to be more economical than other conventional 
pressure-control devices. 
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Discussion 


Benjamin Donsky.’ In his interesting paper, the author has 
demonstrated that a small one-way tank can be a valuable 
method of preventing water-column separation. 


3 Engineer, Technical Engineering Analysis Section, Bureau of 
Reclamation, Denver, Colo. 
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Although the one-way tank has the valuable feature of being 
low in height, it does not operate as simply as an ordinary surge 
tank. Its operation depends on the proper choice and adjust- 
ments of a refill float valve and check valve. Therefore some 
consideration should be given to the size, rate of closure or open- 
ing, and possible leakage. The refill float valve should be large 
enough to refill the tank to the proper level in a reasonable time, 
thus preparing the tank for the next interruption of power to the 
pumps. The refill valve should also be adjusted to close gradu- 
ally so that a large head rise is not produced on each refilling of 
the tank. 

The check valve of the one-way tank should open and supply 
water quickly to the line after power interruption to the pump. 
The inertia of the water in the tank-outflow line should be kept to 
& minimum. Also, because of the initial low water level in the 
tank, the loss in head on flow from the tank should be kept to a 
minimum. This ordinarily will require that the tank be located 
close to the discharge line and that the valve be of adequate 
size. 

The check valve at the tank should close quickly when flow 
starts back into the one-way tank. A slight delay in the closure 
of the valve may cause a head rise at the pumps which is greater 
than that computed for instant valve closure. In the author’s ex- 
ample, there was a momentary closure of the check valve at the 
tank at time interval 4L/a. The check valve was open again at 
time interval 17L/4a (about 0.349 sec later) and remained open 
until time interval 5L/a when it closed permanently. With this 
operation of the valve, the head rise at the pumps was 97 ft. 
Now if we assume a delay of about 0.35 sec or greater in the 
movement of the valve so that there is no momentary closure at 
time interval 4L/a, the computed head rise at the pumps will be 
172 ft. This is a special case peculiar to this example and should 
perhaps be considered as an emergency condition. 

This phenomenon of opening and closing of the valve which 
occurred only once in the author’s example occurred about 5 times 
in a study this writer made on Ventura Avenue No. 1 Pumping 
Plant of Ventura River Project, Calif. For this discharge line, 2 
one-way tanks were used because of the bad profile and large 
hydraulic head. The repeated openings and closings, which 
occurred at the tank near the reservoir, were due mainly to the 
wave reflections from the tank near the pumps. The opening and 
closing of the valve in the author’s example was caused mainly by 
the reflected waves from the closed pump check valves. In both 
cases the head rises at the tank due to the repeated opening and 
closing were small. If, however, this head rise is large, it may be 
decreased by a dashpot arrangement on the valve. 

As shown in the article, the one-way tank not only prevents 
water-column separation, but also may reduce the head rise at 
the pumps. With no tank and no water-column separation, the 
head rise for the author’s example was about 198 ft, as compared 
te 97 ft with the one-way tank. If a plain surge tank had been 
used in place of the one-way tank, the head rise would have been 
128 ft. As a further comparison, a graphical solution with no 
check valves at the pumps gave head rises at both the pumps 
and one-way tank of about 37 ft as seen in Fig. 13; and as seen in 
Fig. 14, there was no intermediate instant of valve closure. In 
this case, with no pump check valves, the plain surge tank gave 
40 ft of head rise at the pumps. With no tank and no water- 
column separation, the computed head rise is 92 ft. This would 
seem to indicate that the one-way tank was as effective as the 
plain surge tank in reducing pressure rises at the pump. However, 
for some pumping systems the head rises at the pump may be 
greater when using a one-way tank than when using a simple 
surge tank. Also, the one-way tank provides no relief when start- 
ing the pumps because the check valves at the tank are closed. 
It is, therefore, necessary to consider the shutoff head of the 
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Fig. 15 Pipeline—-with one-way surge tank 


pumps in the design of the discharge line or start the pumps 
against slow-opening valves. 

Since the main purpose of the one-way tank is to supply water 
co the discharge line during downsurge, it is necessary that there 
be an adequate amount of water in the tank. This amount de- 
termines the minimum size of the tank, and can be calculated by 
the following approximate method. Assume a pumping system as 
shown in Fig. 15, where H; and H; are differences in head before 
power failure to the pumps. The starting-up times of the lower 


and upper pipelines, respectively, are ¢; and t, where t; = 


L 
and t, = - 20 


—-. uring time ¢; the flow in the lower line changes 
A gH, 


from Q> to zero, so that the average flow toward the tank is about 
Q./2. Also, the average flow away from the tank during & is 
about Q)/2. Therefore the quantity of flow from the tank during 
the transient is approximately Q)/2 (t2 — t:). Because of friction, 
inertia of the pumps, and a drop in the water-surface elevation of 
the tank during the transient, this method will give conservative 
values of tank size. For the author’s example, it gives 68 cu ft of 
tank. For Brewster Flat Pumping Plant of Chief Joseph Dam 
Project, Washington State, this method gave 150 cu ft versus 140 
cu ft from the graphical solution. 


E. E. Elliott.‘ A large-scale industrial application of the princi- 
ples and analyses covered by this paper was put into service late 
last year at the Tidewater Delaware Refinery. The refinery’s 
cooling-water system handles enough water for a metropolitan 
area the size of Greater Philadelphia. Its pumping station and 
distribution headers are protected against water hammer by two 
large one-way surge tanks. 

The Water System. The pumping station lifts some 275,000 
gpm of water from the Delaware River and circulates it through 
the refinery and the adjacent Delaware Power and Light Company 
steam power plant. The water flows through two parallel piping 
systems, each designed to supply half of the cooling-water 
demand. 

The station’s nine pumps are among the largest ever used for 
such service. Each is driven by a 2000-hp motor. The pumps 
are of vertical, centrifugal design—rated at 34,400 gpm each, at 
a discharge pressure of 80 psig. Four pumps discharge into each 
header system. The ninth pump, a spare, is piped to discharge 
into either or both headers. An automatic butterfly valve on 
each pump discharge operates under hydraulic control to control 
the discharge and to protect the pump against backflow. 

The two main headers are 78-in-diam concrete cylinder pipe at 
the pumping station. They gradually reduce in size to 16-in- 
diam at the most distant points of use. The most distant user is 
the power station, some 7000 ft along the pipeline from the pump- 
ing station. 

Surge Protection. The author’s water-hammer analysis for the 
over-all system indicated that, without surge tanks, a power 
failure at the pump motors would cause the water column to 
separate at several points in the pipeline profile. To forestall such 
separation and the damage that could be caused by the subsequent 
rejoining of the column, the surge facilities were designed and 
installed. 

A one-way surge tank guards each header system against 
water hammer. Fig. 16 shows the completed installation. The 
two tanks, located next to the pumping station, are 20 ft in diam 
and 80 ft high, with their tops about 100 ft below the normal hy- 
draulic-gradient line. 

The tanks, which were built to API Spec. 12-C, rest on concrete 
pads supported by piling. As shown diagrammatically in Fig. 17, 
each tank, when necessary, can discharge into its 78-in-diam 
header through two 54-in-diam tilting-disk check valves. The 
tanks can be filled manually through an 8-in-diam line. Any 
overflow is carried away through a 10-in-diam line inside the 
tank and drained to a sewer. 

Testing the System. Upon completion of the system, in August, 
1956, the author and the writer’s company conducted a series of 
water-hammer tests at the river-water pumping station. They 
simulated power failure at the pumps on each header system, and 
measured the effectiveness of water-hammer control devices. 
The test conditions were more severe than those existing during 
operation of the refinery, when a considerable part of the flow 
is taken off the line at refinery units close to the pumping station. 
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Fiz. 16 Photograph of the surge tank installation, with pumping 
station in the background 
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Fig. 17 Line drawing of the surge tank installation, showing how 
the tanks are connected to the main headers 


The hydraulically operated butterfly valves on the pump dis- 
charges were adjusted to close 10 to 12 sec after power failure. 
The surge tanks were filled to a level about 76 ft above the pipe- 
line. One header was tested with three pumps operating at the 
time of simulated power failure. The other header was tested 
with four pumps on the line. Oscillographs recorded the pressure 
changes in the header, next to the pumps, and the change in 
water level in the surge tank. 

When the power was shut off, the pressure in the discharge line 
dropped rapidly to a value corresponding to the head in the surge 
tank. At this point the check valves at the surge tank opened 
and water from the tank began to flow into the header. This 
effectively prevented water-column separation at all points in the 
pipeline and the subsequent pressure rise that would have re- 
sulted from rejoining of the water columns. 

The surge tank continued to drain slowly until the pressure in 
the header corresponded to the water level in the tank. Then the 
check valves at the tank closed smoothly. 

Under test, the protection facilities operated in a manner that 
agreed very closely with predictions. For this large pumping 
station, one-way surge tanks provided an effective and eco- 
nomical solution to the problem of water-column separation. 

All of the facilities described were designed and installed by 
the present discusser’s company who engineered and built the 
refinery and power station. 
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J. T. Kephart.’ The one-way surge tank is a simple, reliable, 
and economical way to eliminate water-column separation and the 
surge pressure due to rejoinder of water columns. Though air 
chambers or other devices may be used to eliminate water-column 
separation or reduce the effect of a rejoinder of water columns, 
the one-way surge tank stands out as a device which can be used 
without reliance on mechanical equipment (air compressors, 
valve actuators, and so forth) or without the direct introduction 
of air into a pipeline, which is undesirable under some circum- 
stances. 

In many locations, it would be desirable to provide freeze-up 
protection for the check valve and piping between the surge tank 
and the main pipeline by providing a small bypass line around the 
check valve and allowing the tank to overflow during cold seasons. 

To provide an additional measure of protection with the one- 
way surge tank, multiple check valves may be used. Maximum 
check-valve size is developed from the assumption that one check 
valve fails to close immediately upon flow reversal, and does not 
close until water flowing from the pipeline into the tank reaches 
the maximum velocity possible under the head available. The 
valve is sized so that the pressure surge resulting from instan- 
taneous stoppage of the reverse flow does not exceed the design 
head of the pipeline. Using check valves sized in this manner, 
the number of check valves is established by assuming one check 
valve fails to open when required. The number of check valves 
required is one more than the number necessary to permit water 
to flow from the surge tank into the pipeline at a low enough 
velocity to prevent pressure in the pipeline from reaching the 
vapor pressure. 

Unless energy contained in the pump-motor system is large 
when compared with the energy in the flowing water, rigid water- 
column theory yields a sufficiently accurate result of surge pres- 
sures for certain water-column-separation problems. For the 
example depicted in Fig. 5 of this paper, energy in the pump- 
motor system is given by 


W R*w? WR N 
g q 60 


and energy in the flowing water by 


E, = 1 609,000 ft-lb 


Ew = 1/2MV? = 710,000 ft-lb 


For a system having check valves at the pumps and neglecting 
friction, a formula has been derived based on rigid water-column 
theory which yields the maximum head at the pump as follows: 
ka kz) 
— hy) 


] ; 2p > 1.0 [7] 


hmax = 2k. + 2p 


L 
with k; = x where L, is the distance from the pump to the high 
H, 
and ky = , where H, 
is the elevation difference between the water supply and the high 
point and Hy is the elevation difference between the water supply 


and the free surface at the discharge point. 


point and LZ is the length of pipeline; 


For either of the cases illustrated in Figs. 4 and 5 of the paper 


ky = 0.25 
123 


= 0.56 
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0.251 
andhmax = 2(0.56) + 2.31 [ 


0.56) 
0.56(1 — 0.25) 
= 3.10 i 


{t is evident that this result is identical to the graphical solution 
obtained in the paper. 

Using a similar approach, the solution with the one-way surge 
tank is given by 


hax = ke + 2(1 — ke) for kz < 0.667, 2p > 1.0 


hax = 2k for kz > 0.667, 2p > 1.0 


which for the example in Figs. 10 and 11 is 


hoax = 0.56 + 2(1 


This is in near agreement with the graphical solution in the paper. 

The same pipeline without the surge tank was solved by both 
the graphical method and Equation [7] using 1 as 1970 ft rather 
than 3940 ft, resulting in the same value of hwax as before using 
Equation [7] and a value of Amax = 2.28 using the graphical 
method. This illustrates the effect of high energy in the pumping 
system compared with the flowing water. 

Analysis of Equation [7] shows the surge pressure due to water- 


— 0.56) 


column separation and subsequent rejoinder increases as values 
The case of 
k, = 0 is a common one for pumping installations using vertical 
pumps where the pump discharge is essentially at pump-house- 
deck elevation, and the deck is located above flood level. 


of ks and 2p increase, and as values of k; decrease. 


C. E. Withers. The first one-way surge tank designed and 
built by the Bureau of Reclamation was for a pump-discharge 
line for one of the pumping plants of the Brewster Irrigation Dis- 
trict near the town of Brewster, Wash. 

There are three interconnected pumping plants in this system. 
The first is the River Pumping Plant which consists of four deep- 
well-type pumps rated at 11.7 cfs each at 190 ft of head. Each 
pump has a separate discharge line which connects directly to the 
suction side of the four pumps in the second or Booster Pumping 
Plant. The pumps in the River Plant are automatically con- 
trolled by pressure switches on the suction side of the pumps in 
the Booster Pumping Plant. The River Pumping Plant dis- 
charge lines are 16 in.in diam, approximately 360 ft long, and, due 
to a very favorable profile, they present no transient. hydraulic 
problems. 

The Booster Pumping Plant consists of four centrifugal pumps 
rated at 11.7 cfs at 350 ft of head. Reverse operation of the pump 
and motors and draining of the pump-discharge line are pre- 
vented by check valves ahead of each pump. Gate valves are 
installed ahead of each check valve for maintenance purposes. 
The four pumps are connected to a single 36-in-diam pump-dis- 
charge line approximately 7400 tt long. The water from these 
pumps is discharged into a 500,000-gal storage tank in which are 
float controls which automatically operate the four pumps in the 
Booster Pumping t’lant. 

The third or Relift Plant is located at, and receives water from, 
the 500,000-gal storage tank. This plant consists of three centrifu- 
gal pumps rated at 13 cfs at 150 ft of head. Check valves and 
gate valves are installed ahead of each pump in the same manner 
as the Booster Pumping Plant. These three pumps are connected 
to a single pump-discharge line made up of 5100 ft of 36-in. line and 
1500 ft of 18-in. line. The water from these pumps discharges into 
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a 300,000-gal storage tank in which are located the float controls 
which automatically operate the three pumps in the Relift Pump- 
ing Plant. The profile of this discharge line is very favorable and 
presents no transient hydraulic problems. 

The water being pumped is for a sprinkler irrigation system 
and there will be no winter operation. It is essential to have auto- 
matic operation of the pumping plants so that only one operator 
is required to be on duty at a time. The two storage tanks are in 
a populated area and precautions have to be taken to prevent 
overflow of these tanks. 

The investigations into the transient hydraulic conditions in 
the Booster Pumping Plant discharge line disclosed that water- 
column separation would occur upon power failure and that the 
pressure rise upon the rejoining of these columns would be so high 
that to design for this condition would be impractical. 

The first remedy considered was the use of butterfly valves 
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which had a variable speed of opening and closing in place of the 
check valves. This required that for a short interval of time the 
pumps in the Booster Plant would have to run in reverse, and it 
would raise the pressure in the suction line where the pressure 
switch was located which automatically operated the pumps in 
the River Pumping Plant. This item alone ruled out this type of 
control. 

Consideration was given to increasing the rotating moment of 
inertia of the pumping unit to control the transient hydraulic 
conditions: however, this increase proved to be too great to be 
practical. An attempt to find a more favorable profile failed. mi 
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The next method investigated was the use of a conventional 
surge tank, Fig. 18. In order to prevent water-column separation 
between the surge tank and the pumps, the surge tank was lo- 
cated at Station 51 + 00. This necessitated a tank which, with 
ample freeboard, would be about 200 ft high. The pressure rise 
in the pump-discharge line was quite bigh and required plates as 
heavy as °/s in. thick. Due to the height of the surge tank and 
the high cost of this installation, this solution was not adopted. 

The use of an air chamber was then investigated, Fig. 19. The 
size and controls of this air chamber were such that the pressure 
rise in the system was approximately that of the design-shutoff 
head of the pump, and the drop in pressure in the pump-discharge 
line upon power failure of the pump motors was not in excess of a 
half an atmosphere at any point in the discharge line. This 
produced the most economical arrangement possible, as far as the 
transient hydraulic conditions in the pump-discharge line were 
concerned. However, there were other complications. The con- 
trol system at the air chamber was quite complicated and a small 
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Fig. 20 Schematic, Booster Pumping Plant with one-way surge 
tank, Brewster Flats, Wash. 


air compressor was required. Since this plant was to be unat- 
tended, the malfunctioning of the air chamber could produce 
disastrous results. In addition, the air chamber was large and 
expensive. Any savings in cost over the surge-tank system was 
problematical and it did not give the same degree of safety. 

One-way surge tanks had previously been used by the author 
but had never been considered for a Bureau project. This-prob- 
lem was not responding in an agreeable manner to the normal 
remedies, so that a new approach was indicated. Fig. 20 shows 
schematically the results of these investigations. The one-way 
surge tank was located at Station 41 + 00 where good foundation 
and drainage conditions were present. The pressure rise in the 
discharge line was less than the design shutoff head of the pump 
and there was no possibility of water-column separation. A safe, 
simple, economical method was thus provided to handle the tran- 
sient hydraulic conditions in the pump-discharge line. 

Fig. 21 is a sketch of the one-way surge tank. When the head 
in the system becomes sufficient, the water flows through the float 
control valve to fill the one-way surge tank. When the water in 
the tank reaches the proper elevation, the float closes the valve. 
This valve closure is controlled by the rate of speed that the water 
surface is rising in the tank and is so slow that no harmful effects 
can be produced by this valve closure. An overflow is provided 
to take care of any leakage in any of the valves. Two 12-in. check 
valves are provided to allow the water to run from the tank into 
the pump-discharge line upon power failure of the pump motors. 


i 
Float control valve 
on filling line 


Filling line | | 
4 Std pipe-.|.! 


150" Swing check 60° 
valve 14°12 18" Manhole 


FRONT ELEVATION SIDE ELEVATION 


Fig. 21 One-way surge tank 
One of these valves could supply sufficient water to protect the 
discharge line; however, in the interests of safety two were in- 
stalled. No gate valves were provided ahead of these check 
valves and none were provided in the filling line ahead of the 
float valve. 

Summarizing the results of these studies shows the following: 


(a) For the conventional surge-tank system 
Weight of discharge line 
Weight of surge tank 

Total 


Additional equipment required 
none 


827,500 lb 


800 Ib 

(b) For the air chamber sy stem 


Weight of discharge line 
Weight of air chamber 


Total 


Additional equipment required 
Air compressor and motor 
Automatic control system 


(c) For one-way surge-tank system 
Weight of discharge line 
Weight of one-way surge tank _ 
Total 
Additional equipment required 


Two check valves 
One float-operated gate valve 


Thus it is quite evident that, in this particular instance, the 
system developed in the subject paper provided a control over the 
transient hydraulic conditions in the pump-discharge line that 
fulfilled all the requirements of economy in installation and main- 
tenance, simplicity in operation, and control and safety to equip- 
ment and personnel, should any part of the system fail to sptee 
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materially to the value of the paper. Mr. Donsky’s and Mr. 
Kephart’s discussions include some useful concepts in connection 
with determining the appropriate size of the check valves and 
filling lines to be used with these tanks. Mr. Donsky’s ap- 
proximate formula for computing the flow out of the tank should 
be found useful for estimating purposes. Mr. Kephart’s analysis 
of one-way surge tanks, based on the rigid water column theory, 
is ec valus aden contribution and should also be found useful for 


estimating purposes. Mr. Elliott’s description of the design 
and operation of a large pumping plant installation where one- 
way surge tanks were used should give confidence in the use of 
this device. Mr. Wither’s description of the design of the one- 
way surge tank for the Brewster Booster Pumping Plant and 
the savings produced with its use are very informative. A recent 


field test of this installation also shows satisfactory operation 
of the one-way surge tank. 


Contr bution to the Stability 


« 
“fee 


Theory 


of Systems of Surge Tanks 


By CHARLES 


The paper develops and discusses the theory of stability for 
two surge tanks in series on the same tunnel. The number of 
free parameters involved in the analysis is reduced to the point 
where a general discussion becomes possible. The effect of 
relative tank locations, diameters, and periods is discussed, and 
the importance of friction losses on the over-all stability 


Nomenclature 
Tue following nomenclature is used in the paper: 


= gross head 
= head available at downstream surge 
state 

cross-sectional area of tunnel 
tunnel lengths 
horizontal area of cross section of surge tank 
“Thoma”’ cross-sectional area of surge tank 
velocity of flow in tunnel 


tank, in steady 


flow required by turbines at full load, in steady state — 


= head loss in tunnel, positive when V > 0 
head loss in tunnel at steady state 
water level in surge tank above reservoir level 
water level in surge tank above running level 
time 


period of mass oscillation neglecting 
friction 
amplitude of oscillation at sudden 


stoppage of flow to turbines neg- 
lecting friction 


Introduction 


Some modern hydropower stations incorporate several inter- 
connected surge tanks working in series on the hydraulic-pressure 
system. For simplicity, the case of two interconnected surge 
tanks will be considered here. The surges in the tanks are then 
the result of a complex superposition of basic oscillations (2, 6, 
10).2. Unstable oscillations may occur (1, 2, 3, 5, 8). Such hy- 
draulic systems are becoming more common and it is felt that a 
detailed surge-stability theory is becoming indispensable. 

It was shown in 1943 (1) that the stability theory of a system of 
surge tanks leads to a differential equation of the fourth order. 
Later publications (3, 8, 8a) brought some additional information 
on the complexity of the equation to be solved which contains 
not less than ten free parameters. 

' Consulting Civil Engineer, Water Turbine Department, 
Electric Company Limited. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Hydraulic Division and presented at the 
Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 26, 
1957. Paper No. 57—A-65 
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have failed to reduce the equations to a type which can be used 
for a general discussion and for representation on simple diagrams. 
The present paper is a contribution to the general theory of sta- 
bility of systems of surge tanks. 

In the case of a single surge tank and a turbine provided with a 
proper governor, the surge equation can be written, Fig. 1 


For small oscillations, a and b are shown to be constant. Fora =0, 
the oscillations are sine curves; for a > 0, they are damped, and 
forced for a < 0. The condition a = 0 is called the stability con- 
dition, and when a is being expressed in terms of the parameters 
Ay, H, FV,?, shown in Fig. 1, it leads to the so-called 


Fig. 1 
when governirg with constant output N = 


Diagram showing stability conditions for a single surge tank 


“Thoma formula.’’ This formula determines the minimum value 
At» to be given to the surge-tank area A, for stable oscillations 


L: 
Atm = = 
2gA7? FV.%H — FV,?) 
if 


It is convenient to write 


A, = nAtn 
It has been shown (2) that the general discussion of the stability 
conditions for a single surge tank is simplified if all the parameters 
are referred to this variable n. In the case of the equation of the 
fourth order ruling a double-tank system, the coefficients are far 
more complicated. However, it can be shown that a similar ap- 
proach leads to substantial simplification of the formulas and a re- 
duction in the number of free parameters. 

Referring to Figs. 2 and 3, the following parameters can be de- 
fined 


Q) = steady discharge through pressure tunnels 
Li, tunnel lengths 
An, Arz areas of tunnel cross sections 
Ay, Az horizontal areas of surge tanks 
FV o?, F2V20? pressure losses in two tunnels for Q 
(steady flow conditions) 


H gross head 


ier 


Qo 
it can be shown that the general stability problem for two in- 


terconnected surge tanks depends on these ten free a: 
In addition 


77 . 
| 
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A 
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Q = variable discharge through press ire pipe'ine at time ¢ 


V; Q:/An 
= Q:/Ar2 
2: = 


velocities in tunnels 
surges above static level 


The suffix 1 refers to the upstream tank and the suffix 2 to the 
other. 

Fig. 2 refers to the case where surge tank 1 is on the upstream 
side of « reaction turbine and a surge tank 2 is on the downstream 
side. This case has been dealt with in a series of recent papers (1, 
3,4, 5,8). The arrangement as shown in Fig. 3 applies to any tur- 
bine of the reaction or impulse type. The present paper deals 
with this second arrangement only. 

It has been shown (4, 5) that, in the case of Fig. 2, it is con- 
venient to introduce two parameters—the ‘““Thoma-areas”’ 
for the upstream tank 1, and Arp: for the tank 2. 

If (Fig. 2) 


Atm 


then, supposing each of the tanks to be working alone x . 


LAn 


HF V0? 


l Q \? 
Atm = 2g Ae 


ATh: = ) 


29 Arn 


By referring all quantities to these two basic values, the num- 
ber of free parameters can be reduced to the two unknown quan- 
tities n, and ne, respectively, defined by 


Fiz A, A, 
and to three free parameters, the ratio of the periods of surge 
tanks and the losses in the tunnels Z, and L, (5). A general dis- 
cussion of the problem is then possible, the results of which can be 
summarized readily in a single diagram, Fig. 4. 
The object of the present paper is to show that the same general 


‘> 
2 


Bfoble 


3 


Curves 1 and 2: m* = 0.2, Fn’ = Fp’ = 0.1 and 0.3 
Curves 3 and 4: m* = 1, F,,’ = Fp’ = 0.1 and 0.3 
Curves 5 and 6: m* = 5, F,,’ = F,.’ = 0.1 and 0.3 


Fig. 4 Diagram showing limits for stable governing (Tr 
case 1 for varying values of m*, F,,’, and F,,’ 


< 0) for 


method of approach can be used for the discussion of the case 
represented in Fig. 3. 
General Equations 

The continuity equations for the case represented in Fig. 3 are 


I, dV 
1 1 + + = 0 
g dt 
av 
= In Vs 0 
g at 


The net head is 
Hy 


Referring to Fig. 3, we can write 


Xi = Z, + 


Xo = + + F2V2? 


pare 


Turbine 


« 
2 ® 
AG | 
A 
4 
and 
dZ 
AnV: = As 
The corresponding two dynamic equations are 
~~ + 
| 
‘Fig. 2. Stability conditions for case 
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When governing at constant output, the governing equation Introduction of ‘‘Relative Values”’ 
can be written (for constant turbine efficiency ) Let now the relative values of Calame and Gaden (11) be 
introduced. If 2, 22, F,1, ho, F,2, hee are relative values, we ob- 
Qo, = QH + Zs) = QHe + Xs) tain the well-known relations (5) 


= ) = A ) Ly 
for small oscillations. This last equation gives also” ~ Q@ ’ ~ 


dQ Q dX. 


From Equations [1] and [2], observing that 


or, + 
_ Ai dX A: dX: | Q 2\ 1” dt 
An dt An dt An 1 \ dz, 4m? 2F, 
Ai Ag PX, Qo dX: dt T;? 


An dt? dt 
The losses in the tunnel can be calculated as 
Ai aX, As (, _ 
An “dt An dt An Hy 
~ Qo 


[,A2A =)" 
L,A\Ar: 


is the ratio of the periods of the two surge tanks, supposing they 
were alone. Similarly, Equation [4a] can be transformed and 


= Fy 


Assuming again small oscillations, and ol 
= = Fro 
2 


Qo dt Q dt (7 A Are 
Introducing these values of (dV,)/(dt) and F,V,?, Equation [3] Equations [3b] and [4b] can be compared with the similar equa- 
vields ae. tions obtained for case 1 (Fig. 1) (3,5). The perfect symmetry of 
: 4 case 1 is no more observed in this case 2 and it is to be expected 
Ar += 2FwA, 4X; _ DAs that the calculations will be somewhat more laborious. 
An dt* dt Amn dt? 


(Hats _ 4% ) aX, 2F Equations [3b] and [45] are of the type 
Qo gA nHo dt 
Equation [4] can be dealt with on similar lines, when = bx = + — + 


_ Az x a 
“po 


As aX; = dX, which are well-known equations ruling stability problems. They 
dt 


“An de lead to an equation of the fourth order which is linked to the roots 


3 
of the equation 


2X, . 2A; dX; p?>+ap+b, —(Aip? + Bip + C) 
— —C; p? + + bs 

for small oscillations only, and when F;V2? = Fx. Then + Another approach for obtaining Equations [3b] and [4b] would be 

i to start from the equations in relative values, as given by Calame and 

L, A: a*X; (7ets L2Qo ) dX, Gaden. This was the method used by L. Escande and R. Houron in 

: . a their paper of La Houille Blanche, October, 1953. The quickest 

9 An di Qo pAnthe/ a method is to use the equations [88] to [99], p. 48 of A. Gardel, 

“Chambres d’Equilibre,’”’ and to adapt these equations to the case of 

two surge tanks. All three methods finally yield Equations [3b] and 
[4b]. 


> 
=-—— and = 
it dt dt dt Equation [3a] then becon 
> 
— 
Vi ae? 
T2 
m* = = 
i= 
ib] 
Ly 
re 
— 
V2 
| | | | 
= 
0 
Ri 
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or 


+ ap + + agp + bs) — 
(-GN 


A,p? — Bip — C1) = 0 
which can be put into the form 


pt + ap* + aap? + ap +a =0 


where 


a, + 
bi + aya, + b2 — 
aybz + — B,C; 
_ Equation [5] represents stable oscillations when 
a >90, a@>0, a>0, 
and 
T = a? — — < 0 


The problem consists now in calculating a, @, and T and 
discussing the Equations [7]. 

Equations [36] and [4b] still contain eight apparent parame- 
ters: Fr, Fr, hio, he, 71, T2,m*, and m. These parameters all 


implicitly depend on Z*;, Z*2, A1, A2, andQ. A general discussion 
is not likely to be successful unless new parameters are intro- 
duced. These will be the same as those used for the discussion 
of case 1 (2, 4, 5). 
Accordingly, the fundamental values 
Th = = 
7 An} 29\An/) 
7 are introduced. These are the Thoma areas for the surge tanks 
1 and 2, Fig. 3, supposed to work alone, each of them characterized 
by the parameters L,, Ari, Fo, Ho, and Qo for the upstream tank 
and J, Ars, Fa, Ho, and Qo Tor the downstream tank. pie 
Tne true areas of the surge tanks are then 


A, = and As = 


mn; and nz are the main variables to be used for further discussion. 


4 Let all the parameters be now defined as functions of 


Ze,’ = = 
a 
and 


Vs 
Ze:' = 


ho = V (ni )hio’ 


V (ns )Ze1 
V (ne Zee 


and 


and 


ha = 


Fn = V(m)F 


Pr = 


and 
Fx i 
anc 
Ze2' 
It can be shown that, because of the definition of the Thoma 
areas Fry; and Frne 


This remark brings substantial simplifications of the equations. 
Tn addition, let 


the periods of the two Thoma surge tanks, and 
LAiAn 


L,AmAr 


With these new parameters, and a, now become 


, 2F 
2F,. ‘mm * oF. 


nm 
— — | 


1 
— [ mes (vm 2F,,’ 
VN 


+ m* — [2F2']?) 


Ne 2F 2 
ny Vins 
16 
[m*? {1 — (2F9’)*} — m*(2F 
2 
Furthermore 


T = a3? — — 


Discussion of Stability Conditions 

All the terms of I! = 0 contain the factor 642*/T;° which is al- 
ways positive and therefore can be ignored. The coefficients a, 
Q@, Q, and as, and the function I’ depend now only on n; and ng 
which we choose as independent variables for the discussion and on 
the free parameters m*, F,.’, F,.', and \’. These all depend on 
At; and Ath: (and not on A; or A;) and can all be calculated be- 
forehand, thus making a general discussion possible. 

Similarly, when discussing case 1, it was found that the problem 
depends only on n;, ng and on m*, F,,', and F,.’. It is well worth 
while to show here Fig. 4 on which some characteristic curves T = 
0 have been drawn for case 1. They clearly show when and in 
what proportion the basic values of Thoma Ara; and Arn: have 
to be increased if stable regulation is required (4, 5). 

The aim of this discussion is to establish similar curves for case 
2. 

The parameter A’ = Arn2/Artn: has first to be dealt with. The 
Thoma area Ars depends only on the tunnel diameter D, on the 
head Hp, and on the friction factor of Manning. It is well known 
that At» can be written (2) 


nA V/s LA 
i’ = 2r (2 =) and ( =) 
gAn gAr2 
so that 
H 
H 
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k, = Manning friction factor — 


const 


Ar» does not depend on the tunnel length Z nor on the discharge 
Qo. If the two tunnels L; and ZL, have the same diameter D and 
the same friction factor k,, which is likely to be the case, then 
= land Am, = = Ath. 

All numerical calculations will be done for \’ = 1, so that the 
number of free parameters for case 2 is now reduced to five, as it 
was for case 1. 

The parameters a, G2, @3, and a, and the function T have been 
calculated for three typical sets of parameters. 


(1) m* = 
(2) m* 
(3) m* F,’ = 0.3 

The first case corresponds to a system where L/L. = 11, the two 
surge tanks being near the end of the long tunnel L;. The second 
case corresponds to L; = Ls, the upstream surge tank being lo- 
cated about half way down the pressure tunnel. The third case 
corresponds to the upstream tank near the reservoir. 

The curves a, = 0, a; = 0, and T = 0, the only curves of in- 
terest for the discussion, are represented in Fig. 5 for both cases 1 
and 2. 

The curves show that for values ns < 1 the factor n, lies between 
0 for 
varying values of ne. They also show that for n. < 1, the sum n, 
+n.> 1. Nothing can be gained by reducing the area of surge 
tank 2 below the value of Thoma. In exceptional cases, the limit- 
ing value of n is given by the condition a; > 0, the curve a, = 0 
cutting the curve T = 0. 

It is of great interest to notice the position of the points B,, Bz 
...in Fig. 5. These points correspond to the condition a, = 0 or 


two curves, representing the two roots of equation T = 


Fp’ 
n= 


Fig. 5 Diagram showing the limits for stable surges (f < 0) for 
case 2 for varying values of m*, F,,’, and F,.’ 
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The additional condition a; = 0 or 


(m*? 2F 2’ + A'm*2F 1) 
1 


— + + m*2Fn’[1 — (2F2’)] = 0 


ny 


yields the value n; for which T = 0. Point B therefore corre- 
sponds to the simultaneous conditions a, = 0, a; = 0, and T = 
a;? = 0 which obviously is a double root. 

The shape of the curves a; = 0 and T = 0 obviously depends 
on the position of point B. To illustrate this analysis, the follow 
ing cases have been calculated (A’ = 1) 


(1) m* = 03, Fa’ = 03, Fr’ = 0.1, ny = 0.526, 


n, = 0.66 


(la) m* = 0.3, -F,’ = 0.03, nz = 0.25, 


(2) m* = 0.2, F,’ = 0.2, nm = 0.5, n, 1.19 


(3) m* 0.03, Fr’ = 0.3, 


= 0.77, 


ny 14.9 


Fig. 6 shows how point B moves on the diagram (n;, m2) when 
m*, F,,', and F,.’ vary. Even a small variation of the fric- 
tion losses F’,.’ from 0.1 to 0.03 causes the point B to move from B, 
to Bia. 

The value m* = 3 corresponds to a short tunnel LZ, and to a 
system where the upstream surge tank is near the reservoir (L, /L2 
= 0.09). Point Bs (nz = 0.77 and n; = 14.9) falls outside the 
diagram Fig. 5 and is shown only in Fig. 6. Further numerical 
analysis shows that for n. = 1, n; must be larger than 12 (n; > 12). 
The dimensions of the upstream tank must be fairly large. [This 
curve (3) could not be drawn in Fig. 5.] When m* is > 1 or 2, the 
numerical value of T depends mainly on a, = C(n2/n;) (where C 
= const). In this particular case, thé ratio of ne/n; is of major im- 
portance. 

This short analysis shows there is, in most cases, little or noth- 
ing to be gained by choosing a narrow downstream tank (nz < 1). 
For practical reasons, the surge tanks nearest to the pressure pipe 
should be equal to or larger than Arm». For a wide range of values 
stability nevertheless can be achieved when nz < 1 provided n 
has the required minimum value for T' to be negative (T <0); in 
most cases this requires a greater volume for the upstream tank 


— 


8, (7, 9) 


Fig. 6 Position of point B for varying values of m*, F,,’, F,,’ 
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_ which more than counterbalances the economy in the downstream 
shaft. 

Case (la) with m* = 0.3, Fn’ = 0.3, Fy’ = 0.03 is a possible 

exception to this general remark, 

For many years, designers who used shafts for introducing 
secondary water streams into the main pressure stream adhered 
_ to the rule of thumb that the shaft nearest to the pressure pipeline 
- was the real surge tank and had to be designed according to the 
old formula of Thoma. The present analysis shows that this is a 


approach. 


Another type of tank comes into this category—the Innert- 


power systems (e.g., the surge tanks of the three power stations of 
the Maggia Development). These are systems of tanks where 
_L./L, is very small. They all have been designed with n2 > 1. 
For large values of m*, the stability conditions, as shown by the 
analysis of the function T = The ex- 
ample calculated here, with m* = 3 and L,/L. = 1/11, shows that 
the area of the upstream surge tank 1 must be quite considerable, 
as compared with F'rp,; even if nz 2 1, if stability is to be achieved. 


0, change considerably. 


A problem of this type may occur when a sand eliminator, de- 
signed as a tank with free surface, is to be built inside the pressure 
tunnel near the intake. 

According to Gardel (9), who studied surge-tank systems with 
small upstream reservoirs, stability of oscillations could be 
achieved when the reservoir is provided with an overflow. In 
some cases, this could be a way out of the difficulty when design- 
ing a system where the ratio L/L, is small (L,/Lz < 1/5). 

An alternative solution is to keep everything under pressure, 
including the sand eliminator. This is the solution used at Wassen 
power station in Switzerland. 

It is not recommended that a secondary water stream be intro- 
duced into the main pressure tunnel by using a vertical shaft if the 
shaft is located near the intake. In such a case the correct solu- 
tion would be to divert the water towards the reservoir, eliminat- 
ing the dangerous shaft. 

The values n; and nz given by diagram Fig. 5 correspond to the 
limit of stability (T' = 0). For the oscillations to be damped (T. < 
0), values larger than the one calculated here have to be chosen. 

A detailed theory of the damping of surges has been developed 
for case 1 (2, 5,7). There is no need to repeat it here. 

The practical importance of the theory developed in paper (5) 
and in this contribution can be stressed now. Some examples of 
multiple surge tanks according to case 2 have been mentioned. 
Case | is of greater importance, especially for underground power 
stations. The Kiewa surge tank and the Chute des Passes surge 
tank have been mentioned in paper (5). But there are many other 
tank systems of the same type, of very large dimensions, now 
under construction or consideration, to which the theory applies. 

The results of this general investigation have been summarized 
in Figs. 4, 5, and 6. They show that the whole problem depends 
mainly on the ratios of the tank periods m* or m*, the importance 
of which was stressed in the 1943 paper and now appears to be the 
key of both problems (case 1 and case 2). The importance of the 
friction losses, expressed in relative values (F,,’ and F,.’) had 
been somewhat overlooked in previous researches. The friction 
losses are more critical than were expected and cause the curves T 
= 0 to vary considerably over the (n;, nz) diagrams, Figs. 4 and 5. 
To have these ratios F,;’ and F,.’ included in the present analysis 
considerably adds to the interest of the results. 

To complete the over-all picture, the results obtained by 
Zienkiewicz on “parallel-branch” and “differential’’ surge tanks 
should be mentioned here. 

The cautious approach to these problems shown in the past 
by many designers is justified by this more detailed analysis. 
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Discussion 


C. G. Smallridge‘ and K. J. Gray.’ In order to appreciate fully 
the significance of the author’s contribution, we should first 
consider when a surge-tank system can be used in practice. 

Multiple tanks on the upstream side of the units can be used 
under the following circumstances: 


1 A long headrace tunnel with subsidiary water being supplied 
through shafts. 

2 A long headrace tunnel for which a downstream tank be- 
comes excessively large and costly to construct. 

3 When an existing scheme is extended and the surge-tank 
capacity has to be increased. 

4 To obtain better stability for an existing tank for which 
operating conditions have changed. 

5 When a vertical or slope shaft can be used to decrease the 
size of the main surge tank. 


The design engineer, with the aid of the analysis presented by 
the author, can conclude more quickly what influence the intro- 
duction of an additional shaft would have on the stability of the 
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ervoir 


Fig. 7 Diagram showing saving in total area by making down- 
stream tank equal to Thoma area 


system, and is able to define the limiting stability range as a guide 
to preliminary selection of tank sizes and locations. 

Now that this tool is available, an appreciation of the influence 
of the location of the second tank relative to the first tank is 
readily obtainable by making a few mathematical calculations. 

The theory does not size the tanks but readily shows whether 
the tanks are stable; in other words, a stable region can be estab- 
lished within which the designer knows that stability will be at- 
tained. 

Carrying the investigation a step further, the writers have 
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shown that, as the location of the upstream tank varies, there is a 
decided advantage in retaining the area of the downstream tank 
as the theoretical Thoma area. This results in a saving on the 
combined area of the two tanks and, therefore, the over-all cost of 
the main tank system. This becomes particularly evident as the 
upstream tank moves upstream from the half-way point towards 
the intake end. 

Referring to Equation [9] the criterion for a; = 0, nz is always 
<1 for the limiting stability points. 

3y making = (Fre’/(Fri’ 

By making u (Fro’/(Fr;’) 
— m* 

m*(1 — 4Fr2?) 
where N,; = value of n; when n. = 1. 

Fig. 7 indicates the effect of making the area of the down- 
stream tank as near as possible to the Thoma area even though 
stability can be achieved for smaller values. 

The author is to be congratulated on this valuable contribution 
to the understanding of complex surge-tank problems. 


H. M. Paynter.* The author is to be heartily commended for 
his notable contributions to the field of surge-tank performance 
and stability. This paper manifests again his concerted effort 
to reduce an inherently large number of parameters to a suf- 
ficiently smali group for practical general studies of multiple-tank 
stability. Since analytical results based upon a linearized set of 
equations, assuming constant hydraulic power, should never be 
used for more than preliminary sizing, these efforts of the author 
will reduce greatly the task of final sizing and design. This latter 
phase necessarily will require detailed calculations which are cur- 
rently based largely upon “hand’’ numerical and graphical 
studies, but which are ever more commonly being performed on 
analog and digital computing machines. 

The writer has long been actively interested in questions con- 
cerning surge-tank performance. He is convinced that there is 
ample need for additional reliable and logically consistent pre- 
liminary design data. To this end he has taken the liberty of us- 
ing the opportunity of this discussion to add to the results and 
simplifications of the author. 

An extremely practical simplification results in Case 2 by pur- 
suing a little further the author’s remark concerning the near 
equality of Thoma areas if both sections of the tunnel may be 
assumed to have the same diameter. By substituting a Darcy- 
Weisbach friction-loss term in the Thoma equation, there re- 
sults the following simple expression for the Thoma area: 


where f is the Darcy friction factor (0.015) and the remaining 
terms are as defined by the author. 

Thus in Case 2, if the tunnels can be assumed to have the same 
diameter 


Dn = Dr = 


then it is reasonable to expect that 


and, therefore 
Atm Ath At 


These results were noted by the author. However, under these 
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same conditions, the rated friction losses, F'y> and Fy, may be as- 
sumed to vary in direct proportion to the ratio of tunnel lengths 
I, and In, thus 


Fyo/Fx = 


This simplification and specialization of Case 2 thus reduces the 
general study to a systematic exploration of only four parameters: 


= A;/Ath 
h = 2(Fy + Fa)/Ho 


n= A,/Atn;} 
p = L,/(, + Ia); 


as indicated in Fig. 8 of this discussion. 


Turbine 


Constant Diameter 


1-0 


Q: measures the upper tank location . 
messuces the reletive friction loss 


ae. Fig. 8 Definition sketch for new parameters 

In terms of the new parameters p and h, the author’s parame- 

ters for Equation [8] can be expressed as follows: 


m* = (p’/p)'* = — p)/p]'* | i 
= (ph)'/* 
2F = = [(1 — p)h]'? } 


Then the characteristic equation and its coefficients, Equation 
[8], may be expressed as follows 


+ + + as’p’ + a,’ = 0 
= 2ne 
m2 + (1 — 2p’h)pm, + pp’nineh 


= pnyn2(1 — p’h) + — 1) 
a. pp’nyn2(1 — h) 
For typical hydroelectric stations, the friction parameter h will 
vary in the range 


0<h 02.. [18] 


unless the tunnel conduit is sized upon other than economic fac- 
tors. 
From its definition, the spacing parameter p must lie in the 


range 


Fig. 9 of this discussion presents stability plots determined 
from analog-computer studies of the system equations as given 
in the paper and indicated in Fig. 10 of this discussion. This 
machine is indicated in Figs. 11 and 12 of this discussion and is 
one of the standard facilities of the American Center for Analog 
Computing in Boston but represents a nevel form of computing 
equipment. 

In the present application each unit as indicated in Fig. 13 per- 
forms the following operation 
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STABLE 
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Stability plots 
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Fig. 10 Equations and parameters for Case 2 


where 
y output variable 
Le, La, any four input variables 
static level 
m 0, 1, 2,3 
a; adjustable constant from 0 to +11.10 


This machine is unique in that all parameter settings and inter- 
connections are executed by switches alone. The setup sheet for 
Case 2 with the parameters indicated is shown in Fig. 13. Only 
four K5-U elements were required. 

Returning to the results of Fig. 9, as the author has shown, I" 
will vanish identically whenever a,’ and a@;’ vanish simultane- 
ously. Let us call the values of n; and nz for which this is true n,* 
and n,*. These values fix the points B, in Fig. 10 and are readily 
found to be the following: 

__0.500/p Critical values 
1 — (1 — at 
= 0.500 point B 


n,* = 


In order to apply these results in practice it is necessary to em- 
ploy values of n, and nz greater than the critical values for any 
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le=o3 


N= 1-54 


| il 


(2) 


n, =051 En 


Fig. 14(b) 


given values of p and h. A possible set of safe values for pre- 
limina:v use would be the following: 


7 0.500/p | Safe values 
1— (1 —p)h for 


1.5n.* = 0.730 preliminary design 


The relative stability margin is indicated in Figs. 14(a, 6, ¢). 
These depict analog solutions for the values of n,; and ne cor- 
responding to Equation [22], for the indicated values of p and h, 
together with the effect of reducing n; and n2, separately, to their 
critical values. 

A fuller discussion of these results as well as comparable de- 
velopments for Case 1 and other cases, developing working charts 
for the Jaeger stability conditions, using analog computers, is 
shortly to be presented in a paper by the writer and his colleagues. 


n, = 0-76 = n,* 


| 


i 


Fig. 14(a, 
versus time 


Fig. 14(< 
Computer results for Case 2 downstream levels 


C. C. Crawford.’ Another important chapter has been added 
to the book on surge tank stability. The author has again earned 
the thanks of the engineering profession. 

Had this solution been available, the writer could have applied 
it during the stability analyses of the proposed surge-tank systems 
for T-1 Power-plant, Australia. As shown in Fig. 15, T-1 has a 
system of three surge tanks to be considered for stability; two 
The sizes of 
these tanks were fixed by other considerations and then were 
checked for stability. 

Stability of the system was considered to be satisfactory if small 


1 Safe values of n; and ne 
2 reduced to stability limit 
3. ne reduced to stability limit 


upstream and one downstream from the turbines. 


oscillations were damped with the plant developing maximum out- 
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Fig. 16 T-1 power-plant stability study 


put at minimum head, regulating to constant power output at 
constant efficiency. 
From analytical studies of the system it was concluded: 


1 The tailrace surge tank and tunnel would have very little 
effect on the stability of the system. 

2 There would be no instability between the two upstream 
tanks. 

3 The small headrace tank would ‘‘synchronize”’ quickly with 
the large headrace tank. 

4 The whole system would be stable for the operating condi- 
tions just given. 

Application of the author’s solution, assuming the tailrace sys- 
tem to have no effect, shows the system of headrace surge tanks 
to be stable. 

Stability of the complete T-1 system is shown in Fig. 16, the 
results of a stepwise, graphical, stability solution. 


Author’s Closure 


Two recent papers by the author and a third one by Mr. Zien- 
kiewicz summarize the problem of the stability of systems of 


ou 
‘ 
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surge tanks. The particular case dealt with in the paper sub- 
mitted to the ASME concerns surge tanks on the upstream side 
of the turbine. In their comments Messrs. C. G. Smallridge and 
K. J. Gray enumerate five cases when multiple tanks on the up- 
stream side of the turbines can be used, and Mr. C. C. Crawford 
describes in his contribution a most interesting surge tank system 
designed by the Snowy Mountains Authority in conjunction with 
the Bureau of Reclamation for Suowy T-1 Power Plant in Aus- 
tralia. The author’s solution shows this system to be stable. 

The importance of surge tanks has further been stressed by a 
recent article by the same author on ‘Economies of Large Surge 
Tanks’’® where it is said that some modern surge tanks may cost 
over one or two million dollars. 

In his contribution Prof. H. M. Paynter makes a further most 
valuable suggestion regarding friction losses, which can be taken 
proportional to the tunnel lengths Z,; and Z,. This reduces the 
number of free parameters to two [p = L,/(I; + I,) andh = 
2(Fio + Fx) /Ho} instead of three (m*, Fio, used by the author. 
The two variables remain as before n; and nz. 

After such simplification the problem can be put on an elec- 
tronic-analog computer for rapid analysis. The curves shown 
by Professor Paynter, Figs. 9(a and 5), confirm diagram Fig. 5 by 
the author. 

Messrs. Smallridge and Gray have suggested to calculate the 
sum (n; + nz) for ng = 1 and for varying values nz < 1, the total 
surge tank volume being proportional to (nm; + m2). They show 
that there is a decided advantage in retaining the area of the 
downstream tank as the theoretical Thoma area (nz = 1). 

The same problem can easily be tackled using Professor Payn- 
ter’s simplified assumptions: 

For nz: = 1, equations [17] become: 


a,’ = 1 + pn,(l — p’h) 
a,’ = pp’n(1 — h) 


a,’ = 1 
a;’ = pn,(1 — p’h) 
and T = a;? — a;(axa@; — = 0 


yields the conditions n; = 0 and n, + nz. =-1. 

The critical values at point B are given (assumptions made by 
Professor Paynter) by Equations [21] and for this particular 
point (see Figs. 5, 6, and 9): 

0.5/p 


* = 0.5 + 
m* + 


The inequality n,* + n2* > 1 becomes —p*h — (1 —h)p + 1>0. 
The roots of this equation are p = 1 and p = —1/h. As pmust 
always be 0 < p < 1, the inequality n,.* + n.* > 1 is always 
fulfilled for point B. For p < 0.5, n* + ng* rapidly increases to 
values substantially larger than 1.5. 

This confirms by another method the conclusions of Messrs. 
Smallridge and Gray. 


8 “The Economics of Large Surge Tanks,”” by Charles Jaeger, 
Water Power, vol. 10, no. 5, 1958, 
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Water Hammer in Nonunitorm Pipes as an 


Example of Wave Propagation 
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By H. M. 


Wave disturbances propagate down a fluid pipe, whose charac- 
teristics vary only gradually over a single wavelength, in nearly 
the same manner as a uniform pipe of the same total transmission 
time. However, the variations in pressure and flow along the 
pipe are modified directly and inversely, respectively, with the 
square root of the change in characteristic impedance level. 
This generally useful ‘‘Green’s Law’’ approximation is checked 
against exact solutions and other methods of approximation. 


Statement of General Problem 


Tue phenomenon of pressure-wave propagation in fluid pipe- 
lines known as water hammer has now become well understood. 
However, nearly all solutions and solution methods are based on 
the assumption of one or more sections of pipe and enclosed fluid 
having uniform properties throughout the length. Indeed, the 
very mathematical existence of wave-like behavior is premised 
on the constancy of the transmission parameters. 

Yet it is readily appreciated that such strict constancy is alto- 
gether lacking in practical structures in which such phenomena 
are known physically to exist. One need only consider the numer- 
ous occurrences of bends, joints, stiffeners, anchors, and the like, 
in actual pipes to realize that some variation in at least the elastic 
properties of a fluid pipeline is inevitable. Thus the interesting 
question arises as to how much variation in properties can occur 
before the distortions in wave forms become of such practical 
significance and importance as to be taken into account in design 
and operation. A closely related problem arises in pipes whose 
thickness is varied to take into account variations in static and 
dynamic pressures. Since the latter themselves depend on the 
local thickness, it is easy to see that a “vicious circle’’ could arise 
in the design problem unless the order of magnitude of these 
variations is well understood. 

Another manifestation of variation occurs in the use of some 
of the standard approximate formulas which replace an actual 
composite pipe by an assumed equivalent uniform pipe. How- 
ever, the strength and weakness of such approximations are not 
well known. 

It is the purpose of this paper to point out that the answers to 
these and other questions follow directly from a number of re- 
searches on propagation in variable media which have stemmed 
from both the early studies of George Green in 1837 (1),? concern- 
ing the classic ‘““Green’s Law’’ of gravity waves in shallow chan- 
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nels and also an entirely independent and more recent develop- 
ment in electrical engineering and electromagnetic theory cul- 
minating in papers of Schelkunoff (2), and Barthold (3). Some 
of the history behind this evolution has been recounted in a dis- 
cussion by one of the authors (4). 

Since nearly all these researches have arisen outside the province 
of conventional water-hammer studies, it would seem appropriate 
to present herewith a short “‘dictionary’’ of equivalent terms in 
generalized dynamics to aid and encourage interested readers 
both in going back to the original sources and in keeping current 
with extremely pertinent work in these closely analogous fields. 
Such an analog glossary is given in Table 1. 

Inspection of this table makes clear the setting into which this 
paper is cast; namely, that water hammer in nonuniform pipes 
is merely a special case of the broad general field of wave propaga- 
tion in varying and stratified media. Thus it should be no sur- 
prise that this problem is closely related to: (a) Transients in 
tapered electric transmission lines (column 2 of Table 1), (6) 
seismic waves in the ground (column 3), (c) vibrations in turbine 
shafts (column 4), (d) tidal waves in river estuaries (column 5), 
(e) acoustic propagation in horns (column 6), as well as many 
other fields. The authors could achieve no better purpose in this 
paper than to press the point that even on a probability basis, 
alone, important new developments in water-hammer theory are 
more likely to arise in these related fields than in the narrow con- 


text of water-hammer problems. 


Use of Canonical Variables 


The classical water-hammer equations (neglecting pipe fric- 
tion) can be written in the form 


oH 1 


gA 


H(s, t) total head, ft 
Q(s, t) flow, cu ft/sec 
distance along pipe, ft 
time, sec 

= gravitational acceleration, ft/sec? 
A(s) = local pipe sectional area, sq ft 
a(s) = local speed of sound, ft/sec 


as 


Using the generalized concepts of local inertance, per ft, a: 4 
local capacitance, per ft, (13), defined as 


I = I(s) = 1/gA(s) 
C = C(s) = gA(s)/a%s) 


Equations [1] and [2] may be rewritten in the form 


| 
; 
) 
H 
Q 
{ 
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Table 1 
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se 


Electric J 


Analogous quantities in wave media 


——Fluid— 
Liquid Gas 
H 

flow 


Q 


— - Medium- 
——Mechanical — 
Linear Rotary 


foree 


— 


Generalized term 


Effort 


Flow 
f 


volts age torque pressure 
M 


velocity speed 


w 


Power 
P=e-f 


Impulse 


p= Sfedt 


impulse 


S Pdi 


E-I P=F.V 


flux 


= fEdt P = 


= M-w 


impulse 
M= 


P= 


impulse 


p= SHd 


P= 


~ 


impulse 


S Fadl 


charge 
Q= Jfid 


inductance 


Displacement 
Sfdt 
Inertance 


distance 
= fVdt 


mass 


angle 
S wilt 


inertia 


volume 
= fQdt 


inertance 


weight 
S= fWat 
inertance 


L = Ay/Al M = Ap/AV I = AM /dw I = Ap/dQ I = Ap/AW 
capacitance compliance compliance capacitance capacitance 

AQ/AE 1/K = AX/AF 1/K = 40/AM C = AV/AH C = AS/AP 
(1K)'/2 Z = (I/C)' 
(I/K)'/2 


Capacitance 


I = Ap 


C= Aq Ae C= 
T = (LC)'/: T = 


Surge impedance 
Z = (1/C)': 
Wave time 


= (MK): Z= = (I/C)'/ 


T = (IC): T = 


= (L 
(M/K)‘/: 


H-Q=U-V 


As shown in Appendix 1, use of these canonical variables, 7, U, 
and V, reduces the first-order equations [1] and [2], (or [3] and 


In a practical pipe, it is clear that variations in diameter, 
[4]) to the canonical pair 


thickness, material, and constraints will cause the local inertanee 
and capacitance to vary from section to section. The computa- 
tion of these parameters is sufficiently well detailed in readily 
available literature (5, 6, 7, 8, 9, 10) to obviate inclusion here. 

Following suggestive leads from the original work of Green (1), 
Evangelisti (11, 12) developed a transformation of variables 
which greatly reduces the variability in wave form due to varia- 
tions in properties and parameters. This scheme has been used 
in an earlier paper of the authors (13). By the entirely inde- 
pendent route noted here, Schelkunoff (2) has 
identical transformations which he appropriately denotes as a 
“reduction to canonical form.’’ These redefinitions of variables 
are as follows 


where 


(In €) {In €(s)]. 


arrived at the or as 


For a fluid pipe vy = v(s) can be written 


»(s) = - fa(s)/gA(s)]'/* 


(A) Distance Transformation [a(s)/gA(s)]' 


= ¥(e)-ds, seconds............. (5] 


— 
Os 


or dr = yds Als) 2 pie’ 
or = [13] 
) Transformation = 2 os \ A(s) 

1 In terms of an parry! reference level for characteristic im- 


dey /gAo, we can deal with the relative changes Z 


(B) Head (or “Effort’ 


pedance namely, 
where 
Flow” 


V =d€s)-Q, 


(C) Flow (or * ) Transformation ( 

as) 
= rT y per unit 
A(s 


a(s)/gA(s) 


ao/gAo Ay 


(D) Transforming Parameters In these terms, the parameter v becomes 


{I(s)-C(s)]'2,  sec/ft _ a(s) 0&(s) 


22° as 


¥(s) = 
= reciprocal wave speed 
= [I(s)/C(s)}'/* Thus if Z varies by as much as 1 per cent per foot, and a was 


sec'/?/ft 
approximately 4000 ft per sec, »y would have the value 


d= 


= root surge impedance 
4000 
(0.01) = +20 sec™ 


For a fluid pipeline the transforming parameters become 
( 


¥(s) = Pes ¥4 However, this would represent an enormous variation if sus- 
7 tained over the length of, say, 1000 ft of pipe since AZ would be 


1000 per cent or a tenfold increase (or decrease) in surge im- 
pedance. 


1/a(s) 
[a(s)/gA(s)]'/2 


Moreover we should note that the local fluid power is measured by 
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For a gradually and more or less uniformly tapered pipe, such 
as frequently encountered in hydro plants and pumping sta- 
tions, the value of »y would be much less. For example consider a 
variation in pipe thickness (and possibly diameter) such that 
Z = 1 at one end 
Z = 2 at opposite end 
of a 2000-ft pipe with average a of 3000 ft/see. This would yield 
the value 
3000 1 
= = 0.75 sec! 
2 2000 
which represents a more typical situation in practice. 
Derivation of General Wave Equation 


Corresponding to the canonical pair of first-order equations 
[10] and [11], we may simply derive general wave equations. 
These have been established in Appendix 2 as the following pair 


o*U + (» ov ) (15) 
2 

Or? ol? OT 


®: 


It is now directly evident that if v is _vervwhere zero along the 


ov 
pipe |v =0; 

or 

tically to the classical wave equations. 

dent that small and gradual changes in characteristics produce 

materially different behavior from large and abrupt changes. In 

the first instance v? and dy/dr may be sufficiently small as to be 


0) the foregoing equations reduce iden- 


Moreover, it is also evi- 


neglected, while in the latter case this is not usually possible. 
Consider an assumed wave form 

U = K sin [w(t + 7)].......... 

This corresponds to an exact solution for the classical wave 


case (vy = 0), as can be seen by differentiation 


= —Kwo’ sin [w(t + 7)] = 


.. [18] 


If this result is taken as a first approximation, we may evaluate 
the relative magnitudes of the two terms on the right side of 
Equation [15] 


o°U 
ot? 


, The ratio of these terms is therefore given by 


|F/G| ~ ut/(» 
or _ 


Thus as the frequency w increases, the effect of any gradual 


P= = —Kw? sin [w(t + 7)] 


(> K sin [w(t ) 


variation | py, finite and small }) will become less and less 

significant. By contrast, any abrupt variation in properties (> 

4 infinite } may produce measurable effects at many frequencies. 
T 


ov 
Indeed, v and o- play the role of “structural frequencies,’’ which 
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will perturb only those portions of the solution in the correspond- 
ing range of temporal frequencies (20). 


Effects of Abrupt and Gradual Nonuniformities 


A general variable-section conduit can always be considered as 
a finite or infinite sequence of small elements, as indicated in Fig. 
1. Each small section may be considered as two small lengths of 
uniform pipe, each having equal transmission time. The proper- 
ties and corresponding surge impedance of one half-section are 
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2 = 

ow 
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SEGEN 
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Fig. 1 Fluid pipe of gradually varying properties 


taken as that at the beginning of the physical element, while the 
parameters of the other half-section are those corresponding to 
the end of the physical element. 
lengths and corresponding transmission times shrink to zero, this 
“‘model’’ of the physical case will approach exactitude. What is 
not immediately evident is the fact that often only one or very 
few sections are required to accurately represent typical pipe- 
lines for design and operating purposes. The validity of this ap- 
proximation can be examined on the basis of the previous formula- 
tion. 


It is then clear to see that as the 


Some Expository Examples 


In order to make some of these points clear, let us consider two 
contrasting cases with the following data, as indicated in Fig. 2. 
In each case, the physical geometry has been taken as two lengths 
of uniform pipe with equal transmission lines. 


Case 1 
Upstream pipe Downstream pipe 
1, = 100 ft? A, = 50 ft? aie 
a, = 3220 ft/sec a, = 3220 ft sec 
L,, = 805 ft L, = 805 ft 7 
I, = L,/gAy IT, = 
= 0.25 sec?/ft? = 0.5 sec?/ft® 
Z, = ,/gA, = 
= 1 sec/ft® = 2 sec/ft? 
T, = 1,/Z, = L,/a, T, =14/Z4 = Ly/a, 


= ().25 sec = 0.25 sec 


| 
| 
2 
3 
cL. = 


CASE 1 — VARIATION IN SECTION 


CASE IT — VARIATION IN ELASTICITY 


Fig. 2 Expository examples 


Upstream pipe ~ Downstream pipe 
=50ft? A, = 50 ft? 
= 1660 ft/sec = 3220 ft/sec 
= 403 ft = 805 ft 
0.25 sec?/it? = 0.50 sec?/ft? 
1 sec/ft? = 2 sec/ft? 
0.25 sec ¢ 0.25 see 


Thus it should be noted that in each case the wave parameters 
are identical but for different reasons. In the first case, the change 
in surge impedance, Z, is due to a section change while in the latter 
case it is due to a change in wall elasticity. Fig. 3 demonstrates 
the approximate nature of the pressure gradient during a uniform 
deceleration of flow in each case. Note that the head rise AH,, at 
the junction M is the same in both cases and is equal to '/; the 


rise in downstream head AH,. If the deceleration were truly uni- 


AHg 


EQUIVALENT WAVE SOLUTION 


Solution for uniform deceleration 


~ 


4 
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form the results would be identical whether computed inelastically 
(using J, and J,) or elastically (using Z, and Z,). 

While these results are well-established and widely em- 
ployed in water-hammer practice, what is perhaps surprising is 
that essentially the same results would be obtained using the ap- 
proximations of the previous paragraph, following the procedures 
of Evangelisti (11, 12). 

Essentially this method would be to replace the composite pipe 
by an equivalent single uniform pipe with the following charac- 
teristics 


Z,= + Z,4) = 1.5 sec/ft? 


q 


¢ 


It now makes no difference whether we carry out an elastic 
wave solution in H-Q variables (graphically on the H-Q plane) or 
in U-V variables (graphically on a U-V plane). In either case, we 
would arrive at the following conclusion in terms of the actual 
head and flow at the junction WM 


AH,(t) = (2,/Z,)'/*- AH,,,(t) 
AQ, (t) (Z4/Z,)'*- 


These generalized Green’s Law relations follow directly from the 
scaling transformations [6] and [7]. The head AH,,, and flow 
AQ,,, are those determined in the elastic solution for the equivalent 
pipe at the ¢emporal midlength, which is, of course, the actual mid- 
length of the equivalent uniform pipe. 

For the uniform deceleration case of Fig. 3, we now can indicate 
graphically the nature of the elastic solution for this equivalent 
uniform pipe. We observe that the head AH, at the midlength 
of the equivalent pipe is now, of course, exactly one-half that at 
the downstream end AH,,. Let us presume that flow has been 
decelerated at a rate such that 


and applying Equation [19] we find 


1 
AH,, & (Z,/Z,)'/?-AH,,, = 0.707 X = AH, 


0.354H, 
This compares with 
AH,, = 0.33AH, 


for the exact solution. 

However, this technique of approximate solution has several 
distinct advantages: (a) It will improve in accuracy as the fre- 
quency of the disturbance increases. (b) It will improve in ac- 
curacy as the variation in Z with length decreases. (c) It will give 
a sequence of better and better approximations to the actual 
continuous instantaneous gradelines for the practical cases of con- 
tinuous variation in Z with length, so long as enough sections of 
uniform pipe are taken. 

It is this last point which is perhaps most significant, since the 
currently used methods of approximation do not specify how the 
continuous gradelines are to be drawn, especially for fast changes 
in pressure. 


ath 
4 
a. 
4 
4 
AH AH 
: 
i AHg AH 2 f 
f AHm AHm 
| CASE I CASE I (22) 
| 
ACTUAL WAVE SOLUTION 
A > 
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Approximation by One Equivalent Uniform Line 


Let us presume that in a conduit of arbitrary shape as indicated 
in Fig. 1, we now subdivide it into a multiplicity of n sections of 
equal transmission time where 


T, = L,/a, = const = T, 


then for every such section 


I,/Z, = T, = const = T,..... .... (25) 


and the section inertance I, is thus directly proportional to the 
section surge impedance Z,. 
For the whole pipe, it is evident that 


alter 
where the summation is taken over the n sections of uniform pipe. 
If the number of sections n were permitted to become infinite it is 
evident that both of these sums would give way to the integrals 


where L is the total length of pipe. All these relations are 
familiar and are merely restated here for convenience. 

It is natural to introduce an equivalent mean surge impedance, 
Z,, defined by the equation 


> Z,= 


pe 


For the expository cases considered, the value of Z, would 
be given by 


Z, = 15 = (Z, + Z,). . [31] 
T.+T, 0.25 + 0.25 2 

The fact that Z, is merely the arithmetic average of Z, follows 
from using sections with equal transmission times. 

We are now in the position to state the following general 
proposition concerning the variation in effective surge impedance, 
Z,, a8 the frequency of disturbance increases: 

For a nonuniform pipe connected at one end of a constant pres- 
sure reservoir and at the opposite end to a regulating valve, the 
effective surge impedance Z, will vary from Z, at sufficiently low 
frequencies to Z,, at sufficiently high frequencies, where Z, is the local 
characteristic impedance at the valve end. 

This result is well known to communication engineers (14) and 
acoustical engineers (15, 16). 

This raises the natural question as to the precise value of Z, to 
use for any particular case. Two limiting conditions, however, 
are obvious: 


a For very slow changes in valve position the head rise is pre- 
dominantly due to inertial effects. In this case Z, = Z, will 
usually give the best approximation. 

b For sudden valve closures and other shock problems, the 


head rise is predominantly due to elastic effects. In this case, Z, = 
Z, will usually give the best approximation. 

In intermediate cases, which arise rather frequently, the error 
in any approximation can be measured by the relative variation in 
Z; namely, AZ, where 


|Az| = |Z, — Z,|/Z, 


If this number, as a percentage, is large compared with the 
accuracy desired, it will be necessary to break the pipe into more 
sections (if the variation in Z is continuous) or to use an approxi- 
mation more nearly identical with the prototype (if the variation 
in Z is discontinuous). aii 
Relation to Characteristic Curves 7 

If we add and subtract Equations [10] and [11] we can obtain 
the following pair of equations 


2 = - V)..... B32] 
ot or 


ra) 


Let us then consider the parametric co-ordinates, a and 8, 
where 


As shown in Appendix 3, these wave co-ordinates permit the pre- 
ceding equations to be written in the form of characteristics, namely 


- 


2° (y+ Vv) = V) 
0a 


2 —-V)= 
ag 


In the case of a uniform pipe (vy = 0) the right-hand side van- 
ishes and these give the familiar characteristic equations 


U + V = const, along 8 = t — r = const 
U — V = const, along a = t + rT = const...... 


or in conventional water-hammer terms 


AN = AQ, along s = +a! 


+ - AQ, along s = —at 
ge 


These equations, of course, directly establish the basis of the well- 
known graphical method of Schnyder, Bergeron, and Angus (17, 
18, 19). 

If, on the other hand, v is not zero but small, the characteristic 
equations will be modified to curved paths as indicated in Fig. 4. 

Moreover, it is not mandatory to deal in the U versus V space 
to see the relationship to characteristic curves and the graphical 
methods of solution. For example, Fig. 5(a) indicates a sketch 
solution for a typical tapered pipe which has been approximated 
by three sections of uniform pipe with equal transmission times. 
Fig. 5(b) indicates the corresponding exact solution, with con- 
tinuous curves replacing the line segments. Again the error of ap- 
proximation is measured by the ratio 


[Zan — 
+ 
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CHARACTERISTIC CURVE RELATIONS: 
Along @ «const: 
Along «const; 
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“CURVING 
DUE TO 


APPROXIMATE SOLUTION 


te 


(b) EXACT SOLUTION 


Fig. 5 Tapered pipeline 


which is manifested by the angle between adjacent segments in 
Fig. 5(a). 
Conclusions 

From the foregoing analyses and remarks, we may generally 
conclude that pipes of gradually varying properties may always 
be approximated by a sequence of uniform pipes of equal trans- 
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mission times but unequal characteristic impedances. While fric- 
tion was neglected in the analysis, it is evident that it may always 
be lumped at the joints between these sections. 

Even if only a single such section is taken, continuous grade- 
lines may still be drawn, accounting for the local variations in Z, 
by correcting the local head variations by the square root of the 
local impedance ratio. 
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Appendix 1 Derivation of the Canonical Equations 


% ‘onsider the pair of equations 


Thus the preceding equations may be rewritten 


e, + If, 
+ Ce, 


@ 
1590 
FAMILIES OF LINES 
U +V = CONSTANT 
1; \ A 
’ 
6 
‘ 
Xx \ v 
x 
a4: 
— 
¢ 
| _ will prove convenient to use the abbreviated notation * i. 
( = )/dr = 
| 4 
(4) 


OCTOBER, 1958 oaf 
We can also usefully define local values of the following quantities: 


Surge impedance 
Z = X(s) = [I(s)/C(s)]'/? 
Propagation constant 


= = [I(s)-C(s)]'”. [47] 


Note that y is the reciprocal of the loca! wave speed c where 
Wave speed 


The equations {44} and [45] may best be examined in a form 
employing variables of homogeneous dimensions. We can ac- 
complish this normalization by the following sealing transforma- 


tions: 
(a) Distance transformation 


(b) Effort transformation 
U 


(c) Flow transformation 


ef. 


In these terms, U and V have the same dimensions and yet they 
are complementary quantities with the instantaneous local power 
still given by 


P = UV = €"'eef = ef [52] 


The distance variable s has been converted to a time measure T. 
The derivative of any variable with respect to s can then be 
simply related to the derivative with respect to 7, namely : 
(53) 


( = s,( = | 


Substituting the transformed variables U and V into Equations 
[44] and [45] gives 


74 
(UU), + eV), = O.. 


(eV), + = O.. 


+ &U, + Je“'V, = 0 
+ CU, = 0 


pa 
Using [53] these become 
+ ey + Je'V, = 0 
+ €'y—'V, + CU, = 0 


Multiplying Equation [58] through by ye~! = ¢]~', and Equa- 


tion [59] by ye = C~'e 
e%«U+U,+V, =0 
ee, U, =0. 


gives 


If we then define the quantity v as 


vy =(Ine), = €'€, = —€€,; 


U.+ V, = 


V.+U, = 
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Appendix 2. Derivation of the Generalized Wave Equation 4 : 


Given the canonical pair 
U.+ V, = 
V,+U, = 


[65] 

[66] 
Differentiate the first by 7 and the second by ¢, giving 

= [67] 

Vi + U, = 

Subtract the first of these from the second, leaving 


U,, U,, vv, v,U 


+vV, {68} 

[69] 

But from Equation [65] we know 
vV, = —vU vu, [70] 

Substituting this in [69] gives 

U, U,, = —vU — vwU, 4 

= v.U 

— 


vU, 


(71) 


= (vy, 


This last may then be written in the standard form 


U,, U,, + (v? = v,U [72] 


In a directly similar fashion we may obtain an expression for V in 
the form 


Wes = Vis ~ v,)V... 


We should note that these equations both reduce to the classical 
wave equations for the uniform case where v is identically zero 
everywhere, namely 

i 
It is perhaps easiest to set the effect of v(7) for the case of a mono- 
tonically and exponentially tapered transmitter where 


we find 
€ oT 
(In €),; = 
ke “2 


0 


Thus we may make the following identification of the parameters 
v and 
log taper structural frequency 


deviational structural frequency 
local structural squared frequency 


/\ 
V 
+p, 


42 

The practical significance of these parameters is evident when 
conside:ing the large number of possible cases with low structural 
frequencies, or 

lp? + v,| YO forall 

For these cases we may then state that U and V approximately 
satisfy the wave equations [74] and [75]. Then from the scale 
constants given by equations [50] and [51], we may express a 
generalized form of Green’s Law, namely : 


I(s)-Co 
le/eo| = (2/z9)'/* = | 


Iy-C(s) 


= 
| 
[55] 
... (87) 
.. [58] 
receding arranged in the canonical form ; 
= 


1oC(s) 


\f/fol = (20/2) 


the fact that 


for the transformed waves. This result can represent an enor- 
mous simplification in many practical situations. 


Appendix3 Derivation of the Characteristic Equations 
Given the canonical pair 
U, + V, 
V,+U,= 
By adding and subtracting we can 
V, = 
4° U, -—V,+V, —U, 
These may be simplified to the form 
(U+V)+(U+YV), 
(U—V), —(U — V), 


Let us transform co-ordinates to the characteristic co-ordinates 
or wave co-ordinates, a and 8, where 


[84] 


Note that given (a, 8) we can always uniquely determine (t, 7) 
since 


1 1 
t= (a + B), 


Thus we are merely mapping the (¢, 7) plane onto a (conformal) 
equivalent (a, 8) plane 
Let us now perform the operations 
au + + V) oe 
oa ot da 
+ V) or 
or 


aU — V) oe 


(U+V)a= 


op at ap 


—V) or 
or 


We can directly determine the results as 
+ = (U + V)A1) + (U + [90] 
2U — V)e = (U — V)(1) + (U — V)A—1).... [91] 


‘ 
_ Employing these results in [84] and [85] yields the simplifica- 
tion 


+ V)a = — V) 
— V)g = 


By defining new characteristic variables, P and Q, where 


the prec _— expressions may be further reduced to 


In the case of uniform transmitters, where v vanishes identically, 
these yield the classical results 


P, =0; P constant, along 8 = 
= 
Qs =0; Q constant, along a = 


Thus where v is small as in a smoothly nonuniform transmitter, 
the principal effect of variable properties is to produce a curvature 
in the characteristic curves. The change in P and Q along the re- 
spective characteristics is then given by 


2AQ = 


2AP = 


Since these integrals may be indicated in terms of mean values 
along the characteristics we find 
2AP ~ -—7QAa 


=Ve — 


2AQ=+PAB 
In many cases involving small nonuniformities scattered along 
the transmitter, 7 = 0, since every region of positive values must 
be balanced by a region of negative values. In such cases, the 


behavior is clearly approximated by Equations [98] and [99]. 


Discussion 


J. Parmakian.‘ As noted by the authors, most pipelines which 
are encountered in practice do not have uniform properties 
throughout the length. From practical considerations it then be- 
comes necessary to make certain approximations in order to re- 
duce the water-hammer computational work. To that end the 
authors have provided a useful method for estimating the error 
due to approximating the actual pipeline with a small number of 
equivalent uniform pipe lengths. If available, some typical ex- 
amples for actual rather than hypothetical pipelines would be 


instructive. 


E. B. Strowger.5 The writer has had occasion to compute the 
probable water-hammer pressure developed in the penstock of a 
small Pelton-wheel installation where a spherically shaped rock 
about 4 in. in diam suddenly blocked a 3-in. nozzle supplying the 
wheel. Of course, water hammer, which could be characterized 
as instantaneous, developed and the penstock burst at a point 
about 8.3 ft upstream from the point of stoppage, the point of 
bursting being just upstream from a gate valve and at the small 
end of a section of conical pipe. For the computation, Allievi’s 
equations III and IV were used under the assumption of a 
theoretically instantaneous closure. Most of the pipe between the 
nozzle and the point of failure was of varying diameter, and was 
either built of heavy cast-steel pipe or was concreted in. The 
problem involved wave propagation in a pipe of changing diame- 
ter but with the velocity of the pressure wave approximately 
constant and not far from its maximum value of 4675 fps. 


4 Head, Technical Engineering Analysis Section, Bureau of Recla- 
mation, Denver, Colo. Mem. ASME. 

System Project Engineer, Stations, Mohawk 
Power Corporation, Buffalo, N. Mem. ASME 
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ystant..... [99] 
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83] 
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P=U+V [94] 
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The basic equation used for the pressure rise was 


length of pipe from point of shutoff to point of pressure 
rise computation 
= velocity of pressure wave, fps 
area of pipe, sq ft 
= voluminal modulus of elasticity of water in compression 
(taken at 294,000 psi) 
modulus of elasticity of the material of the pipe walls, 
psi 
= thickness of pipe walls, in in. 
s = distance along pipe from shutoff to any point 


By approximating the real values of a by a constant (4000 fps), 
the computation of pressure rise in the nonuniform pipe for the 
upstream travel of the wave was greatly simplified and the method 
of arithmetic integration was used. Fig. 6 shows a similar in- 
stallation and Fig. 7 shows the total pressure developed in the 
pipe as computed. 

It may be of interest to consider this problem in its simplest 
form and to compare its solution by using Allievi's equations with 


TOTAL PRESSURE ALONG PENSTOCK 
QUE TO INSTANTANEOUS CLOSURE 


POUNDS PER SQ 


- 


; 
OSTPNCE ALONG PEQSTOCR 
T 


rom? OF 
WS TAN TANEOUS 

Fig. 8 A taper section of pipe of length L, varying in diameter from 


d; at one end to d; at the other 
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tion of pipe of length Z varying in diameter from d, at one end to 
d, at the other end. Let us assume that the pipe is concreted in 
and that, therefore, the value of a is 4675 fps*- 

Allievi’s equation IV’ is 


2 
we 
gA Os 


If all of the flow is stopped instantaneously 0Q becomes Q and 


From Allievi’s equation III 
ZG: 


g 


From this equation 


Substituting this value of a*/g in Equation [104] 
Qdt 


af oH = 
(i +2) 


The rise at a point L feet from the nozzle would be 


AH (in feet) = 


but if a is constant, 7 = L/a so that 


L 
Q- 


a 


s=L 
1 d 
- d 
(; 


‘Chapter on “‘Water Hammer” in “Hydroelectric Handbook” by 
W. P. Creager and J. D. Justin, John Wiley & Sons, Inc., New York, 
N. Y., 2nd edition, 1950, p. 711; and ‘‘American Civil Engineering 
Practice,”’ edited by Robert W. Abbett, McGraw-Hill Book Com- 
pany, New York, N. Y., 1956, pp. 16-38. 

7 Discussion no. 5 by E. B. Strowger, “Symposium on Water 
Hammer,” The American Society of Mechanical Engineers, June, 1933, 
pp. 133-139. 


Ap(in psi) = wAH = ... [100] 


a 
f A( ae 
Xquation [102] may be written 
2Q _ gA oH 1108) 
» | | j 
= ve 7 
Fig. 7 - 


With the pipe concreted in, d/Fe is negligible and so in our ex- 
ample 


7s, 


QT 


This is an exact solution for 
pressure rise assuming infinite frequency of the water-hammer 
wave. For the following example, the pressure rise is 2313 psi as 
shown 


where V’ = volume of taper pipe. 


7.5cis L 
a, 4 in, 
= 8 in. 


3 ft 
4675 fps 


3 
= 0.611 ef 
4 


5 & 0.000641 
0.611 


294,000 313 psi 
= 2515 psi 


Now going to Equations [9] and [46] of the authors’ paper, we 


may write 
gi | |" 
C(s) 


a(s) 


But g is constant and in our case a(s) is a constant, so that 


so that 


l 
Z= 


and 


This means that 


But since we are dealing with the transmission of a pressure 
wave upstream which would be of a constant value if the pipe 
were uniform, H would vary with j The Green’s-law adjustment 
would, therefore, give 


1\2 
o.zss1 x (1) 
3 


Instantaneous pressure rise at nozzle 


Initial velocity at nozzle = = 85.95 fps_ 


_ 4675 X 85.95 


12470 ft or 5410 psi 
32.2 


Pressure rise at end of taper section 


X 5410 = 2705 psi 


re 


Actually the true pressure rise is somewhere between 2313 psi 
and 2705 psi but in this case with such a steep wave front the 
value of 2313 is probably closer to the correct result. 

The authors have made a useful contribution to the subject of 
water hammer involving nonuniform pipes and are to be con- 
gratulated for presenting a classical treatise. 


Authors’ Closure 


The kind remarks of 
Messrs. Parmakian and Strowger. These gentlemen have both 
made many noteworthy contributions to this field, far too briefly 
indicated by references (6) and (10) of the pape: 

With regard to the request by Mr. Parmakian for some specific 
examples and practical applications, we are particularly happy to 
acknowledge our debt to Mr. Strowger in submitting so pertinent 
an example for treatment by these various methods. Let us trust 
that this will serve sufficiently for the present purpose. 

Mr. Strowger’s example, then, 
more detail the specific use of Green's Law for engineering esti- 
mates and the associated probable errors. 


authors are very appreciative of the 


can be used to demonstrate in 


Here one is concerned 
with the pressure surge resulting from a complete sudden shutoff 
at the small end of a tapered pipe. 

Mr. Strowger has compared an estimate of pressure rise at 
various points in such a pipe by two approximate methods: 


(1) AH ~Q/Y, 
(11) AH ~ 1/d 


Using a mean surge admittance: 
Using a Green’s Law correction: 
We may further rationalize his use of a mean surge admittance 
7, by analogy to Equations [25] through [31] of the paper. 
For every section of the n-section pipe of Fig. | we may say 
that: 


C,/Y, = T, = constant = 7, 


Moreover for the whole pipe: 


By analogy to Equation [30] we may finally define a mean surge 
admittance by the relation: 


27, 


S (A/a*)ds 
“9 S ds/a 


We should most particularly note that, in general 


[113] 


Y, $1/Z, 


except for the special case of the uniform pipe. This may be seen 


immediately in terms of the product Z,Y, 


[ 
[S'ds/a]? 


constant, then: 


namely: 


Z,Y, = 


mines 


constant, and a 


= 
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Applying this to the example given 
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Further, if only a = a9 = constant, then 


If, in this last case, 


Ao(l + @) 
1/A = (1/Ao) (1 + @) 


then, for small values of a: 

=> (ao/gAo)(1 — &) {117] 
=> (gAo/ao)(1 + & [118] 
{119} 
where 


= 

Thus Mr. Strowger’s Equation [109] becomes 


AH =Q/Y, 


/ L 
QLa (u f, Ads) 


Points 


1): Rise in feet: 


- 4a 


Fig. 9 Graphical solution for pressure surges in a tapered pipe 
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That this equation cannot be exact is indicated in the graphical 
solution portrayed in Fig. 9. Particularly important to note is 
the fact that there will be substantial reverse flows at all 
points upstream of any such pipe, with an increasing section mov- 
ing upstream. 

Mr. Strowger has further specialized his results to the simple 
Table 2 com- 


surge 


case of a pipe with linear flare or taper in diameter. 
pares the exact results caleulated (according to a characteristics 
analysis similar to Fig. 9) with the approximations obtained by 
methods I and IT. 

It is readily seen that for this case both methods give results of 
comparable accuracy and that Mr. Strowger is quite correct in his 
supposition that the true answer lies somewhere between these 
However, the Green’s Law approximation is vastly 
simpler to apply, particularly for pipes with more complicated 
tapers. It is clearly of interest to determine the probable errors 
in a Green’s Law estimate for other than a linear case, and to this 
end, we submit the results of Fig. 10. For all the cases shown, the 
maximum error in surge pressure is less than 8 per cent, using the 
Green's Law estimate: 


AH = 


estimates. 


.. 


Such results would seem to indicate much practical engineering 
value in this method of approximation. 

In closing, we would like to draw attention to a number of 
points of general interest. 

What we have referred to as “‘structural frequencies 


” 


are, for 
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Table 2 Relative ona pressures in a tapered | pipe. 
flow stoppage, linear flare in diameter. 
7 Caleulated relative 
- Approximate——— 
Relative Exact Method I* Method 
diameter wave mean Green’s 
Station Dk equation admittance Law 
0 OO 1 00 1.00 OO 
20 0 82 0 82 83 
10 0 69 0.69 71 
60 0 60 63 
0.53 56 
00 0.47 0.43 0.50 


Abrupt 


head rise ~ 


“AH ~ + De + Dé’). 
AH ~ 1/Di. 


o ° 


RELATIVE DIAMETER ——~ 
GREEN'S LAW ERROR > 


RELATIVE DISTANCE —> 


04 O46 O8 
RELATIVE DISTANCE 


Fig. 10 Green’s Law errors for sudden flow stoppage in tapered 


pipes 


the special case of acoustical horns, called the flare cutoff fre- 
quencies (15, 16) and determine the transition between a low- 
frequency (long period) band in which the horn (or transmitter) 
behaves as a single, lumped equivalent, and a high-frequency 
(short period) band in which only local properties are of im- 
portance. We hope that our paper will serve to draw attention 
to interesting practical and analytical problems concerning the 
effects of the structural frequencies in more general situations. 

It is also of interest to note that the general variable lossless 
transmitter may be viewed as an finite (or infinite) order four- 
terminal matrix (4, 20) of the form: 


feosh 7Disinh TD] 
1+ A,’ Lsinh TD cosh 


T) 
7 
The E-matrices are nothing but ‘deal transformers with 


124 
€ 1 + A,’ 


measuring the mean transformation ratio from section to section, 
If A is everywhere near zero, corresponding to v — 0, then: 


M = [Ile,| ~t. [Ie,] 
k k 


This last relation may be used as a justification for the single 
equivalent transmitter concept. More analytical details, based 
on the use of spinors, quaternions, and unimodular transformations 
can be found in reference (21). 


Reference 


21 W. T. Payne: 
Journal of Mathematics and Physics, vol. 32, 


“Spinor Theory of Four-Terminal Networks,” 
no. i April, 1953, pp. 
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Technical Briefs 


~ Effective and Local Surface 


Coefficients 


De 


When tests are made on systems containing extended heat- 
transfer surface, the direct result is an ‘‘effective’’ surface 
coefficient. The desired result is a “‘local’’? or true surface 
coefficient. This paper shows how, on reasonable assumptions, 
the one can be calculated from the other without trial-and-error 
procedures. 


Nomenclature 


A, = area of base metal not covered by fins or pins 
surface area of fins or pins 
section area of a pin 
total heat-transfer area, A = A, + A, - 
= ratio, A,/A 
function of fin geometry and material, Equations (9), 
(12), (13), (14) 
“local” surface coefficient of heat transfer, h = dQ/6dA 
“effective” surface coefficient, Equation (1) 
conductivity of fin metal 
= height of fin 
ratio defined by Equation (6) = 
perimeter of a pin 
heat flow to base metal 
heat flow to fin or pin 
total heat flow, Q = Q, + Q, 
radius at base of a circumferential fin 
radius at tip of a circumferential fin 
= half-thickness of a fin at its base 
temperature difference 
= temperature difference, ambient to base metal 


= fin efficiency, defined by Equation (2) 


A 
A. 


Definitions and Assumptions 


By a “fin system’? we mean a practical assembly such as a 
finned tube or finned plate in which part of the heat-transfer 
area is extended surface and part is “base metal’’ not covered 
by the fins (or pins). Tests on such surfaces are described in 
numerous papers,” and the use of test data in design is outlined 
in many works. 


1 Department of Mechanical Engineering, The Pennsylvania State 
University, University Park, Pa. Fellow, ASME. 

? For example, W. M. Kays and A. L. London, ‘‘Heat-Transfer 
and Flow-Friction Characteristics of Some Compact Heat-Exchanger 
Surfaces,’ Trans. ASME, vol. 72, 1950. 

? For example, W. M. Kays and A. L. London, “Compact Heat 
Exchangers,” The National Press, Palo Alto, Calif., 1955. 
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in Fin Systems 


By G. M. DUSINBERRE,' UNIVERSITY PARK, PA. > 7 


In this paper we make the usual assumptions of one-dimensional 
fin theory. We make the additional assumption that the local 
surface coefficient is the same for the base metal as for the ex- 
tended surface. To do otherwise would require much more test 
instrumentation than is usually practicable. 


Derivation 


When tests are made on fin systems, the directly measured 
quantities will be the heat flux, Q, Btu/hr, the total heat-transfer 
area, A, ft*, and the temperature-difference, ,, deg F, between 
the fluid and the base metal. The temperature-difference may 
be some appropriate mean value. From these, an “effective’’ 
surface coefficient can be computed: 


h’ = (1) 


We are interested in expressing the surface c: efficient, via a 
Nusselt or Stanton number, as a function of the Reynolds and 
Prandtl numbers. But the coefficient found by Equation (1) 
is a function also of the fin efficiency which is itself a function of 
the surface coefficient. Therefore we need to find the true or 
“local”’ surface coefficient. 


Q = Q; + Q; = hA,@, + 
= 


whence: 


A, . oA, 
At 


) =a +60 - (4) 
Note that B is a function only of the geometry of the system. 
But we need ¢ as a function of h. 
Considering for the present only longitudinal fins of rectangular 
profile (the most common type), the fin efficiency is given by the 
equation: 
tanh n 

Sal» 


Using these relations, Equations (4) can be solved for h in 
terms of h’ by a trial-and-error procedure. But this is awkward, 
and a simpler relation can be reached. 


where: 


4 See, for example, K. A. Gardner, ‘Efficiency of Extended Sur- 
face,’ Trans. ASME, vol. 67, 1945, pp. 621-631. 
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‘4 
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4 On the usual assumptions, the fin efficiency is defin > 
3 
hA,6, 
; On our additional assumption, the heat flux is: ' 
— 
| | 
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A series expansion of Equation (5) is as follows: 


1 
n* 2n* 


45° 945 


Let us curtail this after the term in n? and find the error for n = 1. 
Then Equation (7) gives @ = 0.75, while Equation (5) gives @ = 
0.7616, an error of 1.55 per cent. This is better than the usual 
accuracy of measurement of the surface coefficient, and for n < 1 
the error is still less. 

But what about n > 1? This says that @ < 0.75 and, prac- 
tically speaking, this means that the fin is ill-suited to the given 
operating conditions, will probably be uneconomical, and we had 
better revise the design. Of course, we can still fall back on 
Equation (5) if necessary. 

Equation (7), as modified, can be put in a more useful form. 


1 


Lt 
@) 


Note that C is a function 
With this simplification, 


for the rectangular longitudinal fin. 
only of the fin geometry and material. 
Equation (4) becomes: 


+B BCh 
Ch 1+ Ch (10) 
V (1 — Ch’)? + 4BCh’ — (1 — Ch’) 
whence: = (11) 


2BC 


Thus, within the limitation on ¢, we replace the trial-and-error 
procedure by the solution of a simple quadratic form. 

Equations (8), (10), and (11) are useful for other fin shapes if 
we use the appropriate value* of C: For a cylindrical pin: 

5 See, for example, O. W. Eschbach, ‘“‘Handbook of Engineering 
Fundamentals,” p. 2-84. 

6 See G. M. Dusinberre, 
vol. 78, 1956, p. 570. 
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C= 
3kA, 


For a longitudinal fin of triangular section: 
2kyo 
For a circumferential fin of rectangular section: 


3k Yo 


For a conical spine: 


O.15L2P 
kA, 


In Equation (15), P and A, refer to the base of the spine. 
In all these equations the limitation, @ > 0.75, applies. 
From Equation (11) we can write: 
2B (Ch’) 


~ 4/a — Ch’)? + 4B (Ch’) — (1 — Ch’) 


The ratio h’/h as a function of B and Ch’ is shown in Fig. 1, 
which will do for rough work. 
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Fig. 1 Fin characteristic ratios — 
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